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NMEPINHWH

O Simplex elvor 0 TpwT0¢ ahydpripog mou dnuoupyRInxe Yio TNV ETIALCT YRUUUIXWY TRO-
BAnudTwy xar ypnowonoleltar ué€ypt ofuepa Yden otV xolT enidoor mou emDEXVUIEL OE TRAY-
potixd mpoBiiuata. To 61ddio g emhoyhc ElOEPyOUEVNS X EEERYOUEVNS UETUBANTAS elvan
€vol xouudTt Tou Simplex mou €yer Yivel avTixeluevo EpEUVag Xot DLAPOPETIXES G TRATNYIXEG TOU
€youv eqappootel, €yl Bpedel nwe €youv aviixtuno oTny anédoor tou alyopiluou.

Yta mhafota g mapovoag epyaciog, vhomotflnxay xal evowuatwinxay ctov akyoeriuo
Simplex, cuvolxd oxT® xAVOVES TEQIOTEOPNS CUUTERIAAUBAVOUEVOU ot TOU TapAdOCLaxX0U
xavova tou Dantzig. O alyodprdyog Simplex Soxipdo tnxe o€ TUTOTOMNMUEVA UETPOTROYPUUUAT
x0OC xou o€ oePd TUYAUEY YPouuix®y TEOPANUdTKY Ue xdde évav and Toug Sotéciuoug

XAVOVEC.
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KE®AAAIO 1

Eioaywyn

O Simplex eivan évag alyoprduog e ueydin totopio xou TOMAES TEOXTIXES EQUPUOYES G 1T Blo-
unyavio, 6Ty owxovouio xou o€ dAAEC eMOTAUES. Ocwpeltar and TOUG ONUAVTIXOTEQOUS ONYO-
plduoug oty emo TN twv vroroylotedv (Nash 2000). Anéd to 1949 tou npwtodnuoctedinxe
wé€ypl xou ofuepa, Yenolponoleitan EUpEwS Yia TNV enthuon npofAnudtey Bektiotonoimong xou
€yl amotehéaet medlo €peuvoag Yiot TOANOUS epEUVATES xou T1 BAoT Yia TNV ENVON O BEATIOUEVODY
exdooewV xad®e xat VEOV olyopliuwy.

H hertovpyio tou alyoptduou Simplex Bocileton otnv e&étaon dradoyxdy Aioewv evog
Yeauuxol mpoPAfuatog, péyet va Peedel  {nroduevn Béhtiotn Aoom ¥ va emBefaiwdel 1 un
Omoapdh g, Apyd, To oUVOho TV PETUPANTGY £VOS Yeauwxol tpoBhfuatog diauepiletoar o€
0Vo unoolvola. Y10 éva urtochvoho tomodetolvTal oL PETUBANTEC TOU GUYXEOTOUV Wl AUoT)
—Oyt amapaitnTa T PEATIOTR— Xou 0TO dAho Oheg ot umdhotneg petoPintéc. Ot yetafintég
TOU TE®OTOU GLVOLoL ovoudlovta Bacixég eve Tou deutépou un Paocixés. Xe xdlde emavdhndn
Tou ohyoplduou emhéyeton wia un Baocwer uetaBAnTy xou yiveton Bootxr|. Avtictorya pa Booixy
peTaBANTA emAéyeTan Yl Vo TERACEL 6T0 aUVORO TV un Bacxdy dewxteyv. H evahhoyt| autr
yiveton pe yvouova tny mpocéyyion tne Aong Tou TpoBARUATOg EVE To XpLTHPLN YE TA OTola
Vo emheyolv oL petagpepbuevee petaBAntéc anoteholy évay kavdva teprotpopris (pivot rule).

To o1ddio autd tou alyopliuou Simplex €yel TPOXARETEL TO EVOLAPEPOV TOAADY EQEUVITMYV.
O Aoyog ebvon or VeTixég 1 apvnTixég EMNTOOEIC TOU UTOREL VoL €YEL EVag XAVOVIS TERLO TROPHS
oty an6doon tou akyoplduou. Etol tov apyind xavdvo eplo TpoPhc TOU EQAPUOTE O dNUIoVE-
v6< tou Simplex, axohovinoay apxetol dAhot xavévee (Bland 1977, Zadeh 1980, Klee and
Minty 1972, Thomadakis and Liu 1996). Erionc éyouv vhonomiel noxéta enivone ypouut-

%6V tpofhnudtwy (Lim and Park 2002, Thomadakis 1994) nou yprnowonoodv xdnotoug and



autolc Toug xavoves. H emotnuovind xowdtnta dpws, dev €yet xatahfiel axdua GTo TOLog
xavovag efvar 0 xaAUTEROS xat To TEB{0 aUTO €PELVAC TUPAUUEVEL AVOIXTO UEYPL TIC HEPES WOC.

Yta mhaiolo g mopoloag epyaciog, vhomotjinxay cuvokixd 8 xavoveg neptotpoprc. Ot
XAVOVES LTl EVOOPATOUNXAY oToV avotewpenuévo olydprduo Simplex. Yxondc g epyaoiog
elvon 1 aloAGYNOT) TV XAVOVEY QUTOY OGOV APORd TNV IXAVOTATY TOUS VoL AOGOUY GUYXEXPIEVA
TpoPAfuata xou THY an6doacT Toug, HNAUdY T Yeovo EXTENEGTS Xat TOV ol ETAVIAAPENDY TOU
yeetdlovtar. To mpofAfuarta ota onola EQUEUOC THXAY Ol XAVOVES TEPLAAUBAVOUY ETAEYUEVAL
petponpoypdupata and tn culhoyr Netlib (www.netlib.org/1lp) xodme xou wa oetpd Tuyaimy
TeoPBANUdT®Y Tou BnwoLeYHINXAY Yio TN AvAYXES TNS UTOAOYLO TIXNG HENETNG.

Y10 xe@dhato 2 Yo napovotac el 0 xhaoixog xa o avoewpenuévog akyopripog Simplex
xo0O¢ xou 1) u€Vodog BV0 PACEWY TOU AMATEITAUL VIO TNV AVTIUETWTLOT Y QOUUIXDY TEOBANUATWY
YEVIXNG Hop@Nc. 2TO XEQIAMO 3 TEQLYPAPOVTAL Ol XAVOVES TEPIOTPOPHC TOL GULUTEPAQPIN-
xav oty unoloyto iy ueAétn. Enlong napatidetar o xmdixag vhomonong Tov xavovewy, 6teg
autdg mpoypapuationxe 610 nEPIBAAAOY TOU MATLAB %o YIVETAL EQUPUOYY) OE Vol amhO Y-
wxd meofBinua. Xto xe@dhato 4 yivetor oOvToun avapopd oo TpolARUaTa Tdvew 6T oTol
DOXWACTNXAY OL XAVOVEG TEQIOTPOPNS. LTO XEPIAMO 5 TopoucidlovTon xai ovaAbovial Ta
anoteAéopata NG UTOAOYIOTIXAC WEAETNG. Axoloudoly xdmota YEVIXS GUUTEPACUATO XAl T
noplopata Tng €pEUVag 61O XEQPIAAO 6.

H unohoyiotixr) pekétn mou €ywve dev unopel va Yewpniel mhieng epdoov anovoidlouy
XATOLOL XAVOVES oL BEV YEMOWLOTOoUVTOL GUYYPOVES EXPRACEIC xdmolwy dAwy. Erniong ot
emdooElC oL TapATNERINXAY VAl CAPWS XATWTEPES ATO TOUG YPOVOUS TOU €YOUV TETOYEL
OMOXANEWUEVH TOXETA TPOEPYOUEVA TOGO ATO TOV EUTOPIXO OGO XAl TOV AXADNUUIXO YOEO.
Opwe and 1o anoTEAECUATH TWV UETPHOEWY QaiveTon xoopd 1 IXAVOTNTA TOV GUUUETEYOV-
TWV XAVOVOY o€ €val eupl @doua TpoAnudtemy xou yivetar duvatd va eCay ol cuunepdopata

OYETUXE UE TNV UETAEY TOUC XATATALY.



KE®AAAIO 2

O aiydprduog Simplex

2.1 Iowopwxn Avodpoun

O ahyoprluog Simplex Atay 10 anotéheopa Tng €peuvag yio Eva a€lOTOTO Xl Am0dOTIXO €p-
yahelo enthuong npoPfAnudtwy Entyetpnotaxic ‘Epeuvag. AnuovpyRinxe and tov George B.
Dantzig to 1947 xou dnuoocieddnxe to 1949 (Dantzig 1949). Anotekel tov ahybprdpo avtiuetod-
o npoPAnudtey Teapuxol Mpoypappatiopot (I'.I1.) e tn peyahltepn nhixia xou anotehel
nedlo €peuvoc Yéypl xat Gruepa.

H Yewpnuxd exdetinn ovunepipopd tou akydprduov Simplex (Klee and Minty 1972) ob%-
ynoe mohholg epeuvntég oty npoondleta dnuoupyiog evoc mohuwvuuixol akyopituou. Etou
10 1979 avantiyinxe o EXkewoedrc 1 pwotxog ahybprdpoc (Khachiyan 1979), o onolog dpwc
oev Ntav amoteheouatindg o mpayUaTixd meoPAfuata.  Xnuavtixd Behtiworn enégepe 1 O1-
woupyia tou Ahyopitpou Eowtepixdv Enueiov AEY (Karmarkar 1984). O AEY, embdexviet
peyahOtepn Ty TNt amd Tov Simplex, €dixd o€ nPoBAfuATA UEYIAWY BIC TACEWY.

O Simplex, av xou pe Bdon ) Yewpentixr) T0U TOAUTAOXOTNTA UTOAEITETH TV VEOTEPWY
ahyopliuwy, €yel YEVIXE XA UTONOYLO TIXY) GUUTERLPOEE ot TpayuaTxd npoBAfuata. H tohu-
mhoxotnta péone nepintwong éyet Ppedel va eivar tohvwvupxr (Borgwardt 1982). Etov nivoxa

2.1 goivovtar ot TOAUTAOXOTNTES TV alyopiluwy Tou avapépUnxay.

2.2 Moadnuatixd tpdTUTO TOL YEAUULXOL TEOBAUATOS

To tpofAfpata mou xaheltar va hooel o ahyodpripog Simplex eivar tpofAfpata Behtio tonolnomng
e neproptopole. Ovopdlovta Ipappxd IlpopAniuaza (Linear Problems or Linear Programs)

xou €)0UY TOAEC TpaxTIXEC EQapUOYEC ot didpopec emothpes. Ta ypopmuxd tpofifuate (I.I1.)



[Tivaxag 2.1 Hohumhoxdtnta alyopidpwy Foauwxol Hpoypapuatiouosd

ITohumhoxotnTa
Ahyobpripog Xepoteprne nepintwong  TTOAOYIO TIXTC CUUTERLPOEES
Simplex o(2m) O(n?)
EMew)oedrig O(n'L) O(n'L)
Eowtepixdv Enueiov O(n3°L) O(n3°L)

UmopolY va ypa@oly e didpopoug TpdToug oL ontolol duwg elvor 1odlvauol. H yevixd popen

TOU Ypapuxol tpoAfuatog etvo:

min(max) z= c¢x1 + Ty + ... CpTp
.7 a1 + a12x2 + ... Q1pTn ® b1
a1y +  axr2 + ... aTp D b (1)
Am1T1 + amaxs + ... QunZn D by

6mou ot oUVTELEOTES ¢j, a4j, b; Y i € [1.m], j € [1..n], ebvar yvwoTol mpaypatixol apriuof.
O yevixdg teheothic @ pmopel va ebvan €vag and toug =, >, <. H Aé&n min onuaiver mog
t0 {nroduevo eivar 1 €dpeon Tou ehay{oTOV NG CLVAPTNONG 2, EVE 1) CUVTOUOYEOQIAL L.
avtixahotd Ty Exgpaot “pe mepropiopots”. Ov yetoAntég o1, T2, . . ., Ty elvon oL dyrwoteg
petapAntés (unknown variables) tou npofifpatoc. Ye éva ypauuxd npdBinua, to {nrobuevo
elvon va Bpedolv ol TIHES TV AYVOO TV UETABANTWY €101 WOTE 1) TIWA NS oUVAPTNONS 2 Va
elvon eEAdylo Ty, Ve Tawtdypova Vo xavonotohvton OAoL ol Teploployol.

Or dyvwoteg petofintéc x; ovopdloviar petaPAntés andpaons (decision variables). H
ouvdptnon z mou mpénel va elaytotononiel 1 peylotonomlel ovoudleton avTikelueVikng ov-
vdptnon (objective function) xar ot Tpés mou nolpvel avtikeiuevikés Tipués (objective values).
Enione, obpgpova ye tny opohoyia Tou ypaumuxo) TpoypduUdaTiowol, ol Teptoplopol mou mpé-
TEL VO IXavoToloUV oL UeTafAnTég andgaong, yapuxtneilovial wotikol 1} aviootikol Tepiopiojiol
(equality / inequality contraints).

‘Otav 10 {nroduevo eivor 1 ebpean NG EAAYIO TG AVTIXEWEVIXAS TWAS, TO TPOBANUAL Yopd-
xnelletan mpdPAnua eayroonoinong (minimization problem). Yt nepintdoeig mov {nteitan
N péytotn avuxeevixd uuh, to tpdPinua Aéyetar tpdpAnua peyotoroinons (maximization
problem) xou ypenowwonoteiton  AéEN max. Av dev dnhdveto pntd to avtideto, xdde npbBinua

Yo Yewpeiton mpdBinua ehaytotonoinong. H yevixdtnta tng avtipetdmiong dev nepoptleton and



auth TNV unddeon, agol éva TEOBANUO UEYLOTOTOMNONS UETATEENRETAL OE TEOPANUA ENOYIC TO-
noinong péow tng oyéong

min ¢’z = — max {—CT:E}

Ta neprocdtepa Ypouuixd TEOBANUATO Apopoly EQUEUOCUEVE TROBAAULOTA Xat Ol UETUPANTES
anoéPaong Avanaplo o0V guotxéc toadtnteg. 'Etot xadepdlnxe vo emBdAlovtar ot Aeyouevol
mepiopioiol un apvnrikétntas (non negativity constraints) ot petafAntés andpaong, dniadn
z; >0, (j =1,2,...,n). O nepopiopol autol ovopdlovtar xat guoikol mepropiopol (natural
contraints). Ot vndhotnor neploptopol Tou npofhfuatoc (1) ovopdloviar Texroroyikol mepiopi-
opot (technological contraints).

Ye 6ha Ta TpoPAfuata, ot Teyvoloyixol neptoptopol Yo dniwmvovton pntd. ‘Etot to mpdBinua

(1) Vo €yer n popoh

min(max) z= c¢x1 + Xy + ... Ty
QT al1ry + aiexe + ... aipTn, D b
a21x1 + a22x9 + N X D bg
(2)
am1T1  +  am2T2 + .. GppTn D by

z; >0,(j=1...n)

To ypauuix6 tedBinua (2) uropel vo ypapel o€ pop@h mvixwy o eZnc:

min(max) z=clx
LT Az ® b
x>0
1) UE TNV TO CUUTAYT LOPYT
min(max) {c’z : Az ® b,z > 0} (3)

o6mov c,x € R™, b e R™ xou A € R™*".
Ta onueio mou ixavonotoly 6houg Toug TEpLopiolols, dnhadh ot Aboelg Tou TEoBAfuatog
(2) ovopdlovton egiktd onueia (feasible points) f egiktés Avoes (feasible solutions) eved ta

unéhotna onueio ovopdlovton un egiktd (infeasible).



2.3 Adon yeoppixol npoBAfuotog

To olvolo Twv e@utdY onueiwy evog ypopuxol mpolAfuatog, opllovy TNy epikti) Teploxn
(feasible region) tou mpoPhfuatoc. Av 1 e@uxt meployt eivar To xevé GOVONO, TO YPUUUXO
TedPAnua eivar adtvato 1 un epiktd (infeasible). Awapopetid, dtav undpyet pia TOUNEY IO TOV
epxth) ANoom, 10 npdPAnua elvon epixtd (feasible).

‘Eva eguxté onpeio z evoe egxtol npofhfuatoc ehaytotonoinone eivon fédtioto (optimal),
av yia xdie eQuxtd onueio y oy vel

clr < cTy

‘Eva e@xtéd mpdBinua eivon fédtioto, 6tav €yel Touldytotov €va BéhTioto onuelo. H T tne
AVTUXEPEVIXTS GUVAPTNONS oTo BéATioTo onuelo ovoudletar Bédniotn tiun (optimum value).
‘Eva et ypappixd npdBinua mou dev eivar BétioTo eivan anepidpioto (unbounded). Lo
’ / I 7 /. 4 4 /.
aneptbpto ta tpofhfuata undpyet axohovdia ePixT®V onuelwy {1, x2, ... } TéTol WOTE 1 AXo-

T, .. } VoL TEIVEL 6TO0 —00.

’ ’ ’, ’ T
Aovdio TV avTioTOY Y AVTIXEIUEVIXWY TIHOV €~ X1, C
Yuvontixd, éva ypauuxd npdBinua eivon advvato 1 e@uxtd. Av elvar e@ixtod 1oTE unopel va

etvar Béhtioto 1) aneptépioto (oyfua 2.3.1).

I'.IL

|
l l

Addvaro Equxto

i l

Béitioto Anepldpioto

Eyfua 2.3.1 Aboeic tou T'IL

Or ahybpripor enihuong ypauuxody TeoBAnudtey, avakauBdvouy vo Tpocsdloplcouy Thy xo-
myopla Tou mpofBAiuatog, av dnhadr autd civon BéATIoTo, adlvato X ancpldpioto. LTny mEpl-
TTwoT Tou To TEoBAnua etvon BélTioTo, Vo mpénel vo utohoytovel xou €va Toukdylo oy BEATIOTO

z 4 2 7 N 7 4 7 2 4 /1
onueto. Xtny npdln, elvar apxetd va tpoodoptolel av éva tpdPinua elvar BéhTioTo ¥ Oyt



2.4 Mopgyéc %ol UETACTYNUATIOUOL TOL YEAUULXOU TEO-
BAuatog

Optowoc. Ao npohiuata eivar 10odtvapes (equivelant), av uvndpyet éva Tpog éva avtioToryia
TWV EQIXTOV ONPEIDY TOUG X TWV AVTIOTOLYWY AVTIXEWPEVIXOY TYLOY TOUG.

To yevixd ypoppxd mpdPinua (1) urnopel vo mepiéyer xou o tplar €ldn e VOLOYIXOVY TE-
ploptopwy >, <, =. Mrnopei enione va nepiéyet eAevdepes petaPAntés (free variables) xaddc
xou eploptopolg mou emBdihovtan an’ eudeiog ot ueTaBAnTég, 6nwe ot meploptopol x; > 0,
x; <0,z > 1, xj <wuj, lj <z <uj. Troé autég Tig ouviiixeg elvar 50oX0AO Vo TEPLY PO
gel €vag YeEVInOS ahyopuog avTIHET®TIONS XAt EVOEiXVUTIL TO 0pYIXO Ypouuixd TEOBANU Vo
petaoynpatiletar oe xdmoto dAAY 10odOVOUN X CAUPWS XORIGUEVT LOoPQT.

Or 800 poppéc mou ypnotponotolviar oty ThetoPnpia Twv alyoplluwy enthuong eivar 1)

kavovikn} popen (canonical form) xou v tvronomuévn popen (standard form,).

2.4.1 Kavovixn popyn

H xavovuey popgn tou yeauwxo) npofhiuatog etvar

min(max) z= c¢x1 + Xy + ... Ty
[T a1xy + apre + ... G, D b
a1 ry +  axry + ... aT, D b
(4)
am1T1  + 2Tz + ... GppTn D by

€ g 20,(j:1...n)
6mou o0 tehecThc B ouuBoAilel évay and Toug avicoTIxoUg TEAEOTEG > xou <.
e pop@ Tvdxmy xat dtavuoudtwy, 1 xavovixt, wopgy| (4) ypdpeton

min(max) {cTa: t Az ® b,z >0}

omov c,x € R™, b e R™ xou A € R™*".
XNy xovovixt] pop@t OAeg ot PeTABANTES TEEMEL VAL LXAVOTIOLOUY TOUS PUOLX0UE TERLOPIOUOUG

xaL 6hot oL Teyvoloyixol meploptopol efvar avicoTixol.



2.4.2 Turornownuévn poeon

H turnonomuévn woppt| tou ypouuixol npoPAfuatog etval

min(max) z= c¢x1 + Ty + ... CpTp
.7 a1, + ai12x92 + . QInTp = b1
anr1  +  axpry + ... axpT, = b
(5)
Am1T1  +  amaT2 + ... GppTn = by

."L‘j 20,(]':1...71)
Y& pop@n mvdxmv xat dlavuoudtwy, 1 xavovixt, poppt (5) ypdpeto
min(max) {ch t Az =b,x >0}

omov c,x € R*, b e R™ xou A € R™*".
XNy TUTOTOMUEVT Lop®T) OAES O UETABANTES TREMEL VAL IXAVOTIOLOVY TOUG (PUOLXOUS TEPLO-

ptopolg xon Ohot ot Teyvohoyixol neplopiopol eivar tooTixof.
2.4.3 Metaocynuatiopol looduvapiag

Kavovixn popypr — Tunomownuévn woppn

Onoodhnote ypapuixbd npdBinua 6ty xovovixt| popey (4) unopel va petacynuatiotel otny
tunontotpévy (5). Autd yivetar Ue UETATPOTH TWV AVICOTHTOV OF LWGOTNTES XAl TNV ECAYOYT)
VEWV UETABANTOV.

‘Evag avicoTixog Teploplogds e Lop@nc
a1+ asxs + ...+ apxy <Db

UETATEETETOL OF LOOTNTA UE TEOOVAXN WIS VEUS UETABANTAS Tpy1 OTO OPIOTERS TNG UEAOG.

‘Etot ) avicdtnta elvor 10060vaun pe 10 oo Tnua ToV 500 TEPLOPLOUWY

a171 + ax2 + ... + apTy + Tpp1 = b
Tpy1 >0
H véa, un apvntixd| petaBhntd| zp41 ovopdletar eAetpatixry (deficit).

Opolwg, évag avicoTixdg Teploplotds NG Hop@ng

a1x1 + asxo + ...+ apT, >0



UETATEETETOL OE LoOTNT YE agaipecTn pog VEAS PETOPBANTAC Tpt1 010 optoTtepd g péhoc. H

AVICOTNTA TWEA Elval 160B0VOUY PE TO CUOTNUA

a1T1 + 2o + ...+ ApTy — Tpy1 =0

Tpy1 >0

H véa, pn apynuxd petaBAntd| 2,41 oty nepintwon auty, ovopdletar tAeovaopatikr (surplus).

Or ehhetpatinég xou TAcovaouaTiég UETABANTES €YOUY TO XO0WVO6 GVoua XaAapés petaPAnTég
(slack variables). "Evoc avcotixdc neploptopde eivar evepyds (active) oto ornpeio z, av to
onueio enadndedetl Tov meploplopd oav LodTNTa.  AlAQOPETIX 0 TEQIOPIOUOS Elval 1N €V€PYOS
(non active). H Ty e yohapric uetofintric x; delyver av o avtiotoyyog neptoptoude etvar
evepYoc 1 oyt. Av x; = 0 o Teploploudg elval VeERYOQ, SlapopeTixd lvar un evepy 6. Ewdixdtepa

av elvon £ > 0, o neploploude txavornoleiton, eve av x; < 0, 0 Teploplonds dev LxavoToleiTal.

Tunonowmuévn poppr — Kavovixr poppn

H petatponn tou ypouupixol npofARuatoc and TV TUTOTOMNUEVY G TNV XAVOVIXY) Lop@Y| YiveTon

UE TN UETATPOTY TV LOOTIXWY TEPLOPIOUMY OE aviooTixols. 'Etot yia nopddelypa o neplopiogodg
a1T1 + asTo + ... +FapTy, =0 (6)

umopet vau ypagel ooy

a1y +agw2 + ...+ apy < b

a1x1 + a2 + ...+ apxy, > b
Yy nepintworn avty BéPoa 1o mARloc twv meploplopdy augdveTton xotd €va, x4t mou Va
eMLPEREL EMTAEOY UTOAOYLOTING POpTO. AUTO OUOS TO UTOAOYLOTIXG PELOVEXTNUA UTOPEL Vo
anogeuy Vel pe v endpevn avtixatdotacn. Eotw 6t oydel a; # 0. Téte o nepopopde (6)
umopet vau ypagel wg

b— (agwe + ...+ anxy)
xTrl =

a

'Etot, 6edoyévou g 21 > 0 (nepopopde pun-apvnuxdtnroc), 1oy ve

as as an, b
—xo+ —z3+ ...+ —xp < —
al a1 al ai



2.5 Avuvixn Ysowpla

Oedpnuo 1 To dvikd npdPAnua (dual problem) tov ypappukot tpopAiuazog

; —- -

T Aol’o + All'l + AQ.@Q = bo

Co Zo
) Boxg + Biwy + Boxa > by
Coxg+ Crz1 + Crxg < by

&) 1)

120,22 <0

\ L 4

-

€tvar To ypaupko npopPAnua

T (Ao)" wo + (Bo)" wy + (Co) wae = co
bo wo T T T
(A1)" wo + (B1)" w1+ (C1)" wa <1
(Ag) wo + (Bg) w1 + (CQ) wWo > Co
—ba wo

\ L d 7

omou ¢cj, xj, Bj, wj, xj, j = 0,1,2, efvar tivaxes ka1 draviopata katdAAndwy dweotdoewy.
Ocwpnpa 2 To dvikd mpdfAnua tov dvikol TpofAnuatos eivar to Tpwtetor TpoPAnua.

Katd 1o petaoynuatiopd tou apyixol (npwtedovioc npofhfuatoc) oto duixd mpdBinua

oy Vouv ot e€AC IBLOTNTES:

H avtixeipevixd cuvdiptnom tou duixol npoPhfuatoc eivar b w, dnou w etvon to didvuopa

TwV YETABANT®Y Tou duixol TpoPBAfuatoq.

e Av 10 mpwtelov mpofinua elvar mpoBinua ehaylotonoinong, to duixd elvar TEOBAnuA

ueyto tonoinong.

Ye xde petaBAnTy ToU TEWTEVOVTOG TPOPAAUATOC AVTIOTOLYEL EVag TEPLOPLOUOS TOU BU-

%00.
o O neproplopdg Tou duixol mpoPAfuatog mou avuistoyel ot PeTABANTA x5 €xEl TN Lopph
(othln ouvteheotdy tne o;)T (Sidvuopa Buixdy uetoBAntdy) @ ¢;
6mouv @ elvar Evag and Toug TEhEcTéC =, >, <.

O 6 teg avtée ouvodilovto otov mivaxa (2.2).
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[Tivaxag 2.2 Metatpont| npwteboviog npofAApatoc 610 avtictoryo duixd

min — max
TEPLOPIOUOC = — | yetafBinty  ekediepn
TEPLOPIOUOS > — | ueTaBAnTA >0
TEploploUdg < — | petafinty <0

uetoPAnty  eheldepn | <> | TEPLOPIOUOSC
weTaBinTh >0 — | meploploudg

IN

LETUBANTY <0 — | neploploude

v

Me w xou s Yo oupPBohilovtar ot duixég xou yohapéc uetaBAntéc tou duixol mpoPfAfuatog
avtiotorya. H yetoffintd w; ovopdleton okiepry tuny (shadow price) touv nepopioud i. H
petaBnty s; ovoudletar vroAdeipatikd kéotos (reduced cost) tng petaBAnTic x;.

e amhy pop@n TVEXWY, oV TO TEKTEVOY TEOBANUA Elval NG LOPPHC

T

min c'x
ur. Ax>b (7)
x>0

T6TE TO avticToyo BUixd TEOBAnua Vo €xel TN wopgn

max w?lb
pr. wlA<cl (8)
w >0

Ocedpnua 3 (Acdevéc duixd Vedpnua) Av z evar pua egiktrj Abon tov (7) ket w pa

egikt) AUon tov (8) tdre

e =wlb 9)
téte n Avon (z,w) elvar Béktiotn ya o (7) kar to (8) avtiororya.

Apa, yoo vou eheyyVel av éva epixtd onpeio & tou npofAfuatoc ehaytotonoinone (7) eivar

Béltioto, mpénel va utohoytoVel éva egixtéd onpeio w € R™ tou npoPhfuartog (8), tétoto hote
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va oy et i oyéon (9). Mpdypatt ot cuvdixec autéc cuVETEYOVTUL LS
wl'b = wl (Az) = (W A)z < Tz (10)

xou olupeve ue Tt oyéon (9) 1o onueio = eivan BéltioTo.
H ovik1j perapAnen (dual variable) w; avtictotyel 610V i 160TIXG TEPLOPIOUS TOU TROPAY-

watog (3). O yadapés dvikés petafAntés (slack dual variables) s; éyouv tn wopyh
sj=cj—wa, (11)

omou a; ebvar 1 j oThAkn tou whvaxa A. O j neplopiogdc Tou dUixo) TEOBAAUATOS Xal ETOPEVKS
N UETOPANTY 55 avTioTolyel 6T UETABANTH 25 Tou TpwTevovtog tpoPfAfpatog. ‘Otay to onucio
w elvon QIxto, TOTE

5;>0,7=1,2,...,n

Av ta onpela x xou w elvon e@xtd ota avtiotorya TpoPAfuatd toug, and ) oyéon (10)

TEOXVUTTEL TG elvou
g=clz—bTw=c"e—wlAz = (" —w Az =5"2>0

H Bagopd g ovoudleton dvikd ydoua(duality gap). ‘Otav ta onpela w xou w eivon Béhtiota,

t6te g = 0 xou and tg oyéoec s > 0, x > 0 npoxdnTEL WS
Sj.l‘j:O,j:LQ,...,n (12)

O nponyolueveg oyéoeic ovopdlovta ourdikes ovumAnpopatikijs yakapstntag (complemen-
tary slackness conditions).
Yuvoillovtag, ot cuvirixec BeATIGTOTHTAC EVOC OTNUElOL UTOPOLY Vo EXPEAGTOUV UE TO

Péwpnua 5.
Ocwpnua 5 Eoww B uia fdon tov tpofAnuatos
min{ch cAX =b,x > 0}

H avtiotoiyen Paoikij Abon (xp, xN) elvar fédtiotn, av elvar xgp > 0 ka1 sy > 0.
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2.6 O mpwrebwy alydprdpog Simplex

O mpwtedwy ahydpiyog Simplex xataoxeudlel pio axohovdio Bacixwy epixtwy onuelwy. Ta
4 7 z 7 X 4 4 ’ 7 ’ z 4

va Eextvioet va exteheiton, mpénet va undpyet dradéoino €va apyixd Bacixd epixté onueio. Xdpty

amhotnroc Yo vrotedel nwg éva tétolo onuelo undpyel. Mia pédodoc nou avtigetoniler Ty

nepintwon un Stdéotwou apyixol onueiov Yo teprypagel oty tapdypapo 2.6.3.

2.6.1 Ilepiypuyr, Tou akyopiduou
‘Eotw 10 ypauuixd mpbBAnua 6 TNy TUTOTOMUEVT] TOU Lop@T
min{ch : Az =b, x>0} (13)
émou c,x € R", b e N xaw A € R™*", To duixd tou npofhiuatoc (13) eivor
max{bTw ATw4s=¢, s> 0} (14)

omouv w € N ebvan o1 duinég xan s € RN elvon o1 yohopée duinég uetafintéc.

O rnivaxac A Yo vnotelel nwe elvon 18d&ne m, rank(A) = m. O akydprdpoc Simplex drope-
piler o olvolro twv dewxtdy {1,2,...,n} oe 8o unoolvoha B xou N, ta onola neptéyouv m
xou n —m delxteg avtiototya. Xto olvoho xp Vo SNAGVOVTIUL 0L GUVIGTOOES TOU Blav)GUATOS
x Tov SeixtodoTolVTUL and To clvolo B. Y10 alvoko xn, avticTorya, Yo dNAGVOVTUL Ol GUVL-
o tOoeg Tov detxtodotolvTan and to chvoro N. Ouolwe, ue Ap, Yo cuyBoAileton o uronivaxag
Tou mivaxa A mou meptéyel Tic 6THAEC Tou detxToddTolVTHL and To clvoho B. Avtictoya o
nivaxag An Yo mepéyet Tic undhoineg oThAeg Tou A mou dewxtodotolvtan and To olvoro N.

‘Etot, unopel va ypogpel

A =[Ap, AN]

=

x=(zp,xN
TN

‘Eotw 61t o dopeptopde (B, N) elvor tétolog wote o mivaxac Ap va eivar avtiotpéduloc.
M tétowa drapépion elvan duvaty|, Bdoet tng undleong mtwe N tédgn tou mivaxa A eivor m. H
dropéptom auth ovopdleton Baoikn dapépion (basic partition). To obvoho B ovoudleta Bdon

2 z /. 7 4 /. z 4 7
xou o mivaxoag Ap Paocikds mivakas. H ovopoatohoyio auth yevixebeton yioo xdde didvuoua 1

mivaxa. Av ¥éooupe zn = 0, t61€ unopolye va utoloyioouvye 10 g Aivovtag To olG TN

Apzy =10
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4 / .
H A\oom tou ovothuatog elvar

rp = (AB)_lb

H Mon (g, 2n) = ((Ap) b, 0) ovoudletar Baoikn Abon # Paciké onpeio. "Eva Pacixd onueio
ebvon eqQixto, av eivar zg > 0.

Av éva Baowd onuelo xavoroiel axpidg n —m avicdtnTeg oav 100TNTES, ovoudletar un
expudioévo (non degenerate). Xe évo un exguliopgévo onpeio Ghec ot Baotxéc petafintéc eivo
01dpopeg ToL UNdeVOC. Xe BLaPopeTiny TEPINTWON), AV IXAVOTOVVTUL TOUAAYIoTOV N — m + 1
avio6TNTES oAV I0OTNTES, To omueio ovopdleton ekpuliopéro (degenerate). Xta expuhiouéva
onueia, Toukdytotov pia Bootxr| uetaBAnty eivon lon ye undév.

O mpwtebwy alyodpriuog Simplex Eexwvder ye €va Baowd egixtod onueio. XN cuvéyei

umohoyilovton ol duixég uetafAntég pe T Abon Tou oLUC TAUATOS
wlAg = (CB)T (15)
H Aoom etvon
w’ = (c)" (Ap)~!

O yahapée duixée petafintéc unohoyilovtar pe tov tono (11). Me popgr mvdxwy xou dovu-
oudtev unopel vo ypapel

st =c—whA
Ané tn oyéon 15 mpoxintel 6L
(sg)f = ()l —wlAp =0

xon enedh) oy = 0, ol CUVIAXES CUUTANPEEUATIXAS YAAAEOTNTAUS Lo VOUY.

O mpwtedwv alyopripog Simplex xoatacxevdlet wa axohovdia Bacixdy eQIXTGOV oMUEiwy.
r Ié 7 4 7, ’ / 7 7,
Etou xdle otryus|, wavorowoivion 1 mpwtn xar 1 teitn ouvirixn Behtiotéotnroag. ‘Otav xata-
oxevaoTel éva onpeio mou txavorolel xou ) Sebtepn cuvdrixn (s > 0 A o w eivan egxtd onueio
ToU dUix00 mpoPBApatoc), Téte autd 1o onpeio eivan BEATIOTO X 0 GAYOEWUOC O TAUATEL.

Enedn) sp = 0, o éheyyog s > 0 yivetan e€etdlovtag av
(sn)' =(en)" —w"Ay >0
Av 10 Tpéyov omnpeio eivon BéNTioT0, dnhadr toyler J = B 6mou

J:{j:jEN xousj:cj—wTaj<O}
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10 €YoV onuelo ebvar BértioTo xat 0 alydprdpog otapatdel. O deixtec Tou cuvéiou J ovo-
wélovta emAé&ipor (elligible).

Av 10 tpéyov onuelo dev elvan BélTioTo, EmAEyETAL 1) EIOERY OUEVY UETAPANTY 27, 6Tou | € J.
O delxtne [ uropel va etvon onotosdnrote deixtne Tou cuvdrou J xou 1 emhoyy| Yivetal Ue xdmolov
kavéva meprotpoens (pivoting rule). T mopdderypa o deixtng | uropel va npoodoptotel and
™ oyéon

s;=min{s; : j € J}

[Tepiocdtepol xavoveg neplotpophc Ya neplypagoly 6o xe@dhato 3 eV ouyxploelg Bdoel umo-
AOYIOTIXWY PETEHOE®Y Yo Yivouv 610 Xep@dlato 5.

‘Otav 1 coepyouevn petaBAnts €yer emheyel, mpénet va TpoodloploTel xou 1) eEEpy OUEVT
PETUBANTY T = Tp(y) €T0L WOTE TNV ENOPeVN Bdon va etvon xp = 0. Katd tn petdBaon and
™V Teé€youca BAor o TNV EXOUEVY), oL pove PeTaBAnTéc mou ahrdlouv Tiuég elvar ol Tpéyouoeg

Baowxéc xp xou N ewocpyopevn ;. ‘Etol woylet
B — (Aglb) — hyxy
émov hy = B la;. Av eivar by <0, OnAad?
I.={i:hy>0}=10

npoxintel twg g > 0y xdde x; > 0. Enedn otny nepintwon autr, n Ttud TN avTXEEVIXHS
ouvdpTnong ehaTTvETA xod®g N T TS 7 auEdvel, To TEOBANUA Elval AMEQIOPLETO XL O

ahyopriuog otapatdel. AlQopeTixd N T tng x; neptopiletan €tol wote va ebval
zp@) = (B7'b); — hyw > 0, i=1,2,...,m (16)

Enlbovtac v (16) npoxintel

(A5'D); ,
x < }]:;l , 1ely
Av tedel
B~1b), B~1b);
ml:90:g:min u: iely (17)
Iy hi

N YETUBANTA T R() = Tk VoL EyEL THT| PNOEY X ETOPEVLS propel va Byel and tn Bdom. Enopévac,
N 27 yivetou Baotxr) peToBANTA xou n g, yiveton un Baouxr], xar xotoaoxeudleton €ToL ULo VEX EQIXTT

Bdon,.
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S oyéon (17), n tph e x; ntpoodopiletar pe vnohoyopd evéc edayiotou Aoyou. H
dradixaoio auth ovopdleton teot eAayiotov Adyov (minimum ratio test). Av vndpyouv nepio-
o6tepol and évag deixteg mou wxavonooly v (17), Ondpyer deouds (tie). Ltnv meplntwon
ot Yo tpénet va emAeyel €vag and toug emthéZipoug deixteg. Addog emthoyr deixtn unopel va
odnyfoet oe kUkAwon (cycling), ondte o ahydpripoc dev teppotiler noTé.

Agob emeyolv 1 eioepyduev xou eEEpy OUEVT] UETABANTY, TPENEL G TN GUVEYELXL VOL OVIVED-
Yoy ot mivoxeg detxtwyv B xaw N xaddc xou 1 Bdon An. Ov evnuepwuévor nivaxeg Setxtoyv Yo

elvat

B =B\ {k} U{l}

pdeds

N =N\ {1} Uk}

H Boaow| petofhnth zp Vo yiver pn-Bacixr xou 1 un-Bacixr| yetointd z; Yo yiver Pooixy.
'Etot xataoxevdotnxe 1 véa Bdon B. H dodixacio evadhayfic tov dewxtav (k1) ovopdleto
neprotpogn (pivoting).

e poper Brudtwy, o akybprdpos neprypdgetar 6o oyfua (2.6.2). O olydpripog dev
umohoyilel Ty PérTio Ty avTixeiuevixh T 1 onolo unopel va Bpedel uetd tov teppationd Tou
pe tov t0no
)T

z=(cp zp=w'bh

2.6.2 Avadewpnuévog alyopripog Simplex

Ytov akybprdpo Simplex onwe teprypdpnxe (oyfua 2.6.2), o utoloylopds Tou avticTEoPou
nivaxa, At yiveton oe xédde emavéhndn. Auté onuaiver peydho mhfdoc umoloyloudy oe xdde
enavaAndm xau, 1dxd oe tpoAfpata ueydhou yeyédoug, ueydhoug ypdvous extéleong.

O vnohoyiloudg toug avticTpogou Tivaxa Agl oe xae emavaindmn urnopel vo amogeuyvet.
ITio ouyxexpéva, Ya utohoyiletar L6vo o TNy TEOTY ERAVIANYY), X0t 0 TIC ENOUEVES ERAVAAAPELS

Yo unoloyileton pe tov tHno

(Ap)™' = E~'(Ap)™ (18)
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Bipa 0 {Sexivnpa)

{m) Eexivo ue pLo epLxrh Poouxd &wopépuon (B, H)

() YOoRAYIOF TOUC OIVHKEC KO TO & LOVOOWITO Ca, Gy
B, N, B, %:=(B:) b, w=(cz)T(Ba) ", (3x)=lcw) T-wN

Bfipa 1 {ELey¥olL OTAPATHNATOD)
{m) (Eheyxog PeAtioroTnrog)
8toe J={j: J= N mxL 3,<0]

Bv eiver J=&, STOP, 1o TpExov onreio eilvol
BEATLOTO.

ALODODET LK, WE Evoy Xowdvoe ODEpLoTpoplg, EOEAEEE
gvoy Belxtn I=H(t) = J.

H petofinrf =, eivol ELOERYOUEVD.
(p) (Eheyxng ehoy loTou Adyou)
8foe hy=(Bg) %3, xx. L={i: 1<igm woL hy,»0]

Bv riwver I.=d, STOP, 1o opoflopo ivoo
COEQLADLOTO.

ALOPOPRET LKE FOEAEEE TOv EEEpYOREvn RETHPAOTO
Hzoy=H, e Tov time (17).

Bfina 2 i{depLoTpopd)
Btor N(t)=k mxL B(r)=1l xoL uvmoldyLoe Tn veo
BrxoLxh &LoumEpLon

Oiyolve oo Biuoe 0(E)

Eyfua 2.6.2 Ipwtebnv alyodprduog Simplex

6Tov

1 —hy/hy

E~' = 1/h,

—hmi/hr 1

Avuth 1 avanapdotaon tou mivaxa (Ap)~! ovoudletar popgr ywopévou tov avtiotpogou
(product form of the inverse). Tlépa and 10 wxpdtepo UTOAOYIOTIXG POPTO, TPOCPEPEL TO TAEO-
VEXTNUO TS OV amaiTelTal 1) anoVhXEVOT) OAOXANEWY TWV TUVIXWY OAAS UOVO TV BLaVUoUAT®Y
exelvwy Tou oynuatiCouv Toug oTolyelwdelg Tivaxeg. Ltoug mivaxeg 2.3 xou 2.4, ouyxpivovto
0 xhaowx6g xon o avadewpnuévog alyopriuog Simplex 6cov agopd o TARYoC TwY apiunTIxwy

TEAEEWY XAl TIC ATUTAOELS O UVAUN avtio tolya.

2.6.3 MéJodog d8%0 @pdoewy

o va Eexwvroer o ahyopripog Simplex, mpémet va umdpyel Swdéotun pla e@uxty dlopéplomn

[B, NJ. Ipénet dnhadt| va eivoaw zp > 0. Xe dagopetind nepintowot), npénet va unohoyto el o
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[Tivaxag 2.3 Loyxpion xhacixod xo avadewpnuévou Simplex wg npog Ti¢ npdéelg

[MpdEeig Khaouw Avadewpnuévn
IToh/opol, dupéoelc m(n—m)+n+1 m(n+2)+1
[TpooVéaoeic, agaipéoels m(n—m+1) m(n+1)

YOvohro n2m+1)—m2m—-1)+1 m2n+3)+1

ivaxag 2.4: Xoyxpion xhaotxol xa avodewmpnuévou Simplex wg mpog Ty analtnon oe uviun

Khaowed  Avadewpnuévn
Mvijn O(mn) O(m?)
Kahitepn nepintworn | O(mn) O(m?)
Xepbrepn nepintwon | O(mn) O(mn)

tétota Sopéplon. ‘Evag tpdémog yia va emiteuydel autd, eivan pe ypron tne pedddov twr 6vo
pdoewy 1 ne pedédov tou peydiov M.

Y uédodo twv 800 @doewy, o alyodprduog Simplex epapudleton dbo popéc. Xty Pdo
I, Movetan éva tpononompévo yeauuxd npdBinuo (T.INII.) xou oty ®don II Movetar 1o apyixd
Yoouuxd npéfinue (AIVIL).

To T.I'.IL. xataoxevdleton pe TNV npoc¥nxn wag véag UETUBANTAS Tpt1 PE DLAVUOUA CUY-
TEAEGTOVY

d = —Be

’ ré 4 7 7 7 z /7 s/ Ié
omou e elvar didvuopa e OAeg Tic ouvioTwoeg loeg we 1. H véa owty yetafinty ovoudleton

texvnei (artificial variable). To T.I'.IL. nou emhbetan otn Pdon I eivau
min  Tpyg
pr. Ar+drpi1 =0 (19)
T, Tpt1 > 0
Or ouvieheotéc xbot0Ug f Tou TpoPAfuatoc (19) eiva
fi =0, (Jj=12,...,n) o fnr1=1
Y ®don II AMoveton to AL pe tov ahydprdpo Simplex.

Oedpnua 6 Av n Bion B dev elvar epiktny oto A.TIL, tdre n Pdon B ~ B(r) U {n+ 1}

etvar ety oto T.I.I1., émov o delkTng r Tpoodiopiletar and tn oyéon

(B7'b), = min {(B~'b); : i=1,2,...,m}
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Toppwva pe to Yemdpnua 6, 1o npdPinua (19) eivon egixtd. Enopévoc da eivor Bédtioto A
AmEPLOPLO TO, OuwS amoxheleTon va ebvan aneploptoto yratl toylet x,41 > 0. Apa 10 npdBAnua
T.I'.IL. etvou Béhtioto. 'Eotw 6t (2, Tpi1 ebvar 1 Béhuotn Mor tov T.IWIL. YTrdpyouv dvo

evdeyoUEVaL:

1. Avebvar 25,41 > 0, 161 10 AT ebvon addvato. Ot vnoloyiopol otopatodyv otny Pdon

L.
2. Av eivar 25,11 = 0 Sraxpivoviar 800 LTOTEPITTOOELS:

(@) n+1 € Ay: H Mon x eivar Baower, xou et oto ATIL H Morn avth ypnot-
poroteiton g apytxy) Pacixy diopéplon tou ahyoplduou Simplex yia to A.IIL o1
pdon 11.

(B) n+1 € Ap xon zpq1 = 0: Hpoypatonoweiton pio nepiotpopt|. EEepybuevn petofinth
EMAEYETU N Tpt1 X €loEEyOpevy wa tuyaba. H Aon x mou npoxdnter yetd tnv
neptotpopt], ebvar Baoweh xou egxty oto ATIL. H Mon auth ypnowonoteitar g

apy | Baoixr| drauépion tou alyopiduou Simplex yia to A.IIL otn gdon II.
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KE®AAAIO 3

Kavédveg nepiotpopng

Ye wa x| tou emavaindn, o ahyopiduog Simplex xaheiton va emhégel and €va oOvolo emi-
MEEWwY YeTABANTAOY, auth Tou Ya eioélder ot Bdon. O udvog neploplouds tou thdeton ebva,
YioL TNV €10ERY OUEVT UETUBAATA T4, Vo toy Vel s; < 0. Kdde yedodoroyio emhoyhc g elogpyo-
pevne petaBhntic otov alyoprdpo Simplex ovoudletar kavdvas nepiotpognis (pivot rule). S
BiBhoypapla yia v (Bl Aettovpyla yenoiponoteitoa eniong xu o 6pog uétodog akioddynong
(pricing method).

O xavovag mepiotpogric mouv VYo yenotponomlel unopel va anoteréoel xadoploTixd mapd-
YOVTa TPOGBLOPIGUOD TOU GUVOAXOU YPOVOU EXTEAEGNC Xat Tou TATtouC TwV enavakiPewy Tou
Vo aroutndoldy yua Ty enthuon evog tpofiiuatoc (Maros and Khalig 1999). ‘Etot tov npdto
xavéva Tou uhorothinxe and Tov dnuovpyd Tou Simplex (Dantzig 1963) axohovdnoay apxetéc
pédodol xou 1o ouUYXEXEIWEVO xoppdtt Tou Simplex amotehel axduo xou GHUEPA avoIXTO TEdio
€peuvag.

Y10 Tapdy xepdhato, Yo yivel avapopd ot 8 xavOVES TERIC TROPTNS CUUTERLAAUBAVOUEVOL X ol
Tou xavova Tou Dantzig. Oa meptypagel 1 pedodoroyia emhoync Tng 10epy OUeVNS UETABANTAS
yia Tov xdde xavova xon Yo topoatedel o xOdixac mou vhonotel T AeLToupYiES Tou, OTWS AUTOS
vhonoflnxe 610 TEPIBAALOY TOU MATLAB X0l EVOWUATOUNXE 0TOV ahyopriuo Simplex.

Yty nopdypapo 3.9 axohoudoly yeVixd ahhd xo CUYXEXPEVA Vi XAVE XxavOVa oy OMaL
OYEUXE UE TIC IDOTNTEC TOUG 6COV aYopd TNV amddoon xou TNy axpifBeid Toug. Xtny mopd-
yeagpo 3.10 Ya yenotworomniel €vo ankd ypouuixd nedPAnua yia va yivel enidelln tou tpénou

4 7 7 14
AVTIUETWTLONG OV axOhOUVEL 0 %dIE XAVOVaG.
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3.1 Kavévag tou Dantzig

3.1.1 Ilepiypayy Tou xavove tou Dantzig

O xavévag tou Dantzig, yvewotég enlong xar oav xavévae touv uéyotov ouvrtedeotn (largest
coefficient), eivon 0 TEMTOC xAVOVAC ETAOYTC E0EPYOUEVNC LETABANTAC TToU Yenotpuonotiinxe o€
vhorotfoelg Tou akyopiduou Simplex. Xougova ye tov xavova autd, o ahyodprdyoc Simplex
EMAEYEL OOV EIOEQYOUEVT UETABANTY AUTH PE TO TEPIO0OTERPO apvynTxd sj. H moocdtnia s;
OVOTOELO TA T1) BLAPOEE G TNV AVTIXEIUEVIXT| T 2 Tou Yo enéAdet dtay 1 un Paowxr) uetaBAnTy
xj augniel xotd pio povdda.

H pédodog aut eyyudtar T peyahOTERN EAATTWON TNG AVTIXEWEVIXTG TIUNE AVa LOVADA TNG
un Baowdc petainTic ¢;. Aev hauBdveton dpme utdn 1o TOoES LoVAdES umopel vor ehatTwiel
N UETAPBANTY 2 OoTE To TEOBANUA Vo pny yivel adivato.

H pédodog tou Dantzig uhonoteiton edxoha xou StoncInuixd odnyel ypryopa tov alyoprduo
Simplex ot Béhtiotn Abor. e mpaypatind TpoBARuATo ohhd Xol CUUGOYA UE TS UTOAOYL-
OTXES UETPNOEIC TOU TEPLYPAPOVTIAUL OTO XEQAAUO D ATOOEIXVOETAL LOITERA OV TOY VIO TIXOG
xavovag. Oewpntixd, 1 ToAuthoxdTnTa YEtpdTERNS TepinTtwong €yl Bpedel mwg eivon exdetiny
eve €youv xataoxevaoUel xat eI YPOUUIXA TEOPARUATE TOU O XAVOVOE EMBELXVIEL TETOL

ovuneptpopd (Klee and Minty 1972).

3.1.2 7Ylomnoinorn touv xavéva tou Dantzig

O xavévag tou Dantzig vhornoieiton ye pio xan wévo ypouuy yden o tn cuvdpetnon min nou Beloxet
o€ éva didvuopa 1 Tivoaxa To ototyelo ue Ty wixpoteen . H ouvdptnon auth nopéyeton and

T0 MATLAB.

[val ind]=min(Sn);
t=ind;

1=NonBasic_list(t);

Koduxag 1: Dantzig: Emhoy1 eioepyduevng uetaBintic
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3.2 Kavdvac Ttou Bland

3.2.1 Ilepiypayy Tou xavéove tou Bland

O xavévae tou Bland (1977), eivon wo amhy) pédodog olugova ue Ty onola oav EloEpyOUEVN
peTaBANTA x5 emAéyeton auTh UE TOV WixpoTERO BelxTy J amd Oheg TiC emAECES UETABANTES,
Onhad)

j=min{k: ¢ <0}

OTOU Cj, €lvall 0 CUVTEAESTAS TNG UETABANTAS X OTNV AVTIXEIUEVIXY| cuVdpTNoT. And Ti¢ uTto-
Uhprec yia €080 and T Bdor uetafintéc, elepydpevn emAéyeTon Xou TAAL 1) UETOPANTY X UE

TOV UxpoTERO BelxTr 7.

Ocewpnua 7 O adydpiduog Simplex o€ ovvovaoud ue tov kavéva neprotpognis tov Bland dev

/ z / 4 / /7 z 4
unogépetl and kukAaoelg, dpa tepuatiler o€ tenepacévo aprud emavaAnpewn.

H anédeln tou Yewphpatoc 7 neprypdpeton and tov Bland (1977).

‘Eye nopatnenlel nwg oe npayuatind npofAfuata, o xavovag tou Bland, av xon anogedyet
NV XOAA0OT, TOAES Popéc odnYel oe wa dhhn avemdbunty xatdotaon, T otaoyudtnta (stal-
ling). Sav otacudtnto yapoxtneiletar 1 extéheon onpaviixod apdpold enavolfiPewy ywpic
Behtiwon tne Tiwnig tng avtixepevixig ouvdptnomng. Eivar éva gorvéuevo nou napouctdleton o€
exguhiouéva ypouuxd tpoPAfuata. Koxkwon elvon to gorvépevo xatd to onolo o alyodpriuog
Simplex xataoxevdlel 600 Bleg Bdoeic. Av oe wo axohouvdio Bdoewy BO) p®)  B®
woyter BO) = B®) | 16te eppaviletor xOxhwon pe Bhua xixhou k — 0 = k eravorfeic.

E€aitiog tng x0xhwong, o alyodpripog otay avuuetwniler tpayuatixd tpoBAiuata, @Tdvel
ot hbom petd and yeydho aptdud enavahPewy o€ oyéomn UE T0UG GANOUS XUVOVES TTOL EEETA-
otnxay. ‘Etot nopd v Yewpnuxd eAxvotixr tou 1816tntd yia enfAuor o€ nenepaouévo aptiud

Brudtwy, dev anodeixvieTor LTOAOYLO TIXA EVOLUPEROUGA ETLAOYY.

3.2.2 TYlonoinon tou xavévae tou Bland

H mpooifxn tou xavéva tou Bland amoutel 800 napeyPdoeic otov xwdxa tou akyopiduou
Simplex. H npwtn yiveton oto onpeio emhoyhc e eloepyduevne petaAntic (xddixac 2) eved
1 8eTERT 0 TNV TEP(MTWOTN OV XATd TNV EMAOYT| e€Epy OpEVNS UETABANTAS TapovatdleTtal SEcUOS

(xBixag 3).
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temp=£find (Sn<0) ;
[value index]=min(NonBasic_list(temp));
ind=temp(index) ;

1=NonBasic_list(ind);

Kooduxag 2: Bland: Emhoyt| cioepyduevng uetafAntic

r=mrt(rr);
k=Basic_list(r);
[k coll=min(k);

r=find(Basic_list==k);

Koouxae 3: Bland: Emhoyt| e€epyduevne uetofAntic oe nepintwon deouo

3.3 Koavoévac tnc otoiBoag (Stack Rule)

3.3.1 Ilepiypayy Tou xavéva tng croiBag

YrofBa (stack) oty emotiun twv utoloyio TV ovopdletar pro Sour| dedouévwy tou Aettouvpyel
Béoer tng apyfic LIFO (Last In First Out). To otoyeio dnhad) mou €yet unet tehevtaio ot
otoffo Yo elvon T0 TpOTO TOL Yot Byel And AUTAHY.

Y1ov xavova Tepto Tpoghc TNg o tolfag, dnuioupyoldvion dVo otolBec. Ta mepleydpevd Toug
elvon ot Beixteg TV Baowxdy xou pn Bacxwdy PeTaBAnTov aviiotoya. ‘Etor dtav {nteitou 7
petoBAntr mou Yo eloéllel ot Bdon, emhéyetar Onota emthéiun uetaBAnTy Beloxetal mo xovtd
oty €€odo g o1olBag. Opolwg oe mepintwon mou undpyouy 800 1 TEpIOGGTEPES UETUPANTES
Tou umopoly va Byovy and 1N Bdon, Yo emieyel exeivn nou Bploxeton mo xovtd otny €00 TNg
otolfoc twv Pacxdy yetafinteyv. H ewoepyduevn puetafinth Yo uret oty oy e otoifog
TV Pacxedv yetaBAntoy xa aviiotouya 1 e&epydpevn ueTaBANTY Yo unel mpadTn oTn otolBa
WV PN Bacixdy.

H Baower 0éa tou xavova e otoifag potdlet pe auth tou xavova tou Bland. Koy eivon
xou 1 WdTTa TNg EMAEdNe TpoPAnudtey xixhwone. Lty npdln dpne (xepdhao 5) o xavovag
¢ oto{Bug uneptepel 1660 oo TARYOC emavalewy Tou alyopliuou 660 o ToU GUVOAIXOU

YEOVOU EXTENEOTC.
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3.3.2 TYlomnoinorn tov xavéva tng crolfag

H evooydtwon tou xavéva g otoifag otov ahydprduo Simplex €yive ue napeyPdoec oe tpla

omnueto:

1. Apywxomoinon twv 800 61030V 61Ny TENOTY ENAVIANYT xou ETAOYT ELOERYOUEVNG UETA-

BANTAc and 1 otoifo Twv un Bactx@dv petaAnTev (xddixac 4).
2. Emdoyt| eZepydpevne petafintic oe nepintowon deopol (xddxag 5).

3. Avavéwon v otolov 610 Téhoc TN enavdhndne obugpova e ) Aoy LIFO (xddixag
6).

if (phase2_Niter==0)
phase2_Niter=1;
structBasic=Basic_list;
structNonBasic=NonBasic_list;

end;

templ=find (Sn<0) ;

temp2=NonBasic_list(templ);

for ik=1:length(structNonBasic)
tempx=find (temp2==structNonBasic(ik));
if (tempx>0)
tempmin=temp2 (tempx) ;
break;
end;
end;
ind=templ (tempx) ;

1=NonBasic_list(ind);

Koduwxcag 4: Kavovae otolBoc: Apyixonoinon otol3ev xat enthoy l0epy OUEVNS LETUPANTAC
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r=mrt(rr) ;

k=Basic_list(r);

kind=inf;

for (iii=1:length(k))
ktemp=find(structBasic==k(iii));
if ktemp<kind

kind=ktemp;

end;

end;

k=structBasic(kind) ;

r=find(Basic_list==k);

Kooduag 5: Kavovag otoifac: Emhoyy| e€epydpevng petaffintic oe nepintwon deopol

ttN=find (structNonBasic==1);
ttB=find(structBasic==k);
structNonBasic(2:ttN)=structNonBasic(1l:ttN-1);
structNonBasic(1)=k;
structBasic(2:ttB)=structBasic(1:ttB-1);

structBasic(1)=1;

Kwduxag 6: Kavdvae otolBac: Avavéworn otoiBoy

3.4 Koavovac tnc ovedc (Queue Rule)

3.4.1 Ilepiypayy TOL xXAVOVA TNS 0LELS

O xavdvag tng ovpdg Bacileton otny Bl 1W0éa pe tov xavdva g otoifag. O yetafintéc
TonoYetodvtar o€ oupés, douéc dnhady mou vhormooty ) hoyixr FIFO (First In First Out).

Yav etoepyouevn xat e€epyOuevn EToBANTY emAéyetal xdUe Qopd 1 TEwTN EMAEEUY UETA-
BAnth and Ty avtio toyn ovpd. Lougwva pe ) hoywxr) FIFO 7 yetafinty mou e€épyeton and
Bdor), Tonoveteitoan 610 TENOG TNS 0LEAS TWV PN BACIXOY UETABANTOY Xat ogolng, 1 UETAPANTY

mou eloépyeton 611 Bdor, totodeteitar TeAeuTaUid O TNV 0VUPd TWV BACIXOV UETABANTOV.
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3.4.2 TYlomnoinorn Tou xaAvVo6VA TNG 0VUEAS

O tpdénog emAoyig Eloepy OUEVNS XU EEERYOUEVNS HETUBANTAC OTWS ol UE TOV XAvOVa G TolfBug.
AMoote ot B0 avtol tpénou potpdloviar Tov (Bt xddxa (4, 5) Yo TIC CUYXEXPWEVES heL-
Tovpyieg. Alaopornoinoy uTdpyEl GTOV TEOTO AVAVEWMGNE TV BOUWY, TE EEXVAOEL 1] ENOUEVT

enavaindr. Ntov xavéva tne ovpdg, N avavéwon yivetow obpgwva ue t oy FIFO.

ttN=find (structNonBasic==1);

ttB=find (structBasic==k);

structNonBasic (ttN:end)=structNonBasic([ttN+1: end ttN]);
structNonBasic(end)=k;
structBasic(ttB:end)=structBasic([ttB+1: end ttB]);

structBasic(end)=1;

Kooduxag 7: Kavovag ovpds: Avavéworn ovpyv

3.5 Least Recently Considered Method

3.5.1 Ilepiypayr tou xavéva Least Recently Considered Method

O xavévag meplotpopric Tou Bland €yel to pelovéxtnua mwe ayvoel tic emAégueg petaAnTég
xj Ue Yeydho deixtn 7. Ov petaffintéc autée e€etdlovtan pévo apol ol UETABANTES e Younhoig
deixteg €youy emheyel oav eloepyOUEVES ol 1§ EVOEYOUEVIS X0 TEPLOCOTERES POPES.

O Zadeh (1980) mpdteve xatd v emthoyR T €L0EPYOUEVNC OTANG, TEOTEQUOTNTA VAL
divetanr otic petafAntéc mov eiyay emtheyel 010 noPeAIOV TPV and OheC TIC UTOAOLTES ETUAEL!-
peg petoPBintés. H pédodoc auth alloAdynong twv emhé&iuwy petointoy ovopdleton Least
Recently Considered Method (LRCM) .

H mpdtn otihn nepotpogric x; unopel va yiver onowdnnote and Tig emhé€iyeg oTHAES.
Y1y vhonoinomn nou €yive, 1 emhoyt, auty yiveton ue tov xavéva tou Dantzig. Ytny endpevy
enovaAndn emAEYETOL 1) TPOTN ETMAESIU OTAAN T ue delxtn J > j. Me tov {do 1pbmo emhé-
YOVTOL XL Ol ETOUEVEC OTAAES TEPLOTROPNG eV av j = n 1 v undpyel emAéEn oThAn pe
J > 7, 161€ e€etdlovian mdh OAEC oL o ThAES.

H yédodoc LRCM propet va vhormomdel edxoha xat €yel Ty emduunts idoTnTaL TNS ATOQU-
Yhc tou govouévou tne xaduotépnone (Thomadakis 1994). Xe avtideorn ue dhhec pedddoug
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TeploTPoRnc, dev €youv Beedel mpofhiuata ota onola 1 pédodoc LRCM va cuunepipépeton
exVetixd. Autd, onwg enfong xar 1 anddelln nws 1 péYodog elvar TOAUWYLIIXT O T YELROTERT

nepintwon, napapévouy avorxtd tpofAfuate (Gartner 1995).

3.5.2 TYlomnoinon touv xavéva Least Recently Considered Method

Yy T enavdAndm n emAoyn eloepyouevng peTaBAnTAg yivetan ue tov xavova tou Dan-
tzig. H petoPint lrcm_last mepléyel Tov delxtn tng YetaPAnthc mou umnixe otn Bdon otny

TEONYOLUEVY ETOVIANY.

if (phase2_Niter==0)
phase2_Niter=1;
[val ind]=min(Sn);
else
templ=find (Sn<0) ;
temp2=NonBasic_list(templ);
temp3=find(temp2>lrcm_last);
if (isempty(temp3))
[aaaa bbbb]=min(temp2);
ind=temp1 (bbbb) ;
else
ind=templ (min(temp3));
end;
end;
lrcm_last=NonBasic_list(ind);

1=NonBasic_list(ind);

Koduxag 8: Kavévag LRCM: Enthoy elogpyduevne petofintig

27




3.6 Kavévac tng péyiotne Bertinong (Greatest Increment
Rule)

3.6.1 Ilepiypayr Tou xavéva péyiotng Beitinong

Lopgpova pe Tov xavova uéyio tng Beitiwong, and tig emhégiueg uetoPAntéc eloepyduevn yivetan
ot mou Va empépetl TN peyahltepn Bedtiwon xatd andiuty Tipn oty avixeevixn i 2. H
wévodog auth npotdinxe and toug (Klee and Minty 1972) oe éva dpdpo 6nou enione téinxe
Yépa olyxpiong e ) uédodo tou Dantzig.

O xavdvag e péylone Behtiwong npoonadel va atonolfioel 600 Yivetal TeplocoTep dedo-
péva wote va emthéEel T petaAnTy mou Yo eloéhdel otn Bdon. o xdde pn Baocuxd petaBAnty
xj 85 <0, umohoyiletar 1 EAATTWON TNG AVTIXEMEVIXNG THNE XATw and TV tpolnddeon meg
N T elvol EloEPyOUEVY. Loy eloepyOUeVT EMAEYETOL 1 UETABANTY Tou emLpépel Tn ueyahiTepn
ENATTWON OTNY AVTIXEWEVIXT] T

H yperon tou xavéva tng uéylotng Bedtinong mpoopéper ) duvatdtnta yia elpecn g
Béhtiotne Ting ue Alyeg enavodfdeic. H yonowdtntd e opwe opglofnteiton eartiog tou
Tp6oUETOU UTOAOYLOTIXOU POETOU Tou emipépel avd enavaindn. H emBdpuvorn auth ogelheton
OTNV avayxn Yo UTOAOYLoUG Tou eAEYy0oL elayioTou Adyou yia xdle plo and tig emAEdiueg
petafBintée, o xde enavdhndn. EEdAlou €youv dnpiovpyniel cuviixeg t€toleg WO TE 0 XaVO-
vog péytotng Behtimong va €yt e&loou doynun —exVeTiX— CUUTEPLPOPY UE TOV XAVOVA TOU

Dantzig ot yewpdtepn nepintwon (Girtner 1995).

3.6.2 TYlomnoinorn tou xavova pEyiotng Peitinong

‘Onwe gaiveton xow otov xwdxa 9, o€ xdlde enavdhndn epoapudletar 10 0T ehayloTou Adyou
xat unohoyiletar 1) Behtiwon g avTixelwevixic TN tou Vo empépet 1 emhoyr xdie plag and

TIC emAEZIUES UETABANTEL.
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maxDecrease=inf;
for (column=1:length(NonBasic_list))
if (Sn(column)>=0), continue; end;
1=NonBasic_list(column) ;
h_l=Base_inv*A(:,1);
toler=abs(h_1)<= tole3;h_1l(toler==1)=0;
Opt_test2=h_1>0;
mrt=find (h_1>0);
Xb_hl_div=Xb([mrt])./h_1([mrt]);
thetaO=min (Xb_hl_div(find(Xb_hl_div>0)));
currDecrease=theta0*Sn(column) ;
if (currDecrease<maxDecrease)
maxDecrease=currDecrease;
ind=column;
end;
end;

1=NonBasic_list(ind);

Kooduag 9: Kavovae yéyotng Bedtioong: Emhoy eioepyduevng uetaBintic

3.7 Kavévac pepuxic arnotipnone (Partial Pricing Rule)

3.7.1 Ilepiypayr TOL xXAVOVA LERLXNS ATOTIUNONG

Yo mpoypatind ypouuixd mpofBiduata, to mARlog Twv UETaBANTOV n, cuvAidwg eivar TOAD
peyahltepo and to TAROC TV TEploplopdy m (n > 2m). e auth v tepintwon dev eivan
amoTEAEoPATIXNG UTONOYIo XY Vo uTohoyilovTton Oha o 85 o€ xde emavdhnd.

Y1ov xavovo NG pepnc amotiunong, ot petafBintés yweilovtar oc ooninlels opddeg.
TrohoyiCovtar Tar 55 NG mEWTNG ouddag xat av Beedel xdmowo apynTxd sj, n eMAOYH NG
€loEPYOUEVNG METOHBANTAC Yivetan and Tic emAEgues uetaBAntéc g opddag authg. Av eivon
s; > 0 yio 6heg T PeTaANTéS NG TEWTNG ouddag, eletdloviar ot UETABANTES TNG EMOUEVNS
ouddac. H Swdixacio aut yiveton, péypet vo Peedel wia opddo pn Paoixdv YetaSANToY e

emhéCipeg yetafAntéc.
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Y1y vhomoinom tou xavova pepxrc anotiunong, 1o péyedoc s tne xdde ouddoc peToBANTOY

xadopiCetan and ) oyéon
s = 20, n < 500
s =30, 500 < n < 1000 (1)
s = 40, n > 1000

6mou 1 10 TAYog TV oTNAGY Tou Tivaxa A.

O tpdnog Sayeptogod Tou BLaVOOUATOS SN XAt 1) EMLAOYY TNG EIOEPYOUEVNS UETABANTAC
Tou meptypdgnxe yopaxtnpileton otatikd dauepiopévn arnotiunon (static partial pricing). H
ovopaoio auTh avagépeton 0TOV EX TV TPOTERKY Xa)oploud Tou YeYEYoUS TRV TUNUATKY OTa
orola dopepileton o mivaxag An xon o Sidvuopa sy. Av to péyedog twv TuNUdTeY xadopileto
duvaxd xou eVOEYOPEVWSE aAAGLEL xuTd TN Otdpxela exTéheong Tou alyopitpou, 1 uédodog

ovoudletan dvvapnkd hapepropévn anotiunon (dynamical partial pricing).

3.7.2 TYlomoinorn tou xavéva peptxRc anotiwnong

Apyxd (x@ddixag 10) xadopiletar to péyedoc tov Tunudtwy ota onolo Yo diopepto el o Tivaxag
AN xa 1o Sdvuopa sy, olugova ue t oyéon (1). H emhoyh e ewoepydpevne petaBintic
yivetar pe tov Bto tpdno nou meplypdgnxe otov xavéve tou Dantzig (x@dixac 1). H Swgpopd
pe tov xavéva tou Dantzig elvar twg o éheyyog yivetar og éva xoppdtt wévo touv Sy. Av to
XOUPATL Bev TepLéyel xdmota UETAPANT zj pe s; < 0, téte eZetdleton TO EMOUEVO, UEypL VA
Beedel éva xopudtt mou va nepléyel emhéEiueg YeTaBAnTéc.

Metd v emhoyt| eloepyOUevng xot EEQYOUEVTS UETABANTAC AVAVEWVOVTAL Ol UETUPANTES
¢B, cN, w xou evroniletar To TPHUA 010 omolo Vo avalntniel N cioepydUeVy UETABANTH G TNV
enouevn enavdhndn (x@dixag 11). O evioniopde tou TPARUTOS YivETal OTWS XU OTNY UPYLXO-
noinom. ‘Etol oty enduevn enavdindm, n emhoyy elogpyduevne yetoBAnthc Ya yiver yéoa and

T0 TE®TO TP Tou Beédnxe twe teptéyel emhégiueg ueTaPAnTéC.
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w=cb*Base_inv;
Sn=zeros(size(cn));
if (length(Sn)<=500)
partialSegmentSize=20;
elseif (length(Sn)>1000)
partialSegmentSize=40;
else
partialSegmentSize=30;
end;
partialSegmentNumber=ceil (length(cn)/partialSegmentSize) ;
partialCurrentSegment=1;
partialNegativeFound=false;
while (partialNegativeFound==false)
Nstart=(partialCurrentSegment-1)*partialSegmentSize+1;
Nend=Nstart+partialSegmentSize-1;
if (Nend>length(cn))
Nend=length(cn) ;
end;
HRN=w*N(:,Nstart:Nend) ;
Sn(Nstart:Nend)=cn(Nstart:Nend)-HRN;
toler=abs (Sn)<=tole2;Sn(toler==1)=0;
partialNegativeFound="isempty(find (Sn<0));
partialCurrentSegment=partialCurrentSegment+1;

end;

Kooduag 10: Kavévag yepiniic anotiunong: Apyixonoinon

31




cb=c(Basic_list);
cn=c(NonBasic_list);
w=cb*Base_inv;
Sn=zeros(size(cn));
partialCurrentSegment=1;
partialNegativeFound=false;
Nend=0;
while (partialNegativeFound==false && Nend<length(cn))
Nstart=(partialCurrentSegment-1)*partialSegmentSize+1;
Nend=Nstart+partialSegmentSize-1;
if (Nend>length(cn))
Nend=length(cn);
end;
HRN=w*N(:,Nstart:Nend) ;

Sn(Nstart:Nend)=cn(Nstart:Nend)-HRN;

toler=abs(Sn)<=tole2;Sn(toler==1)=0;

partialNegativeFound="isempty(find(Sn<0));

partialCurrentSegment=partialCurrentSegment+1;
end;

Sn(t)=0;

Koduxcag 11: Kavovag pepinic anotiunong: Avoavéwor uetaBintoy

3.8 Kavéovag Steepest edge

3.8.1 Ilepiypapr Tov xavova Steepest Edge

H pédodoc Steepest Edge (SE) eivar yvwot xou we All-variable gradient method. Emhéyet

oav €loepyOUEVT UETUBANTY X qUTH PE TNV TEPIOTOTERT apVNTIXH ToodTnta d; OTou

]

1431 V1+ 220w

1=1,2,....n (2)
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H 3¢ ot omnola Boaciotnxe o xavovag steepest edge mpoépyeton and 0 yYewpetpla TOU
Yool TpoBAfuatog: eloepyOuevy Yiveton 1 uetaBAnTy) mou Yo emipépel TN ueyolltepn uei-
WO TNG AVTIXEWWEVIXAC TWAS Yot xdde povdda ando taong.

Yty anh Tou yopph) o xavovae Steepest edge amartel oe xdde emavdindmn tnv extéle-
om peydiou aprduold mpdiewy. ‘Eyet dpwe tny iavdétnta va odnyel tov alydprdpo Simplex
ot ANoT Tou TEOPAARATOC UE TIC AYOTEPES EMAVOAPELS OE GYE0N WYE TOUC JANOUC XUVOVES
neplotpogrc. H anddoor| tou xavéva Steepest edge umopel vo Pehtiwdel ye mpooeyyloTixég
ued6douc (Swietanowski 1998, Vanderbei 2001). Exione 1 ¢ion tou tov xadiotd bovixd yia
vhonowioelg o€ napdAinia cuothpate (Thomadakis and Liu 1996).

3.8.2 TYlomnoinorn tou xavéva Steepest edge

H vlonoinon tou xavéva Steepest edge Poaciotnxe oe aneuldeioc yetdppaon e oyéone (2)
HE YPNHOT TEYVIXOV TEOYQEOUUATIONO) Tou MATLAB. ‘One¢ qolvetar Xol 0TIC UTOAOYIO TIXES
UETPNOEIC 0TO XEQPAAALO 5, 1) TEOGEYYIOT aUTH av xat delyvel Ty ixavotnTa Tou Steepest edge
va Beloxet ) Aon pe Myeg emavalrelg, Tov 0drynoe otny teleutaio Y€on doov agopd Toug

YeOVoUC eXTEAEOTC.

Y=Base_inv*A(:,NonBasic_list);
nd=sqrt (1+diag(Y’*Y));
[rj,jl=min(Sn’./nd);

ind=j(1);

1=NonBasic_list(ind);

Kwduwcag 12: Kavovae Steepest edge: Emhoyt| eioepydpevng uetaBintig

3.9 XyoAMaopog xAVOVWY TERLCTROPNS

O 016)0¢ TV XAVOVOY TEPIOTEOPNC oL TEPLYPdQTXaY elvar Vo odnyoouy Ttov alyoprduo
Simplex o1 Abom tou Ypauwxol tpofiiuatoc. Kdde xavovag déter ta Sixd tou xprthiptor xou
pedodoloyia, wote N Abon va Peedel pe 660 To Buvatd Arydtepeg enavaliers xou ue 660 yiveto
AMYOTEPO UTONOYIGTIXG (POPTO XOL YPOVO.

Ot 8 xavdvee mou oupnepthfginxay oty €peuva UTopoly Vo Ywpeto Tovy dlaioUnTixd ot 600

ouddeg:

33




® Y T0U¢ XUVOVEC TTOL ETMAEYOUY TNV ETOUEVY] ELGEPYOUEVT) UeTaANTY Bacilduevol oe uno-

Aoytopolg Tov xdvouy Tdve To SEBOPEVA TOU TEOBAAUATOC.

e Y 10U¢ xAVOVEC TOU AVTIUETOTICOUY 1O TEOPANUA cav Tivoxa xat ETAEYOUV EICERYOUE-
v, UETOPBANTH oTtneilouevol xuplwe o€ WBIOTHTES TOV PETUBANTOV OYETIXES UE qUTH TN

Yewpnon.

LNy mpwtrn oudda unopolv va eviayvoly ol xavoveg tou Dantzig, uéyiotng Pehtiwong, Stee-
pest Edge. Ov undhroinor xavdvee tou Bland, ovpdc, otoiBag, Least Recently Considered xou
pephc anotipnong toupldlouy xahOTERA PE TNV TERLYPAPT| TNS SelTEPTE ouddag.

Or xavoveg mpoypaupatiodnxay oto tep3dAloy 10U MATLAB Xt eVowuatddnxay oe undp-
youoa bAornoinon touv alyopiVuou Simplex. ‘Onwe gatveton xat and ol AvTio TOLY A AMOCTACTATY,
AOOIXA, OE AATOLOVG XAVOVES, €YIVE ahhayég aTov xOdxa Tou Simplex uévo oto onpeio mou
yiveton 1) emhoyt| etogpyduevng othing. H npoodixn tov undhoimwy xavovey araitnoe tpono-
Tonoel xon o€ GAha onuela, Onwe xatd TV emthoyn e€epyduevng UETABANTAS, Tetv EextvioEL O

Bedyyoc Twv enavakiPewy 1 UETA TNV TEQIOTROPY.

3.10 Ilapddeiypo

Ot xavdveg mepto Tpopric mou Teply pdgnxay Vo EQUEUOcTOUY o€ €vol anAd YEuumxd TEoBANUL.
Yuyxexpyéva Yo neprypaget wio emavaindn tou alyopiduou 2.6.2 yia tny enthuor Tou npoPAn-
potog (3). H enthuon Ya neplopiotel 1o mpoxatopxtind o tddio xou 6 TNy ENLAOYY ELOERYOUEVNS

xo eEEQYOUEVNS UETABANTAS O TNV TEWOTY EXAVAANYY.

min z= —-2x1 + 1xo — 4x3

LT 201 + 4dxo 4+ 23 < 6
r1 — 2x9 + 6xz3 < b5 (3)
—r1 + 4x2 4+ 3x3 < 8
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Metatpony, 6 TUROTONUEVT) LOPPT

To ypopuxd npdBnua (3) petatpénetar 6TV LoodUVAUY TUTOTOMUEVN LOP@N UE TNV TEOT XN

Yohopwv petaBAntoy. ‘Etol tohpa 1o mpdBinua eivar

min z= —2x1 + 1xo — 4dzx3

T 201 + 4dxo 4+ 23 + x4 = 6
r1 — 2x9 + 06x3 + x5 =5 (4)
—x1 + 4xzo + 3x3 + ¢ = 8

2; >0, (j=1,2,3,4,56)
Brpa 0: Eexivipa

Yoy Poaoixée uetafAntéc unopolv va emheyolyv ot yohopéc uetaBintés x4, 5, 6. Etol Ta

dedoyéva Tou npofifuatog etvar

B = [4,5,6]
= [1,2,3]
(10 0
A = [0 1 0
001
(2 4 2
Ay = 1 -2 6
-1 4 3
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(=2,1,—4)
(Ap)~'b=16,5,8" >0

wl = (e)T(Ap)~' =[0,0,0]
(

en)t —wl' N = (=2,1,-4)

Brua 1 ("Eleyyotl otapatApatoq)

Egéoov 1o cvoho J ={j:j €N xou s; <0} dev eivon xevé (undpyouy apvntixd otolyeio
sj) 10 Tpéxov otouyelo dev eivan BéhTioTo. Ot emhégipec pn Booixée petahntés elvan oL Ty () =
Ty xo Ty g) = 3. And autéc Tic dlo petafhntéc xa olppeve Pe xdnolov xavova Yo mpénel

vo emtAeyel autr mov Va etoéddel otn Bdon,.

Brua 1o (Emthoy? eloepyopevne xon eEepyoprevne ReTaBANTAC)
Kavévac tou Dantzig
O deixtne I yio tov onolo s; = min{s; € sy} eivoar [ = 3. Eneidr) N(3) = 3, 1 etoepybuevn
petoBAntr Yo ebvon ) 3.
H othln nepiotpogric evon
2
hs=(Ap) 'As=| 6
3

Enedy ha > 0 to npdPinua dev eivan aneptdpioto. [a va Bpedel 1 e€epydpevn yetainy,

Tpénel va egapuootel o éAeyyoc ehaylotou Aoyou. Eneldy

min TB] B TB] — min § é § :§:%
hiz " haz " hss 263 6  hos

eivan r = 2 xan k = B(2) = 5. "Apa e&epyduevn uetaBhnty| ebvon 1 5.

Kavévace tou Bland

A6 g 800 emhégiec peTaANTES 21 o X3, EGERYOUEVT] YIVETAL 1) 1, APOV €YEL TOV UIXPOTERO

oelxtn J.
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H otihn neplotpogpric v
2
hi = (Ag) 'A; = 1
-1
Enedy h1 > 0 to npdPinua dev eivan aneptdpioto. Lo va Beedel 1 eZepydpevn yetainty,

Tpénel va egapuootel o éAeyyoc ehayloTtou Aoyou. Eneldy

. [TBa] *Bp } . TR
min , , X =min{3,5,x} =3=——
{ hi1 "~ ha { J h11

eivar r =1 xau k = B(r) = 4. "Apa e€epybpevr petafinty eivar n 4.
Av xatd v emhoyn e€epyduevng wetaAntrc napovaidloviay decopds, dnhadt dbo 1) tepio-
ootepeg Poaotnée peToBAnTéc xavonotoboay tov EAeYYo ehayloTou Adyou, toTE Yo EAEYOVTOY

QUTY| UE TOV UXPOTEPT JEIXTY).

Me9obog ortoiffag

ITpwv 0 ahyobpriuog Eextvioet i enavalrpele, dnutovpyolvtar 800 douéc otolfec stackBasic,
stackNonBasic, mou mepiéyouv g Baocwxéc xou un Baocixéc petafintéc avtiotorya. o to

OUYXEXPIUEVO TORADELY oL TaL apyIXd TEPLEYOUEVA TwVY 800 G TOBMY elvou:

stackBasic = [954, X5, IG]

stackNonBasic = [x1,x2,3]

H mpdtn and g emhé&iueg yetoAntéc 1, o2 mou ouvavtdtar otn otolBa eivar 1 1. ‘Apa
auth efvon mou emAéyeton Yo eloodo o1r Bdon. ‘Onwe xou otov xavova tou Bland, e€epyduevn
yiveton ) 24. Av oty emhoyn e€epyduevng UeTaAnThc napousidloviay Becuds, EEpYOUEVY
Yo yivovtay 1 petaBAnty nou Beloxeton mo xovtd otny €€odo tne oToifag.

ITowv o akydpripoc npoywenoer 6Ny endUevVy enavdindy, ot 800 o1olBec evnuepwvovTaL.

'Etot ta nepieyduevd toug twpa evon

stackBasic = [z1,5,Z6]

stackNonBasic = [z4,x2,x3]

H ewoepyduevn uetafAnty eivar topa oty apyf e otolBag Twv Baoixwdy PeTaBANTOY, ot 1

e€epyOUEV TPWTY 01N o TolBal TV YN Bactxy.
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Me9o60g ovpdg

‘Onwe xon pe ) uédodo otoifog, dnuovpyodvton apytxd 800 douéc mou TePEYouy Ti¢ PBaoixég

xon Tig un Paoxég petaBintéc. Ta nepieyduevd Toug etvar

queueBasic = [z4,T5,x¢]

queueNonBasic = [z1,x9,xs]
H emhoyy| ewoepyduevne xar e&epyouevne petoPAntig yivetar omwe xar ot uédodo tng
otolfoc. 'Etol ot Bdon Yo punet n z1 xou Yo Byet n x4. H Sapopd ye tn pédodo e otoifog
EYAELTAL TTNY AVAVEWOT], TV dU0 oup®Y Tou yivetar ye tov xavova FIFO. 'Etot otny enduevn

emavaAndn Ta TepleyOueva Twv U0 oupwy Yo elvar
queueBasic = [z3, %6, 21]
queueNonBasic = [x9,x3,x4]
H eoepyduevn yetaffAnt) unixe 610 t€hoC NS 0VPdS TV PACIXOY , %ot 1) EEEPYOUEVT GTO

TéN0g NG 0VEAS TV PN Bacixwy YETABANTOY.

Least Recently Considered Method

Ly np@tn enavdhndm, n ewocpyduevn LeTaBANTH unopel va elvon omotadote and Tig eMAEEIUES
petoPintéc. Ltny vlomnoinon tng pedodou, 1 emAOYY 0TV TEAOTY enavdindn Yiveton Ye Tov
xavova Tou Aavtlry. ‘Etol apyixd eioepydpevn yiveton n o3 xon e€epyduevn n s.

Yy emduevn enavdhndn o akydprduog Ya “Yuudtan” v z3 xar Yo emhé€erl TRV TeOTY
emAEE N YeTaBANTh x; pe § > 3. Av dev Bpedel pla tétola petainty eoepyouevn Yo yivel

aUTH UE TO WixpdTEPO delxtn and Ghec tic emhéZipes (6mwe o pe tov xavéva tou Bland).

Kavéovag tng péyiotng Bektinong

Ou eZetaotel 1 Pehtiwon g avTixeevixic TWAC Tou unopel va emigépet 1 elcodog o1 Bdom

xdde plog amd Tig emhégipeg petaAnTée o1 xou x3.

o Av eloepyduevn yivel 1 x1:

H othln nepiotpognic Yo eivo

hi = (Ag)~ A = 1
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Trohoyiletor to Oy:

T x
90:min{ }i[ll]j éf},x}:min{g,i,x} =3

Av tehixd emheyel m z1 Yo eloaywy oty Bdon, Yo enéhder peiwon NG avTiXEEVIXNS

g xatd

Meiwon, = 0pSn(l) = —6

o Av eioepyduevn yiver 1 x3:
H otihn nepiotpopnc Vo etvar
2
hs=(Ap) 'A1=| 6
3

Troloyiletor to Op:

8o = min d PEW TBE TBE | _ L [65 81 5
0= har ' hzs | has | 263 6

Av tehixd emheyel ) x3 Yo eloaywyh oty Bdon, Yo enéhder peiwon Tng aVTIXEUEVIXAS

TIAC xoTd

Melwon, = 09Sn(3) ~ —3,33

Meyahitepn yelwon tng avuxepevixic tipic Yo empépel 1 emAOYYH NG X1, CUVETWS OUTH

EMAEYETOU OV ELOEQY OUEVT.

Kavévag pepixnc anotiwnong

H yperion tou xavéva pepixic anotiunong dev €yl vomua va yenotponotniel 610 oUYXEXPLUEVO
nopdderypa. Egapuoyr €xet oe mpofAfpata émou to péyevog n tou mivaxa un Pacixdy UETA-
BANToV ebvon apxetd yeydhro. XNtnv mepintwon auth ot pn Pacixéc uetaPintéc ywpeilovion og
oomhnleic ouddec. O ahydpriuoc ddyver dradoyixd o xdde oudda yiow TRV Onopdn emthéSL-
HV PETOBANTOV. XNy Tt oudda tou nepthauPBdver emthé&iueg yetaBAntée, eméyel plo and

aUTES TV EICERYOUEVY OUUPWVAL UE TOV xavova Tou Dantzig.

39



Kavévac Steepest edge
Tiveton eqappoyh e oyéone (2):
(2) = 6, = min {—0.7559, 0.1644, —0.5657} = 0.7559

Yuvenog j = 1 xou ewoepyduevn yivetar 1 petaAntd xp1) = 1.

40



KE®AAAIO 4

ITooBApato

Y10 xepdiono autd Vo Tapoustac 100V Ta TEOBARUATA TV 6To ool doxipdoTnxe o alydptd-
pog Simplex mou teptypdpnxe 0TO XePdAMO 2 pe xdde Evay amd TOUS XAVOVES TERLO TPOYNS TOU
viornoidnxay (xepdhato 3). Ltnv untoloylo Txy| pehétn (xepdhato 5) ypnoonotidnxay Tuno-
romuéva petporpoypdupata (benchmarks) xadde xon tuyoia tpofAfuate dapdpwy pueyedny

X0 TUXVOTAHTGV Tou TaphyUnoay Ue i) YEVVATELA.

4.1 Mezponpoypdupata (Benchmarks)

Y1y unoloyto Txr HEAETT) UE TA UETPOTROYPAUMATA, ETAEYINXaY ouvohixd 47 mpoBAfuata and
w1 oulhhoy# Netlib'. H Netlib cuvtnpel wa tpdnela mAnpogopidv 1o poadnuatind Aoyiopixd,
dpvpa xou Bdoelc dedopévwy. ‘Ocov agopd 1o hoylouxd Pehtiotonoinong, undpyet wia Bdon
HE TEOBAAUATA YRouUix00 TpoYpopuaTiolol tou €yet Yivel anodexth oav onuelo avapopds and
6houg Toug dnutoupYols AoYLoUXol YRuuX0) TEOYEUUUATIONOD Xal YENCILOTOLE(THL Yiol TOV
éheyyo tng aflomiotiag xou TS anddoong ahyopllumy xou taxétwy enilvong.

Ta petponpoypdupata e ouAhoyhc etvar diadéotpa eredepa® oe wopph MPS. H popyn
auTy) anoterel To Brounyovixd TEOTUTO YIoL TNV OVUTUPAC TAGT] YRUUWIXMY XAl AXEQULGY TEO-
BAnudtwy xou vrootnpileton and dha ta maxéta enilvong. o Tigc avdyxeg TG LTOAOYIo TIXTG
HEAETNG, YPELAOTNXE PETATEOTY TWV UETPOTEOYPUUUATWY OE Hop@Y| dpyEiwy Sedopévwy Tou
MATLAB, 0nhody apyeia (.mat).

‘Oha ta mpofAfuata tou yenotwonoidnxay etvor BéATiota xa Bdoet TV Slao TACEMY TOUg

yapaxtneilovta uixpot éwg ueoatou peyédouc. Xtov nivaxa 4.1 gaivovtar ot IBLOTNTES TV Tpo-

Thttp://www.netlib.org
2http://www.netlib.org/lp/data/
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BANETRY o0V agopd o TAAYOC YRoIoOY, 0TNAGY, xou w1 wndevixdy otoyeiwy (Nonzeros).

Hivoxag 4.1 IBi6TNTES TV PETPOTROY POPUATLY

Mp6Bhnua T'oauués  Xthhec  Nonzeros [Mp6Bhnua  T'ooppés  XthAec  Nonzeros

25fv47 788 1541 10236 scfxm2 610 862 4645
adlittle 55 95 375 scfxm3 915 1293 6970
afiro 27 32 83 scorpion 317 324 1159
agg 390 112 1723 scrs8 425 1109 2956
agg2 514 301 4274 scsdl 7 760 2388
agg3 514 301 4290 scsd6 147 1350 4316
bandm 243 398 1925 scsd8 397 2750 8584
beaconfd 82 143 1255 sctapl 284 480 1638
blend 71 80 446 sctap?2 1033 1880 6489
bnll 618 1169 5095 sctap3 1408 2480 8595
bnl2 1853 3007 12674 sharelb 112 220 1120
brandy 134 207 1901 share2b 96 79 694
degen? 442 534 3944 ship041 292 1890 4275
degen3 1501 1818 24639 ship0O4s 216 1266 2860
€226 199 266 2388 ship081 470 3099 7100
f££££800 322 663 5001 ship08s 276 1582 3622
israel 174 142 2269 ship121 610 4147 9230
lotfi 133 288 809 shipl2s 340 1919 4273
scb0a 49 48 130 stocforl 102 96 367
scb0b 48 48 118 stocfor2 1996 1870 7152
sc105 104 103 280 cre_a 3011 3967 14210
sc205 203 202 950 cre._c 2466 3389 11725
scagr? 127 138 410 osa-07 1081 23949 88235
scfxml 305 431 2320
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4.2 Tuyala ypauuixd tpoBAquota

Mo 1o dedtepo o%éhog NG LTOAOYIo TIXTG UEAETNG, DONlouEYNITXE Wat OELRd TUY AWV YEUUUIXWY

TEOBANUATWY TNS LopPhg

min z=c¢’
pwr. Az ®b
x>0

6mov 0 A € R e,z € R, b € N™ xu @ ouvpPohriler 1o eldog e avioémrag {<, >}
‘Oha T tpoPhfuorta efvar BEATIOTA EVED 1) SMutoupYid TOUS EYIVE PE EWBLXO TEOYPUUUO-YEVVHTELA.

Ytov mivaxa 4.2 meplypdgovior ol Tapduetpot dnutovpyiag Tov Tuyaiwy TeoBAnudtwy.

Mivaxag 4.2 Ltatiotixd ototyela Tuyolwy TpoBANudteny uekétng
Edpoc tipdv A [20...500]
Edpoc tpdv ¢ [=700...1800]
Edpoc tipddv b [10...100]

Anwovpyfinxay 30 xhdoec npofinudtwy pe dragopetind ueyédn (n = [100 : 100 : 1000]
xou toxvotntee (d = {5%,10%,20%}). Kdde xhdon nepthauBdver 10 tuyaio npofifuata.
Ytov nivoxa 4.3 gaivovtar ol péoot Gpol TG TUXVOTNTIC XL TWV U1 UNOEVIXWY G TOLYEIWY TV

TEOPBANUATWY TOU avixouv oe xdle xAdo
pPoOPANU 1 n.
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ivaxag 4.3 Tuyaio yeauwxd tpofAfuata uxens dido taong

5% 10% 20%

n nnz ITuxvéotnta nnz Iuxvétnra nnz Iuxvotnra
100 489,0 0,049 953,0 0,095 1811,6 0,181
200 | 19476 0,049 | 3803,9 0,095 7242,3 0,181
300 | 4389,6 0,049 | 8552,3 0,095 | 16320,2 0,181
400 | 7787,6 0,049 | 15218,0 0,095 | 28973,6 0,181
500 | 12182,2 0,049 | 23777,5 0,095 | 45258,0 0,181
600 | 17527,0 0,049 | 34213,6 0,095 | 651454 0,181
700 | 23865,6 0,049 | 46581,7 0,095 | 887734 0,181
800 | 31184,0 0,049 | 60859,9 0,095 | 115906,1 0,181
900 | 39452,5 0,049 | 770264 0,095 | 146653,6 0,181

1000 | 48730,3 0,049 | 95040,8 0,095 | 181173,4 0,181
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KE®PAAAIO 5

Y TONOYLOTIXY] UEAET

5.1 TYmnolhoyiocTtixo nepi3dAAoyv

H emdoy? tou nepiBdAhovtoc vhomnoinong tou aiyopiduou Simplex xot 1wV xavoéVeY TERLC TRO-
@hc HTav pio andgaoy Touv AMEUNXE Ue YVOUOVA TIC anaUTHOELS TwV TpoBinudtey. Ta emuuntd
YAEAXTNEIO TIXd NTAY EYYEVAS BUVATOTNTA TRAEEMY UETAEY TVAXWY X0t SLAVUCUATLY XOL UTO-
othpiEn apady mvdxwy. H anovsia autev twv yopuxtnelo uxdv Yo anottodoe ToAAAnAdoLa
Tpoypappatiouxy epyacio xat/1 yeron eedixevpéveyv BiBhodnxdy. Etor anopploinxe 7 mi-
Joavotnta emhoyhc xdmotag ouuBatixfic YAWOOUS TEOYRIUUATION0U pecaiou emnédon OTeg oL
C, C++, Java, Fortran.

Tehixd emhéydnxe 1o nepiBdhhov Tou MATLAB évavtt AWV YAwoowv uhnhod emmédou
Tou entiong xxavorotoloay ta xprthpta tou Einxay (J, APL). OiAéyol elvou oL nepioodtepeg du-
VaToTNTAC NS YADOOUS MATLAB %at ot Yevixd xahltepee entdboetc tne (Brown 1998). Enione
umdpyel 1 duvatdTnTa Yio BEATIoTOTOMOT TWY TROYEAUUAT®Y TOU MATLAB, UE YEHOT| EOXWY
petaylwttiotdv (compilers) ¥ dhhwv teyvixwv (Elphick, Leuschel, and Cox 2003).

To MATLAB efvor ©poidv tne etaupeloc MathWorks!. Ocwpeiton davixd enthoyh yia ent-
O TNUOVIXES EQUPUOYES XU OYEDIAOUS HOVTEAWY xal Yenolponole{tan and ToANoUS EMLO THUOVES
xou epeLVNTEC o€ bhov tov xbopo (MathWorks 2005).

Ytov mivaxo 5.1 mEPrypd@ovTon T YAPAXTNEIOTIXE TOU UTOAOYIOTIXOU GUCTAUITOS TOU
€youv dueorn oyéon pe ta anoteléopata Twv petphoewy (Maros and Khalig 1999) xou ot

eX0O0EIC TV TPOYPUUUATWY TOU Yenotuototinxay.

thttp:/ /www.mathworks.com
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[Tivaxag 5.1 Xapaxtnelo Tixd UTOAOYLo TIX00) TERU3IANOVTOC

EneZepyactic Intel Pentium 4E, 3GHz
MvAun RAM 1024 MB

Mv#un L2 Cache 1 MB

Mv#un L1 Cache 16 KB

Aertovpyixd Eootnua  Microsoft Windows XP Profesional SP2
‘Exdoon MATLAB  7.0.1.24704 R14 Service Pack 1

‘O alydprdyog Simplex xaheitar and tov mep3dAlov Tou MATLAB cav cuvdptnor. Ot
TOEAUETEOL TTOL BEYETAL ooV {000 XU TOL AMOTEAECUATO OV ETULOTREPEL GTO TEPYSGANOY and

6mou xhfinxe meptypdgpovTal 6Toug Tivaxes 5.2 xat 5.3.

ITivaxoc 5.2 Aedoyéva €i16680u tou ahyopiluou Simplex

[apdyetpog  Ieprypagy

datafile ‘Ovopa apyeiou mou nepléyel to nPOBAnua
pivotRule 'Ovopa tou xavéva nepio tpo@rc mou Yo yenotdonotniet
MinMaxLP Kadopilet av to npbBinua eivor ehayiotonoinone () ‘—17) % yeyt-
otonoinone (th ‘1)
nt  Koadopilet av ot avoyéc Vo dodody pntd (tud ‘y’) 1 Yo unohoyiotoly
avtopata (T ‘n’)
reinv  Koadopilet 1o mhflog twv enavahfpewy wéyper va unohoyiotel o
(Ap)™t. Av etva —1, o (Ap)~! vroroyiletn mévta pe tov TORO
(2.18)
scale Koopilelr tnv e@apupoy?| diadixactiog xAudxwong tou npolifiuatog
(v 1) A Oy () °27)
tolel Kadopiler tnv avoyr e Bacixfc Aong
tole2 Kadopiler tnv avoyr tou ehattoduevou x60Toug

tole3 Kadopilel tnv avoyr| xatd tny neplo tpopt
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[Tivaxag 5.3 Aedopéva e€6d0u tou ahyopiluou Simplex

HMapduetpog  IHeprypagh

Z H Béktiotn ipn tou npofifiuatog
Niter Apwudg enavarihewy nou ypetdotnxe o alyopriuog

time Xuvohixdg ypdévog extéleong Tou alyoplduou

5.2 YnohoYLoTIXY] LEAETY] UE UETPOTPOY PAULUAT
5.2.1 AmRoteAéoUaTA RETENHOEWY

O ahyberipog Simplex ye xdle évav and Toug XAVOVES TERIOTROYPNG EPUPUOTTNHXE OE OAaL Ta
petponpoypdupata e perétne (nivaxac 4.1).

Ytov nivaxa 5.4 TeptypdpovTal ol TUpdUETEOL ToU Ypnotponoiinxay yio To xde mpdBinua.
H oty ‘Khpdxwon’ delyver av mpwv 0 A0oT Tou ouYXEXEIUEVOL TPOBARUATOS EQUEUOT TNHXE
7 Sodixaoio tne xAwdxwone (scaling). H othhn pe v évdeiln ‘reinv’ defyver tny tuh e
avtiotoryne petaBintic eweédou (tivaxas 5.2), dSnhady T cuyvoOTNTA UTOROYIOULOY TOU Thvoxa
(AB)_1 we tn ouvdptnon inv. H amouoio évdeigng otn otk auty, onuaivel e o mivaxag
(Ap)~1 vnohoyiletu oe 6An TN Bidpxeta extéheonc Tou ahyopldou Ue TOV TPGTO TOU TEPL-
Yedpnxe oTtny mapdypapo 2.6.2. Xtnv teheutaior o THAN Tou Tivaxa 5.4 @aivovtal ot TWéC Tou
0oUnxay oTic ueTafAnTtéc tolel, tole2, tole3. ‘Otav dev avaypdpeton xdmota THur, oL avoyég
xadopiCovton autduaTa and Tov alyopriyo.

Ot napduetpol €l06d0ou tou ahyoplduou Simplex oe xdde npdPAnua, Hray Bieg yia dAoug
TOUg XavoveS TEPOTEOYNG. Y THpZay TEPITTWOELS TOU XATOIOL XAVOVES ATETUYAY VoL AOGOUY
oUYXEXPLUEVA TTPOBAAUATA UE TIC XOWVES TAUPAUETEOUE Tou Tivaxa 5.4 xou ararthdnxoy xdnoleg
alharyéc (mivaxag 5.5).

Ytoug mivaxeg pe ta anotehéopata mou Vo axohoL¥oouy, Ta OVOUATA TWV XAVOVKY Yo
axohoudoly Ti¢ oupPdoclc Tou neptypdpovta otov tivaxa 5.6. H ovopatohoyio auth axolou-

/ 7 7 4
Ufdnxe v var dieuxohuviel 1 napovcioon TV anoteAecudTwy.
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[Tivaxag 5.4 Ioapduetpor Yior TNV ETIAVOT TWV UETPOTPOY PUUUATLDY

IMeopAnua Khwdxworn Reinv  Tol IMpépAnua Khwdxworn Reinv  Tol
26fv47 Oy 100 - scfxm?2 Nou 80 10-8
adlittle Oy - - scfxm3 Nau 40 1078
afiro Oy - - scorpion Nou - -
agg Oy - - scrs8 Nou 80 107
agg?2 Oy - - scsdl Nou 40 1076
agg3 Oy - - scsd6 Nou 40 10-6
bandm Nou - - scsd8 Nou 40 1076
beaconfd Oy - - sctapl Oy - -
blend Nou 14 1077 sctap2 Nou 80 10-8
bnli Nouw - 1078 sctap3 Oy 100 1078
bnl2 Oy 100 - sharelb Oy - -
brandy Oy - 1077 share2b Oy - -
degen?2 Na 100 107 ship041l Na 80 1078
degen3 Nou 100 1078 ship04s Oy - -
€226 Nau 100 - ship081 Oy - -
f££££800 Nau 100 - ship08s Oy - -
israel Oy - - ship12l Oy - -
lotfi Nau - - shipl2s Oy - -
scb0a Oy - - stocforl Oy - -
sc50b Oy - - stocfor2 Nau 80 -
sc105 Oy - - cre.a Oy 200 -
sc205 Oy - - cre_c Oy 200 -
scagr7 Nou - - osa-07 Oy 200 -
scfxml Oy 100 -
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[Tivaxag 5.5 Tapduetpot Tou YeNoWWOTOIAUINXAY OE CUYXEXPWEVES TEPITTWOELS

MpbBhnua  Kavoveg [apduetpol
stocfor2 Bland, GIM tol=10"8
scsd6 SE scale=‘0Oyx.’
degen3 SE tol=‘-’

scfmx3 Bland, GIM scale=‘0y.’

[Tivaxog 5.6 Ovopoatohoyio xavovemy Yo ToUC TVAXES ATOTEAEGUAT®Y

Yuvtopoypagio  Koavévag

Dantzig Kavovac tou Dantzig

Bland Kavévoc touv Bland

Stack Koavévae e otoifag

Queue Koavévag tng oupdc

LRCM Least Recently Considered Method
GIM Koavévae péyiotne Bertiwong
Partial Kavévag pepuaric anotiunong

SE Kavévac Steepest Edge

Yoy nivaxa 5.7 gaiveton 10 TAHYOC TOV ETAVIAAPEDY TOU YPEIAT TNXAV Ol XAVOVES VLol THV
ebpeon e BENTIoTNE AMDong TwV mpoAnudtey. Xtov nivaxa 5.8 gatvovton ot avtic Totyotl yedvol
exTéheong. LToug Tivaxeg auTolg, OTWS XAl 0 TOUS UTOAOLTOUG TIVAXES PE TA ATOTEAECUATA TWY
petpfoeny, e évtovn (bold) ypupy Eeywpilouv ot xahltepee emdboete, dnAadh o wxpdTepoc
aprdpog emavakfPemy xou 0 wxpdTEROS YPOVOS.

Ye xdmota mpoPAfuata dev avaypdgoviar aprluds enavahfPewy xon ypdvog eXTENEOTS Yid
6Moug Toug xavoveg. Autd ouufalver Yia TIC TEQITTMOELS TOU XATMOLOG XAVOVIS DEV UTORECE VAL

AOoel 1o avtioTotyo mpoAnua, emoteépovtag Addog anoteAéopata.
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IMivaxag 5.7 TTAAdoc emavahidewy yio TNy eTIAUCT TOV YETPOTPOY POUUATODV

[Mp6Bhnua  Danztig Bland Stack Queue LRCM GIM Partial SE
25fv47 7742 - - - - - - 1630
adlittle 116 196 201 168 233 80 207 98
afiro 11 24 20 18 18 9 20 10
agg 72 106 108 100 124 69 112 69
agg?2 136 171 176 172 167 122 146 122
agg3 150 281 382 254 320 174 260 137
bandm 588 1695 2217 1443 1927 271 1163 261
beaconfd 22 40 31 31 30 22 23 22
blend 105 173 270 3918 1584 103 120 60
bnll 4300 35678 - - 24138 1516 12220 844
bnl2 7960 - - - - - - -
brandy 347 4396 2127 985 1308 269 1814 311
degen2 1597 5465 3431 - 4836 648 8219 459
degen3 11879 - - - - - - 1735
€226 511 2833 1672 2031 1685 320 1516 235
f££££800 403 6982 3837 2249 1752 442 2300 266
israel 363 372 505 517 492 150 412 141
lotfi 312 724 581 582 418 221 588 162
sc50a 30 33 38 29 33 28 30 27
sc50b 31 29 34 31 34 30 31 30
sc105 66 73 106 70 69 53 81 56
sc205 139 141 235 211 221 124 155 115
scagr7 87 241 268 207 236 87 164 73
scfxml 392 1767 2042 789 1041 338 1513 297
scfxm?2 774 5363 2625 4195 2924 1130 3986 523
scfxm3 1223 7731 - 4796 4800 2445 4550 786

ouveyileton otny enduevy oeAida



ouveyleton and TNy mponyoUuevy ceAiba

[TpéPAnua  Danztig Bland Stack Queue LRCM GIM Partial SE
scorpion 115 155 191 169 168 126 143 111
scrs8 651 - 1516 - - 353 536 347
scsdl 871 - - - - - - 391
scsd6 791 - - - - - - 490
scsd8 4771 - - - - - - 1491
sctapl 281 824 683 476 608 309 675 167
sctap2 1118 2348 2391 2519 2749 1242 2033 333
sctap3 2695 2448 2983 2473 2364 1707 3603 617
sharelb 260 1740 1251 570 818 99 702 162
share2b 104 274 264 211 212 101 260 77
ship041 227 368 572 508 500 241 326 211
ship04s 208 243 282 337 412 167 240 152
ship081 469 3788 1317 2093 1479 443 2130 377
ship08s 237 1696 571 774 522 237 457 224
ship121 733 1639 1460 2004 1751 731 1674 633
shipl2s 378 929 758 1032 999 432 673 324
stocforl 69 221 208 126 190 74 134 69
stocfor2 1549 10034 8980 5428 5880 1915 5788 1342
cre_a 5898 65585 12287 14801 15261 3148 5176 1965
crec 5419 56988 11565 19484 22327 2928 15177 1643
osa-07 1026 6342 3221 3997 3444 840 6821 -
[Tivaxag 5.8 Xpovol extéheomng Yiol TNV ETIAUCT TWV UETPOTROYPUUUATODVY
IMp6Bhnua  Danztig Bland Stack Queue LRCM GIM Partial SE
25fv47 778,1 - - - - - - 7814,3
adlittle 0,6 0,3 0,3 0,3 03 03 0,2 0,4
afiro 0,0 0,1 0,1 0,1 00 0,1 0,1 0,1
agg 0,4 0,5 0,7 0,6 06 06 0,6 1,3

ol

ouveyileton oTny enduevn ceAldo



ouveyleton and v mponyoUuevy) oeAba

IMpéPAnua Danztig Bland Stack Queue LRCM GIM Partial SE
agg2 1,0 1,3 1,3 1,3 0,9 2,5 11 6,6
agg3 1,1 2,2 3,1 2,3 2,2 3,8 1,9 8,8
bandm 5,7 15,2 20,0 15,7 19,0 5,9 9,8 11,0
beaconfd 0,1 0,1 0,2 0,2 0,1 0,2 0,1 0,1
blend 0,2 0,3 0,5 5,4 2,3 0,4 0,2 0,2
bnll 202,4 1769,1 - - 971,8 319,1 569,8  2674,5
bnl2 2016,0 - - - - - - -
brandy 1,4 16,4 7,5 3,7 4.9 3,1 6,7 5,3
degen? 53,8 153,6 97,8 - 139,3 48,8 2413 122,0
degen3 4160,7 - - - - - - 16267,3
€226 2,0 12,0 6,9 8,5 5,8 5,8 5,7 11,9
f££££800 5,4 50,2 27,3 20,7 13,5 218 18,6 93,2
israel 1,0 1,1 1,5 1,8 5 0,9 1,2 2,8
lotfi 0,8 24 1,6 2,1 1,1 2,3 1,7 5,3
scb0a 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1
sc50b 0,1 0,1 0,1 0,1 0,1 0,1 0,1 0,1
sc105 0,2 0,2 0,3 0,2 0,2 0,2 0,2 0,3
sc205 1,0 1,1 1,7 1,6 1,6 1,2 1,2 2,1
scagr7 0,4 0,8 0,8 0,7 0,8 0,6 0,6 0,5
scfxml 4,2 20,6 22,5 8,1 10,1 9,2 15,0 19,2
scfxm?2 32,5 191,1 102,8 1334 98,3 92,3 123,3 172,6
scfxm3 91,1 5137 - 318,7  316,0 5123 367,8 901,8
scorpion 3,2 3,8 3,7 3,9 3,5 3,6 3,5 3,9
scrs8 18,8 - 233 - - 359 16,0 156,1
scsdl 2,6 - - - - - - 62,8
scsd6 8,0 - - - - - - 383,7
scsd8 171,5 - - - - - - 105665
sctapl 1,5 5,2 4.8 29 3,7 4,3 4.6 14,0

92

ouveylleton otny enduevy cerida



ouveyileton and Ty mpoNyoUUEVY) CEABX

ITpéPAnua Danztig  Bland  Stack Queue LRCM  GIM Partial SE
sctap2 37,7 54,8 74,3 50,5 68,7  209,6 58,9 267,9
sctap3 62,9 94,7 1511 89,3 1152 5450 1636 1370,0
sharelb 0,8 4,9 3,6 1.8 2.4 1,2 2.0 2,8
share2b 0,2 0,4 0,4 0,4 0,3 0,3 0,4 0,4
ship041 15,3 15,5 21,6 21,9 16,0 26,9 16,8 29,8
shipO4s 5,7 5,7 6,8 7,2 6,0 9,6 6,2 12,0
ship081 64,8 96,9 98,1 117,2 70,5  110,2 87,0 162,0
ship08s 10,9 16,6 14,8 16,5 11,6 194 12,8 47,8
shipi21 141,3 146,6 181,8 2054 1472 268,8  168,6 367,0
shipl2s 19,6 21,3 25,3 28,5 21,6 41,6 22,8 49,3
stocforl 0,2 0,5 0,4 0,3 0,4 0,3 0,3 0,3
stocfor2  438,3 1558,0 13259 9339 9244 910,5 1083,8 13757
cre_a 1413,7 12917,5 2279,6 2921,3 3228,9 4299,5 1693,7 55596,6
crec 885,1 8364,6 1704,7 3330,0 3363,6 2673,6 2272,0 284054
osa-07 504,0 896,8 956,5 1404,5 386,3 14079 22118 -

5.2.2 IMapatnenocig - oA

Ané 1o 47 cuvolxd YETPOTPOY paUATA IOV Yenoldorotfinxay Yo TNV aloAdYNon TV 8 Xo-
VOVOVY TEPLOTPOPNC, WOVO 0 xavovag tou Dantzig tehxd élvoe dha. MNtov nivaxa 5.9 gaiveton
10 TAY0S TV TEoPBANudTeY tou Adnxay and xdde xavova xar To avtiocToryo 1060 T Enl TOU
ouvohou. Ta mpofifuata mtou Aodnxay ue 6houg Toug xavoveg, avépyovial oe 36.

Ytov nivaxa 5.10 avaypdgovton ot uéoot 6pot aptduol enavaAfPewy xaL YeOVou eXTEAECTS
v %xdde évay and toug xavoveg meplotpoprc. Ot péoot dpol unoloyiotnxay eni 10U oLUVE-
Aov TV TEOBANUATLY Tou AVUnxay and GAoUC TOUS XAVOVES, €TOL WO TE TA ATOTEAEOUATA VA
TepLYpdpouy oxplBécTepd TNV ano6dooT Tou xdle xoavova. Nta oyfuata 5.2.1 xa 5.2.2 anet-

xoviCovton oL avTioTOLYES YRAPIXES ORI TAOELS.
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ivaxag 5.9 IIaAdoc Aupgévwy npoBAnudtwy avd xavova

Kavévac IIdoc  IMocootd
Dantzig 47 100%
Bland 40 85%
Stack 39 83%
Queue 38 81%
LRCM 40 85%
GIM 41 87%
Partial 41 87%
SE 45 96%

Méooc bpoc 41,4 88,0%

ivaxag 5.10 Metponpoypdppata: Méoor 6pot aprdpol enavalfieny xou Ypovev

Kavévae  Enavalierc  Xpdvoe (sec)

Dantzig 678,2 87,8
Bland 4.858.,9 656,2
Stack 1.756,6 169,3
Queue 1.972.4 220,5
LRCM 1.968,2 226,3
GIM 4984 2577
Partial 1.495,3 160,7
SE 317,3 2.445,7

o4



5000

4500

4000

3500

3000

2500

Iterations

2000

1500

1000

500

2500

2000

1500

Time (sec)

1000

500

[ 1

Dantzig

Bland

Stack

Clueue  LRCM [&11] Partial SE

Yyfua 5.2.1 Metponpoypdupato: M.O. enavahipewy

I

—

[ 1

Dantzig

Bland

Stack

Clueue  LRCM Gl Partial SE

Eyfua 5.2.2 Metponpoypdupata: M.O. ypdvev extéheong

Kdnowa onpoavtind otoryeia mou tooxdnTouy and Toug TIVAXES ot TIG YRAUPIXES TUPAC TACELS:

e O xavévag tou Dantzig €yer tov wixpdtepo péoo 6po otoug ypovoug extéheons. Ot

xpovol mou métuye Eemepdo Tnxay and dhhoug xavoveg oe 9 and T 47 npoPfAfpaTa.
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o O xavévag tou Bland €yet 1o peyahitepo uéco 6po enavarfihewy xat 10 SeVTERO YELPOTERO

WEGO 6pO0 YPOVWY EXTENECTS.

e Ot embddoelg 1wy xavovey otolBag, ovpds xou Least Recently Considered xupaivovtan
AN ’ x> ’ 4 /’ AN /’ ’ /’
ota (Bl enineda ue Tov mp®TO va €yel wxpd tpofddioua 1600 oto Thdog enavahipewy

660 XL GTOUS YPOVOUC EXTENEDT.

o O xavévag uéylotng Bertiwong xatatdooeton dedtepog 600V apopd to péso 6po Thdoug
enavahiPewy. O péoog 6pog TwV Ypdvwy extéheons elvar xaAlTEQOC UOVO and TOUg

avticToyyoug uéooug 6poug Twv xavovwy Bland o Steepest Edge.

o O xavovog pepixfic amotiunone emédetle xahr oUUTERLPOPE GGOV aPopd TOUC YEOVOUS
extéheong. ‘Eyel 1o deltepo wxpdtepo u€co 6po 610 0UVORO TwV TEOBANUATGY EVG

€huoe 600 TpoPAiuaTa 0E AYOTERO YPOVO amd OAOUSC TOUG GANOUS XAVOVEC.

o O xavovag Tou YpeLdo TNXE TIC AYOTERPES Enavalelc 6Ty Thetodmopio Twv tpolAnudtwy
elvar 0 Steepest Edge. Autd duwg 1o netuyalvel €1 Bdpog Tou Ypdvewy eXTEAEOTC TOU

elva ot ueyaAUTEPOL G T TEQIOGOTEPA TPOBARUATA XAt GTO YEVIXO U€CO 6O.

5.3 YmnolhoyioTixy LEAETT UE TuY Al TEPOBAY AT
5.3.1 Mezproseig

Yo tuyaio ypouwxd npoPAfuata (nivaxac 4.3) ot napduetpot tou d36UNxay oTov ahydprdpo
Simplex eivon scale=1, reinv=100 xou nt=‘n’. Eg@apudctnxe dnhadn n dadixacio xMudxwong
Yo 10 %8¢ mpPBAnua, o mivaxac (Ap)~! umohoyileta €€ 0hoxhApou pE TNV EVoLPATEEVT
ouvdptnon inv tou MATLAB xdve 100 enavahieic xou ot avoyés unoroyiloviar autéyata Ue
Bdon Tic 1016TNTES TOU AAVE TEOPAAUATOS.

Ytoug mivaxeg 5.11, 5.12, xou 5.13 gaivovtar ot pécol dpol v apriudy etavalihewy
Tou aratiinxay yio xdie xavova neplo TpoPRc xat Yia xdie xhdom mpofinudtey (tivaxag 4.3)
avtiotoya. Opoiwe otoug nivaxeg 5.14, 5.15, xou 5.16 gaivovtar ot avtictoryot péoot dgol
TWV YEOVOY EXTENEDT.

[Mo ta Tuyadar tpoAfuata mou yenoworotinxay o€ autd 10 oxEAOS TNG LTOAOYLOTIXTS
HEAETNS TO Ypovixd dpto mou xpldnxe hoyxd ftay 4 dpec. O neplopiopds autodg dev enétpele

Toug xavoveg Steepest edge xar Bland va Mocouv ta tpoPifupata peyédoug 1000 x 1000.

o6



Mivaxoc 5.11 Tuyoda TIL: Aprdpde enavarfihewny yioa nuxvétnta 5%

n | Danztig Bland Stack  Queue LRCM GIM  Partial SE
100 89,5 182,9 110,2 121,9 116,5 77,0 108,0 86,0
200 | 2821 27184 4322  597,8 5290 2183 4142 204,1
300 633,7 13405,0 12124 2264,5 14274 410,3 1283,9 352,4
400 | 1202,9 37194,3 28489  5428,5 40872 668,9 34516  517,9
500 | 2059,9 751242  4993,7 8615,1  7210,9 958,8 64724  721,9
600 | 29855 113421,8 7194,0 12600,9 10826,3 13325 9110,1 891,2
700 | 42478 172344,0 10966,9 17814,3 16000,4  1609,1 13988,3 1065,8
800 | 5982,3 246648,3 13718,6 22566,7 20944,7  2064,0 185654 1311,0
900 | T7419,3 326522,0 170974 27797.7 27656,0  2386,3 24916,6 1461,0

1000 | 10146,4 - 21081,4 33808,3 33463,3 3054,7 31401,0 -
Mivoxac 5.12 Tuyaia T.I1: Aprdude enavahfewny yia nuxvétnta 10%

n | Danztig Bland Stack  Queue LRCM GIM  Partial SE
100 127,3 535,7 162,0 240,1 198,3 93,2 150,0 93,9
200 417.6 6375,5 758,2  1408,5 838,1 265,8 7374 242,0
300 867,6  18723,9 1756,0 37357  2266,8 4458 19375 371,5
400 | 1650,4  38522,0 2977,6  6509,0  3853,2 670,5 3738,0  527,0
500 | 2324,0 51760,2  4710,9  8838,7  6567,7 880,8 61492 672,2
600 | 3984,8 869877 66284 131664 8852,5 11834 8213,3 817,9
700 | 5951,7 129493,8  8798,3 18091,9 130744  1582,9 12014,6 1061,3
800 | 59823 161671,3 10570,4 229549 15886,9  1764,3 15209,0 1103,3
900 | 9936,7 184881,3 13837,3 28187.6 21161,6  2071,0 20602,6 1303,3

1000 | 13489,0 - 16736,4 324974 25128,6 2627,6 25046,6 -
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Mivoxoc 5.13 Tuyada T.I1: Aprdude enavahfeny yia nuxvétnta 20%

n | Danztig Bland Stack  Queue LRCM GIM  Partial SE
100 153,2 1019,0 288,0 402,8 281,6 91,7 2184 93,3
200 462,9 5901,0 740,8  1691,5 892,8 217,1 706,3  208,1
300 987,1 127344 14943 3838,3 1810,8 386,8 1493,0 332,44
400 | 1801,1  21608,2 2413,5 6251,6 3285,2 505,8  2833,5 461,6
500 | 2653,8 37856,0 3414,2 91453  4409,9 678,2 42495 579,4
600 | 4178,8  54439,2 4584,5 11986,3 63639 979,5  5420,5  709,2
700 | 5440,8  77819,5  6010,3 16391,0 84727 11351 7556,6  896,5
800 | 7750,1  94809,3  8535,6 20973,0 11538,0  1504,9 11928,9 994,3
900 | 9702,3 123421,3 9804,0 25016,6 136444  1420,7 13986,9 1027,0

1000 | 13108,7 - 11703,6 29223,3 17197,1 1804,3 17051,3 -
Mivoxoe 5.14 Toyoia I'.I1.: Luvohxde ypdvoe yio nuxvétnta 5%

n | Danztig Bland Stack  Queue LRCM GIM  Partial SE
100 0,095 0,214 0,121 0,167 0,141 0,231 0,137 0,342
200 0,756 7,233 0,923 1,672 1,162 2,464 0,842 8,189
300 3,226 73,855 5,336 12,576 6,085 11,242 5,188 53,997
400 9,536 327,544 20,138 48,617 27,495 32,680 22,023 219,075
500 | 26,541  1047,130 51,891 113,980 72,194 74,700 62,481 617,170
600 | 54,422  2164,711 101,574 221,674 147,569 152,147 117,058 1317,359
700 | 100,173  4208,121 200,469 407,283 281,696 242,607 229,844 2489,582
800 | 180,906  8211,911 295,509 611,712 465,562 423,562 386,183 5007,338
900 | 288,489 13092,927 455,520 935,931 734,638 599,926 612,230 8052,344

1000 | 509,699 - 690,9 1353,5 1088,2 10171 963,9 -
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Mivaxoc 5.15 Tuyoia T.IL: Luvohixde ypdvoc yro muxvétnta 10%

n | Danztig Bland Stack Queue LRCM GIM  Partial SE
100 0,189 0,630 0,231 0,350 0,251 0,436 0,191 0,773
200 1,184 17,081 1,870 3,947 1,964 3,756 1,681 13,497
300 4,344 96,498 7,447 18,580 9,077 13,370 7,431 68,719

400 | 13,142 311,811 19,430 49,916 23,570 34,255 22,259 253,755
500 | 27,939 618,686 44,164 96,731 58,736 63,348 51,739 609,680
600 | 69,389 1455,091 82,864 200,055 105,200 132,997 89,753 1245327
700 | 138,566 2985,059 143,353 358,536 200,949 245375 171,317 2679,164
800 | 230,306 4460,099 209,527 555268 321,263 363,212 291,235 4346,927
900 | 382,853 6309,156 349,906 860,757 550,578 534,978 481,614 6906,703
1000 | 641,478 . 534,931 1178,038 784,154 857,982 714,933 -

Mivaxoc 5.16 Tuyoia I.IL: Luvohixde ypdvoc yro muxvotnta 20%

n | Danztig Bland Stack Queue LRCM GIM  Partial SE
100 | 0,217 1,089 0,366 0,530 0,348 0,495 0,278 0,919
200 | 1,247 14,891 1,750 4,366 2,000 3,138 1,547 12,359
300 | 4,948 61,533 6,237 17,891 7,291 11,967 5,747 63,808

400 | 14,962 169,314 15,839 46,814 20,926 25,122 17,053 226,427
500 32,523 454,700 32,342 99,538 39,584 51,227 36,348 538,253
600 74,174 921,894 58,856 181,441 81,333 109,374 63,481 1148,922
700 | 129,502 1791,117 101,699 320,295 144,237 169,964 118,100 2301,696
800 | 237,667 2916,646 191,518 525,516 271,558 312,219 249,339 4044,464
900 | 384,096 4694,140 270,312 791,498 387,627 355,352 351,886 ©5829,177
1000 | 655,672 - 407,060 1086,580 623,136 576,332 541,710 -

5.3.2 TIMapatneroeic - oA

[Iépa amd TV xotory papr] TwV ATOTEAECUATWY, EVOLUPEROY TapouatdleL 1) oUYXPIoN TwV UEVOBWY
peTaE Toug. XTI exdveg 5.3.3-5.3.9 anewovileton 0 Adyog tou nAfYoug enavakiPewy xon
TOU YPOVOL eXTENEGNE xdE EVOC O TOUG XAVOVES PE TOV xavova Tou Dantzig mtou emhéydnxe

oav onueio avagopds. Mtoug nivaxeg 5.17 xou 5.18 gaivovtar ot péoot 6pol Ty enavarfPeny
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XL TV YPOVOY TOU XATAYRAPTXOY Yol ToV xde xavova 610 6OVORo TV TpoBAnudteny xdlde

otdotaong. Ov edveg 5.3.10 xou 5.3.11 avanaploto0V 10 GUVOAIXS U€co OpO ENAVAAPEWY

X0 YPOVOL TOU XAVE XaVOVAL Yid TO GUVORO TWV TUY AWV TEOBANUATODV.

And Tic ypagpxée mapaoTdoelg xat and To aprdunTixd dedouéva Ty mvdxwy 5.11-5.16

umopoly va emonuavioly apxeTd evitapépovta onuela:

e O xavévag tou Bland oe dAeg Tic TEQINTWOELS YPEWIO TNXE TIC TEPLOCOTEPES ENAVIATPELS.

o Y11 ovvtpntixy Thetodmoio TwvV TEOBANUATLY, TI¢ AYOTERES EnAVAAAPELS YPEIdoTNXE O

xavovae Steepest edge.

o I'onyopdtepog xavdvag TepLo Tpo@nc 600V aQopd To PEGO 6O TV YPOVWY YL To TEO-

Bhjuata Ohwg TV o tdoewny avadelyUnxe

— Huxvémta 5%: O xavévag tou Dantzig

— Iuxvémta 10%: O xavévac g otoifog

— Muxvétnta 20%: O xavévac e otoifac

’ . / ’ 7 4 ’ ’ 4
e O xavévag tou Dantzig fitay o udvog xavdvag mou enédetle anddoon —oO600v apopd 10

XPOVO— avAAOYY PE TNV TUXVOTATA TV TROBANUATOY. 3TOUC UTOAOLTOUSG ENTE XAVO-

veg, mapatneRinxay WxpdTeEROL YedVoL EXTEAEOTC 6G0 UEYAADTERT NTAY 7] TUXVOTNTA TWV

TEOBANUATWY.

Eyfua 5.3.3 Tuyala yeopuxd npoBiiuata: Yyéon xavovewy Bland xu Dantzig
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5.3.4 Tuyaio ypouuixd tpofifuata: Xyéon xavovey YtolBac xou Dantzig
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Sy 5.3.5 Tuyaio ypouuixd tpoBifuata: Yyéon xavovey Oupde xa Dantzig
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Eyfua 5.3.6 Tuyala ypouuxd npofifuata: Xyéon xavévwy LRCM xor Dantzig
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Eyfua 5.3.7 Tuyaio ypouuxd tpoPifuata: Yyéon xavoveyv GIM xou Dantzig

Tirme (sec)
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Eyfua 5.3.8: Tuyala ypouwxd tpoBifuata: Lyéorn xavéovwy Mepixric Anotiunong xa Dantzig
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Eyfua 5.3.9 Tuyala ypopuxd npoBiiuata: Yyéon xavovey Steepest Edge xou Dantzig
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[Tivaxag 5.17 Tuyaio I'.IL.: Méool 6pot aprdpol enavarfidewy

[Tuxvétnta | Danztig Bland Stack Queue LRCM GIM  Partial SE

5% 2767,0 109729,0 6508,3 10867,5 9866,5 1080,6 8701,2 734,6
10% 3654,9  75439,0 55777 11459,2 8077,7  995,3 7639,1 688,0
20% 3681,1  47734,2 41428 10632,9 5633,3 768,9 5377,1 589,1

M,0, 33677 77634,1 5409,6 10986,5 7859,2 948,2 7239,1 670,6

[Tivaxoag 5.18 Tuyaio I'.I1.: Méool 6pot ypbdvwy extéheong
ITuxvétnra | Danztig Bland Stack Queue LRCM  GIM Partial SE

5% | 73,8 32371 1257 2615 1929 171,01 1596 1973,9
10% 96,4 1806,0 95,4 2382 1413 1546 124,1 17916
20% 97,7 12250 75,4 2209 1061 1154 93,8 1574,0
M,O, | 89,3 20894 98,9 2402 1468 1470 1258 17799

w10

Iterations
.
T
1

Dantzig  Bland Stack Queue LRCM Gim Partial ~ Steepest

Yy 5.3.10 Tuyola ypauwuxd npofAfuata: Méoog 6pog aptdpol enavarfhewy
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Dantziy  Bland Stack Queue LRCM GImM Partial ~ Steepest

Sy 5.3.11 Tuyola yeauwxd npofAfuata: Méoog 6poc ypbdvou extéleorg
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KE®AAAIO 6

> VUTERACUAT

To anoteréopata NG UTOAOYIOTIXAC UEAETNS TTOL TEPLYPAPNXE, ETBERUDOVOUY TN onuacio Tou
€€l TO 0TABI0 EMAOYTC O THANG Tepto TpoPNC. ‘Omwg Belyvouy xot oL BIaXUUAVOELS G TOUG THVIXES
A0 TIC YPUPIXEC TOPAC TACELS TOU xe@akalou 5, 1 anddoor tou akyopiduou Simplex e€optdTon
o€ Yeydho Badud and TN otpatnyin) enthoyng mou axolovieitot.

O xavévag touv Dantzig otny mhetodnpia twv npofinudtey enédeile xahitepoug ypdvoug
extéheong. Ebvau enlong o povadixdg xavovag nou éluoe dha T tpofSAfuata. Av xou 0TI TEpLo-
OOTEPEC TMEPIMTWOELS YPELAO TNXE TEPLOCOTEPES EMaValElC and dAAoug xavdves, EeMERIo TNXE
povo ota muxvd (d = 20%) tuyaia ntpoBhfuata pyeoaias didotacne (n > 900). Iopdho nou
elvor 0 yeyalltepog o nhxio xavévag meploTpoPhc, anodelyUnxe Wiaitepa oTa TEOPAAUATA
WXEOTERNS TUXVOTNTIC, 1) ACPUNET TERT ETLAOYY.

O xavévoe neptotpogrc Tou Bland, av xat anhdc ot cOMYN xou 6Ty ULoTOINGT, AVTI-
petwnilel 1o TEéPANPA TV TOAAGY emavarfewy uéypl va Beer ) Aor. ‘Etol, eve oe xdie
enavaAndmn ot evépyelec emhoync dev elval anoutnTIXég, oL GUVOALXOL YPGVOL TOU ATUUTOUVTOL
evon peydhot. Xuvende 1 yprorn tou xoavéva tou Bland yiveton amayopeutind o€ mpaxTixd
TpoPAruata.

O xavovag tne otolBac BAoel TV YETPHOEWY UTOPEL VAL YUPUXTNEIO TEl ATOTEAECUATINGG.
Y10 1pih10 o%éhog e UTOAOYIo TS HEAETNS (LETPOTPOYPEUUATA), O HECOS 6pOS TWV YPOVWY
eXTENEONG TOV XATATAOOEL TpiTo TapdAo Tou 0 PEsog 6pog TwV eTAVOAPEWY HTaY 0 TEUTTOG
xo\OTeEpog. Mtar tuyodo Ypouwxd mpoBhfuata pe muxvétntee 10% xa 20%, ot péoot ypdvol
exTéAEONS AV Ol XAAVTEQOL ATO TOUC XAVOVES OV UEAETHUTXAY.

O xavévag tng ovpdg, xar mapduolog o Aertovpyia YE Tov xavévag Tng oTolfag, dev

elye avahoyn UTOAOYLO TIXY) CUUTEPLPOPA. e OAal Tol Tuyala TPOoBAAATA, 1 ant6d06Y| TOU GCOV
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apopd to TAYog enavaAAPEWY xat YEOVO EXTENEGTC HTAY YELPOTEPES. LTA UETPOTPOY PAUUATA,
n petall toug oyéom ebval mo toopponnuévy: ota 37 mpofBAfuata tou Ao¥nxay xou and Toug
000 aUTOUC XAVOVES, O XAVOVAS TN 0VEAS emEdEle xaAUTEPO Ypbvo oTa 17.

Métplo pnopet va yopoxtnelotel xou 1 anddoon e pedodouv Least Recently Considered
eWixd ota tuyata TpolAfuata. Ye apxetd and Ta TPOBAUATI TNG XATNYORINS TWY UETPOTPO-
YPUUUATOVY Topouciaoe txavoroinTixég EMBOOELS, EVG ElyE TOV UXPOTERD YPOVO EXTEREOTS Yid
10 TPOBAnua 0sa-07.

O xavévag g péyotng Bertiowong anodelytnxe noAD anoteAeopaTinds 6TO Vo ADVEL Tal
TpoPAfuata oe wixpd aprdud emavolfhewy. Ot aprduntixés npdlels dume mou extelel oe xdie
emavaAndn €youv avtixTumo oToUg YPOVOUS EXTEREDTS.

Koakéc pmopolv va yopaxtneloTody %ot ol EMBOCELS TOU XAVOVaL PEPIXNS aroTiunong. Mta
peTpompoypduuata, elye Tov dedTERO XahlTERO PEGO OpO EMAVOAAPEDY GTO GOVOAO TWV TEO-
BAnudtwy mou AbUnxay and 6houg Toug xavoveg. Lta tuyaior TpoBAfuata xon oUYXEXPHIEVA
ot Tpohiuata e Tuxvotnta 20% Htav enione devtepoc 61N oelpd ue Bdon toug yedvouc. Ila-
pouclaoe OUWS GE XATOIES TEPITTWOELS TPOPAAUITA 6 TNV axpifeta Tng BEATIOTNG AV TIXEWEVIXHS
Thc. Ot Sagpopéc mou moapatneRinxay ue ) owoth Béhtiotn aviixeevixt] Ty (Yvootr ex
TV TPOTEPWY Y1 TA UETPOTPOY pappata) SV xortorypdpnxay xat dev napouctdlovrar, ahhd ova-
pépovton. H mpoéhevon toug exdletar mwg ogeiletar o8 UGGOREVOY MGV TV APLIUNTIXGY
Tedewy.

Ta anoteréopata TV PETPNOEWY TOL xavova Steepest edge tov xotatdocouv otny Te-
Aevtata Véomn ooV agopd Toug Yedvoug extéNEoNS, UANE oTnv mpwtn pe Bdon Tto mAfdog
enavolpewy. ‘Oneg frav avauevépevo and 1 Yewpla, o Steepest edge Ppioxel mohd mo ano-
doTixd TNV xahiteEn Sadpopn Tpog N BEATIo TN Ao Tou TEOBAAUATOC UE TNV avTio ToLy N OUWS
emPBdpuvor o unohoyloTixd @opto. Ou mpénel va onuelwdel twg o xavovag Steepest edge
adiRinxe otn ouyxexptuévn ueRéTy, agol 1 vhonoinon mou €yve Baciotnxe ot Vewplo Tou
xavéva (eZiowomn 3.2) xou dev emhéydnxe xdnola and tic AySTEPO anantnTixéc TPOOEY YO TIXES
uedodoug mou €youv tpotadel. Kdt tétolo Yo anartoboe Eeywploth oyediaon tou Simplex xou
xplinxe oxoémpo va ur yiver ota mhaloto authc g epyaoioc.

Ta otoyeio mou GUAREYINXaY and TNV LTOAOYIGTIXT UEAETY OEV UTOPOLUY VoL YOQUXTNHEL-
o100V Then. Xe olvoho 47 UeTponpoYpaUUdtwy, Ta 36 ADUNXay and GAOUS TOUG XAVOVES, EVE
xatd U€oo 6p0 xde xavdvag avTiueT@TIoe emTuyws 41, 4 tpoAfuata xou enéotpede haviaoué-

vo anotehéopata oto undrowna. Eniong, ota tuyaia npoBAfuota, Sev ETTRATNXE 0TOUC XAVOVES
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Bland xou Steepest edge vo gptdoouy péypet 1o téhog ta tpofiiuata didotacng 1000 x 1000 xon
1 EXTENEDY| TOUC Dloaxdmnxe €melta and TEOXAVORIoUEVO YEOVO.

To clvoho Twv dedopéva TwV UETPNOEWY OTWS BLaPopPOUNXE UE TIC AMWAEIES TOU TEQ!L-
Yedpnxay, ivon apxeTd Yoo TNV eCUYOYT TWV TUpAndve cuunepaopdtwy. O mivaxeg ye to
ATOTEAEOUATA TWV YETPHOEWY X Ol aVTIoTOIYES YRS TAUPAo TAOELS TOU Xe@ahatov 5 dei-
YVouv Zexdlapa TIC TUOEIC GUUTERLPORAS TOU Xde xavovaL.

Mo yehhovtixr, €épeuva Yo TEENEL VO GUUTEPLAGPBEL GTOUC XAVOVES XUl XATOL ATOTEAECUA-
TixdTER EXDOYY| Tou xavdva Steepest edge mou amodelyUnxe mwe €yel T duvaixh vo Yivel
TO AVTAYWVIoTIXOC GO0V agopd Toug yeovoug extéheons. Enlong av o ypovixd opto xou
drordéotun LTOAOYLOTIXN oY UG TO EMTEENOVY, Wal ETOUEVT LToAOYLOTiXY UEAETH Vo mpénel va
ovunepthdfBer xou npoBhiuata peyahldtepwy daotdoewy (n > 1000). ITwoavh Pertioon twy
eMBOOEWY GO0V aPopd To Ypbdvo, Yo unopoloe vo emTeLy Vel UE UETATPOTT| TWV TRPOYEUUUATODY

o€ Uop@1 UETAYAOTTIONEVOU xWOa UE yprion compiler.
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