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Abstract

A ‘queue’ is a waiting line. Queues are commonly observed to form before 

ticket and post offices, bus stations,.... Queueing theory is a branch of applied 

mathematics and it basically improves understanding of a queueing situation, 

enabling better control. Queueing theory as subject already has a long life and 

particularly, queueing systems have been used to solve certain practical problems 

such as scheduling, organisation of telephone exchanges,...The number of published 

papers concerning the control of queueing systems is extremely vast.

The principal purpose of this study is to present the recent work of E. Altman, 

Br.Gaujal and Ar.Hordijk. This work is referred to control of queueing systems and 

specifically to a new method: the optimal open-loop control of vacations in 

queueing systems as it is presented in their homonymous paper ‘Optimal Open- 

Loop Control of Vacations, Polling and Service Assignment ’ (2000). They first 

consider the case of a single queue, in which the question is when should vacations 

be taken so as to minimize, workloads and waiting times. Then, they consider the 

case of the optimal polling model. There are several queues, where, service of one 

queue constitutes a vacation for the others. The techniques they use are based on 

the concept of multimodularity.
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1. Introduction

The word ‘queue’ is common to all of us as all have experienced the 

annoyance of having to wait in line. Unfortunately, this phenomenon is becoming 

more and more prevalent in our increasingly congested and urbanized society. We 

wait in line in our cars in traffic jams or at supermarkets to check out or at post 

offices (especially around Christmas time) and so on. We, as customers, do not 

generally like these waits and the managers of the establishments at which we wait 

also do not like us to wait, since it may cost them business. Why then is there 

waiting? The answer is relatively simple. There is more demand for service than 

there is facility for service available. Why is this so? There may be many reasons: 

for example, there may be a shortage of available servers, it may be infeasible 

economically for a business to provide the level of service necessary to prevent 

waiting, or there may be a space limit to the amount of service that can be provided. 

Generally these limitations can be removed with the expenditure of capital and to 

know how much service should then be made available, one would need to know 

answers to questions like these: ‘How long a customer wait?’ and ‘How many 

people will form in the line?’ Queueing theory attempts, and in many cases 

succeeds, to answer these questions through detailed mathematical analysis (Gross 

D. and Harris C.M., 1985).

Queueing theory was developed to provide models to predict behavior of 

systems that attempt to provide service for randomly arising demands and not 

unnaturally, then, the earliest problems studied where those of telephone traffic 

congestion. The pioneer investigator was the Danish mathematician A. K. Erlang, 

who, in 1909, published The Theory of Probabilities and Telephone Conversations. 

In later works he observed that a telephone system was generally characterized by 

either (a) Poisson input, exponential service times and multiple servers (channels), 

or (b) Poisson input, constant service times and a single channel. Erlang was also 

responsible for the notion of stationary equilibrium, for the introduction of the so- 

called balanced of state equations and for the first consideration of the optimization 

of a queueing system.

Work on the application of the theory to telephony continued after Erlang. In 

1927 Molina published his Application of the Theory of Probability to 'Telephone
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Trunking Problems, which was followed 1 year later by Thornton Fry’s Probability 

and Its Engineering Uses, which expanded much of Erlang’s earlier work. In the 

early 1930’s, Felix Pollaczek did some further pioneering work on Poisson input, 

arbitrary output and single- and multiple- channel problems. Additional work was 

done at that time in Russia by Kolmogorov and Khintchine, in France by 

Crommelin and in Sweden by Palm. The early work in queueing theory picked up 

momentum rather slowly, but the trend began to change in the 1950’s and of late 

there has been much work in the area.

Queueing theory originated as a very practical subject, but regrettably much 

of the recent literature has been of little direct practical value. It is now imperative 

for queueing theorists to once again become concerned about the application of the 

sophisticated theory that has mostly arisen in these past 30 years. It is clear that the 

emphasis in the literature on the exact solution of queueing problems with clever 

mathematical tricks must became secondary to model building and the direct use of 

these techniques in management decision-making. Most real problems do not 

correspond exactly to a mathematical model, but relatively little of the literature 

deals with approximate solutions, sensitivity analyses and the like, although this is 

changing of late. The development of the practice of queueing theory must not be 

restricted by a lack of closed-form solutions. A problem solver cannot became 

frustrated with transform solutions and he must learn to put to work the developed 

theory (Gross D. and Harris C.M., 1985).

There are many common areas of application for the theory of queueing, as 

Gross and Harris (1985) report. The first area is telephone conversations. The first 

work of any great significance that deal with a real waiting-line situation was the 

previously mentioned work of Erlang begun in 1909.

Telephony remained the principal application of the theory through about 

1950. But since then, numerous other applications have been found. A second 

interesting application is the landing of aircraft. This does by no means imply that 

this application was chronologically second to telephony with no others in between. 

Rather, aircraft-landing problems have many of the ingredients necessary for the 

appropriate application of queueing techniques.

There are many other important applications of the theory, most of which 

have been well-documented in the literature of probability, operations research and 

management science. Some of the more prominent of these are machine repair, taxi
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stands, inventory control, production flow and applications in the computer field 

with respect to program scheduling, time-sharing and system design. A particularly 

fertile new area of application is the modeling of digital communication message 

flows through complex networks (Gross D. and Harris C M., 1985).

We conclude the introduction by describing the structure of this study. The main 

purpose is to present the recent work of E. Altman, Br. Gaujal and Ar. Hordijk where 

they introduce a new method of optimal control. In the specific paper it is analyzed 

the control of vacation in several queueing settings. More precisely, they consider the 

three following types of vacation models:

• vacations driven by service completions

• vacations driven by arrivals

• the potential vacation times form a renewal process and the arrival epochs are 

stationary subsequence of this renewal process.

They investigate two problems: first, we have a single infinite FIFO queue 

where some vacation opportunities are presented. The server should go on vacation 

during a fraction of at least p of these opportunities. The goal of the control is to 

minimize the average workload or waiting time. The second problem concerns a 

polling model: there are several infinite queues. When serving one queue, the server is 

unavailable for other queues. The purpose is to minimize some linear combination of 

the average workloads or of waiting times in the different queues.

In both cases, the authors consider the open-loop control where the controller 

has no information on the state of the system. The solution of these two problems is 

based on the multimodularity of the expected waiting times and workloads (Altman 

E., Gaujal B. and Hordijk A., 2000).

In the first subsection we have the description of a queueing system. The next 

subsection is referred to the measures of effectiveness of queueing models. In the 

third subsection we analyze the design and control of the queues. Section 2 is referred 

to the innovation of the new approach. In section 3 some preliminary details and 

definitions are introduced before the presentation of the control problems and the 

associated results in section 4. In the following sections we present and analyze the 

different models for the vacations and the appropriate results for the control. In 

section 5 we analyze the service driven vacation model. In the following sections we 

present an arrival driven vacation model. In section 8 we consider the case where
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vacations constitute a renewal process and in section 9 the case where the arrivals are 

a continuous process. Conclusions follow in section 10.

1.1 Description of the queueing problem

A queueing system can be described as customers arriving for service, 

waiting for service if it is not immediate, and if having waited for service, leaving 

the system after being served. Such a basic system has the following main 

characteristics (Gross D. and Harris C.M., 1985):

i) Arrival pattern of customers

ii) Service pattern of servers

iii) Queue discipline

iv) System capacity

v) Number of service channels

vi) Number of service stages

Arrival pattern of customers

The arrival pattern or input to a queueing system is often measured in terms 

of the average number of arrivals per some unit of time (mean arrival rate) or by the 

average time between successive arrivals (mean interarrival time). Since these 

quantities are clearly related, either one of these measures suffices in describing the 

system input.

Another factor of interest concerning the input process is the possibility that 

arrivals come in batches instead of one at a time.

It is also necessary to know the reaction of a customer upon entering the 

system. A customer may decide to wait no matter how long the queue becomes, or 

if the queue is too long to suit him, may decide not to enter it.

One final factor to be considered regarding the arrival pattern is the manner to 

which the pattern changes with the time. An arrival pattern that does not change 

with time is called a stationary arrival pattern. One that is not time-independent is 

called nonstationary.
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Service pattern of servers

Although, the arrival and the service patterns have many similarities there is 

one important difference between them. When one speaks about service rate or 

service time, these terms are conditioned on the fact that the system is not empty, 

that is, there is someone in the system requiring service. If the system is empty, the 

service facility is idle. Service may also be deterministic or probabilistic.

Even if the service rate is high, it is very likely that some customers will be 

delayed by waiting in the line. A probability distribution for queue lengths would 

be the result of two separate processes-arrivals and services-which are generally 

assumed mutually independent.

Queue discipline

Queue discipline refers to the manner by which customers are selected for 

service when a queue has formed. The most common discipline that can be 

observed in everyday life is first come, first served (FCFS), or first in, first out 

(FIFO). However, this is certainly not the only possible queue discipline. Some 

others are last come, first served (LCFS), selection of service in random order 

independent of the time of arrival to the queue (RSS) and a variety of priority 

schemes, where customers are given priorities upon entering the system, the ones 

with higher priorities to be selected for service ahead of those with lower priorities, 

regardless of their time of arrival to the system.

System capacity

In some queueing processes there is a physical limitation to the amount of 

waiting room, so that when the line reaches a certain length, no further customers 

are allowed to enter until space becomes available by a service completion. These 

are referred to as finite queueing situations, that is, there is a finite limit to the 

maximum queue size.

Number of service channels

The number of service channels refers to the number of parallel service 

stations which can serve customers simultaneously. It is generally assumed that the 

service mechanisms of parallel channels operate independently of each other.
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Number of service stages

A queueing system may have only a single stage of service such as a barber 

shop or it may have several stages. An example of a multistage queueing system 

would be a physical examination procedure, where each patient must proceed 

through several stages, such as medical history, blood tests, and so on.

These six characteristics of queueing systems are generally sufficient to 

describe completely a process under study. One can understand that there exists a 

wide variety of queueing systems that can be encountered.

As a shorthand in describing a queueing process, a notation has evolved due 

for the most part to Kendall (1953), which is now rather standard throughout the 

queueing literature. A queueing process is describing by a series of symbols and 

slashes such asA/B/X/Y / Z, where A indicates in some way the interarrival

time distribution, B the service pattern as described by the probability distribution 

for service time, X the number of parallel service channels, Y the restriction on 

system capacity and Z the queue discipline.

In many situations only the first three symbols are used. For example, M /D/2 

would be used to represent a queueing system with exponential input, deterministic 

service, two servers, no limit on system capacity and first-come, first-served 

discipline.

1.2 Measures of effectiveness

In 1985 Gross and Harris referred to the physical description of queueing 

processes and they wondered: what, then, might one like to know about the 

effectiveness of a queueing system? Generally there are three system responses of 

interest. These are: (i) some measure of the waiting time that a customer might be 

forced to endure, (ii) an indication of the manner in which customers may 

accumulate and (iii) a measure of the idle time of the servers. Since most queueing 

systems have stochastic elements, these measures are often random variables and 

their probability distributions, or at the very least their expected values, are desired 

to be found.
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The task of the queueing analyst is one of two things. The analyst must either 

determine the values of appropriate measures of effectiveness for a given process or 

must design an ‘optimal’ (according to some criterion) system. To do the former, 

one must relate waiting delays, queue lengths and such, to the given properties of 

the input stream and the service procedures. On the other hand, for the design of a 

system the analyst would probably want to balanced customer waiting time against 

the idle time of servers according to some inherent cost structure. If the cost of 

waiting and idle service can be obtained directly, they could be used to determine 

the optimum number of channels to maintain and the service rates at which to 

operate these channels. Also, to design the waiting facility it is necessary to have 

information regarding the possible size of the queue to plan for waiting room. There 

may also be a space cost which should be considered along with customer-waiting 

and idle-server costs to obtain the optimal system design.

1.3 Design and Control of queues

Models have on occasion been classified into two general types: descriptive 

or prescriptive. Descriptive models are models that describe some current ‘real- 

world’ situation, while prescriptive models are models which prescribe what the 

real-world situation should be, that is, the ‘optimal’ behavior at which to aim 

(Gross D. and Harris C.M., 1985).

Most of the queueing models presented are descriptive in that for given types 

of arrival and service patterns and specified queue discipline and configuration, the 

state probabilities and expected-value measures of effectiveness which describe the 

system are obtained. This type of model does not attempt to prescribe any action, 

but namely represents the current state of affairs.

On the other hand, consider a resource allocation model, for example, a linear 

programming model for determining how much of each type of product to make for 

a certain sales period. This model indicates the best setting of the variables, that is, 

how much of each product should be made, within the limitations of the resources 

needed to produce the products. This, then, is a prescriptive model as it prescribes 

the optimal course of action to follow. There has been much work, of late, on
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prescriptive queueing models and this effort is generally referred to under the title 

of design and control of queues.

Design and control models are those dealing with what the optimal system 

parameters (they are actually variables) should be (for example, the optimal mean 

service rate, the optimal number of channels,...). Just which and how many 

parameters are to be optimized depends entirely on the system being modeled, that 

is, the particular set of parameters that are actually subject to control.

Generally, the controllable parameters are the service pattern, number of 

channels and queue discipline or some combination of these. In many cases, some 

‘design’ parameters are beyond control or perhaps limited to a few possibilities.

It is not always easy to make a distinction between those models classified as 

design and those classified as control. Generally, design models are static in nature, 

that is, cost or profit functions are superimposed on classical descriptive models. 

Control models are more dynamic in nature and usually deal with determining the 

optimal control policy.

The methodology is vastly different between design and control problems and 

perhaps this is the easiest way to classify a problem as to whether it is design or 

control. For design problems, basic probabilistic queueing results are used to build 

objective (cost, profit,...) functions to be minimized or maximized, often subject to 

constraints, which are also functions of the probabilistic queueing measures. 

Classical optimization techniques, such as, differential calculus, linear, nonlinear or 

integer programming, are then applied. For control problems, techniques such as 

dynamic programming are used.

2. The innovation of the new method

The queueing models that early introduced some optimization problems were 

the static or design models. Because of the increasing applications of the queueing 

models, these static models became inadequate. Hence, the use of dynamic or control 

models has begun. These models, according to T. Crabill, D.Gross και M.Magazine 

are classified into four main categories:
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I Control of the number of servers

The servers may be turned on or off according to the state of the system. The 

number of the active servers must be determined.

II Control of the service rate

This category is a generalization of the first one. The difference consists of 

changing the service process by varying the service rate and not by modifying the 

number of servers.

III Control of the admission of customers

In this category either the arrival rate is modified or the customers can be 

refused.

IV Control of the queue discipline

These models are related with the determination of the order of service. 

Generally, the problem concerns different classes of customers or the allocation of 

customers to different servers.

The problem we are interested in belongs to the first category. In particular, 

having a removable server, the purpose is the determination of an optimal operating 

rule for the behavior of this server. A system like this is called a vacation model. The 

server may be unavailable for the system over some intervals of time and must decide 

when it is interesting for it not to be in activity. There exist two possible stages for a 

server:

δ=1: the server is on (available for the system)

5=0: the server is off (unavailable for the system)

In this case we say that the server is on vacation.

This decision of server is taken with reference to a cost structure, which classically 

involves the following three types of costs:

♦ running costs: a non-negative cost per unit time when the server is off (on).

♦ switching costs: a non-negative set-up (shut-down) cost, incurred each time the

server is turned on (off).

♦ holding cost: a holding cost per unit time, which is a function of the state of the

system.

The problem is the determination of an operating policy for the removable 

server, to indicate when to open or close the service channels.

Three different types of policies have been introduced on this subject:
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N - policy

The state of the removable server is fixed according to the number of customers 

present in the system.

/ ) - policy

The state of the removable server depends on the total amount of work in the system, 

namely, on the workload that the customers carry to the system.

'/’- policy

An active server goes on serving the queue as long as there is at least one customer. 

When the system gets empty it becomes unavailable for some length of time (a 

vacation). At the end of the vacation, the server returns to the system and begins to 

serve if there are waiting customers. If there are not any waiting customers, then:

i) the server becomes available and it waits for a customer to arrive at the system

ii) the server goes on another vacation and it continues in this way until it finds at 

least one waiting customer.

Having described the vacation model, we continue in polling model. Such a 

model is used to represent a system of multiple queues that are attended by a single 

server that switches from queue to queue in some prescribed manner. The time that 

the server spends away from any particular queue, serving the other queues or 

switching among them, can be viewed as a vacation from that queue. Adoption of this 

viewpoint greatly simplifies the analysis of polling models.

We continue by referring at some earlier works where the subject and their 

results have proved significant and have been an issue for further study. In 1969, R.B. 

Cooper and G. Murray in an important study, with the title ‘Queues served in cyclic 

order’, have studied two models of a system of queues with a single server. In the 

exhaustive service model, the service of a particular queue is continuing until all the 

waiting customers in this queue to be served. When the service of all customers is 

finished, the server begins to serve the next nonempty queue in the cyclic order.

The gating model differs from the previous one in that when the server advances to a 

nonempty queue, a gate closes behind the waiting customers. Only the customers that 

are in front of the gate are served during this service cycle.

The results that they have obtained are expressions for the mean number of 

customers in a queue at the instant it starts service, the mean cycle time and the 

Laplace- Stieltjes transform of the cycle time distribution function. All these
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expressions differ only trivially between the two models. The authors used the 

imbedded Markov chain approach in this study.

R.B. Cooper in 1970, in his study ‘Queues served in cyclic order: Waiting 

times’ considering the models as in previous work, he managed to calculate the 

Laplace- Stieltjes transform of the order of arrival waiting time distribution function. 

For the calculation of the waiting times in the exhaustive service model he consider a 

generalization of a single M/G/l queue, the M/G/l queue with server vacation times.

In a more recent work, (1995) with the title ‘Relating polling models with zero 

and nonzero switchover times’, M.Srinivasan, S.Niu and R.B.Cooper consider the 

case of a system of N queues served by a single server in cyclic order.

They study two versions of this polling model that are related to the time that the 

server needs to travel from a queue to the other. These times are the switchover times. 

In the first version, the zero switchover times model, it is assumed that all switchover 

times are zero and the server stops traveling whenever the system becomes empty. In 

the second, the nonzero switchover times model, it is assumed that the sum of all 

switchover times in a cycle is nonzero and the server does not stop traveling when the 

system is empty.

They derived the waiting time moments in the zero switchover times model and from 

this they obtained several expressions that relate these moments to those of the 

nonzero switchover times model.

Finally, Br.Hajek in his study ‘Extremal splittings of point processes’ in 1985 

has considered a more complicated system. He studied the problem of the admission 

control of customers using as tool the class of balanced sequences and the 

multimodular functions. Particularly, he presents an application of some theoretical 

results that he established. He considers a queue with a single server and the purpose 

is the decision of allowing customers to enter or not in the queue. Choosing each time 

the entrance or not of the customers it is created a sequence that reveals this decision. 

The aim is the determination of such sequence that the expected queue size to be 

minimized. This is done by showing that the mean queue size is a limit of 

multimodular functions of the above sequence.

The same theoretical results use E.Altman, Br.Gaujal and Ar.Hordijk in their work 

Optimal open-loop control of vacations, polling and service assignment’ (2000) that 

are related the balanced sequences and the multimodularity of the functions.
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The common point of all the above works is the assumption that a vacation is 

driven from the completion of the service of a customer or of a queue. The application 

of the T - policy under this assumption is performed in a some restricted manner. On 

the other hand, the work of E.Altman, Br.Gaujal and Ar.Hordijk with the presentation 

of the new method succeeds in the extension of the T - policy. This is a fact since in 

this work we have an innovation in determining the vacations of the server. Vacations 

are not driven only from the completion of a service but from the arrivals of 

customers or even the vacation times may constitute a renewal process. This point 

reveals the important offering of the authors.

3. Preliminaries

This section includes some introductory details before we refer to the control 

problems and the results that are obtained for these problems. The objective is to 

present a class of sequences, the balanced sequences. This property of sequences 

characterize the optimal control sequences that are in use (Altman E., Gaujal B. and 

Hordijk A., 1997a).

First, we address the question if it is possible to construct an infinite sequence over n 

letters where each letter is distributed as evenly as possible and appears with a fixed 

rate. This construction is related to the framework of the optimal control sequences. 

Then, we continuous by presenting the multimodularity property which is the basic 

property of the functions will be optimizing. Lastly, we mention an application of the 

multimodularity theory in an admission control problem.

Let A be a finite alphabet and AN the set of sequence defined on A. If u eAN, 

then a word W of u is a finite subsequence of consecutive letters in u:

W=U(zUa+|...Ua+k_|.

The integer k is the length of W and will be denoted I W|. If a eA, I W| (I is the 

number of a’s in the word W.

Definition 1: The sequence u e AN is balanced if for any two words W and W' in u of 

same length and any a e A,

-i <1 wl J w1a<i
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Definition 2: A sequence d e {0,1 }N is regular if there exists two real numbers Θ and p 

such that dn= L(n+l)p+0j - Ι_ηρ+θ1

The class of constant gap sequences is characterized as strongly balanced 

sequences.

A constant gap sequence G is a sequence that has constant gaps for a letter a, namely, 

each a is separated from the next a in G by a constant number of letters. The constant 

gap sequences are periodic sequences.

Proposition 1: G is a constant gap if and only if, for any two finite words, W and W' 

included in G with 11 w| -I W'l I <1, then for each letter a,

11 wl a-l W'l J < i
Proof. Let a be a letter in the alphabet A. First, we assume that the sequence G is 

constant gap. Since a constant gap sequence is a balanced sequence, then for 

any two words W and W' included in G with -1 < | wl - I W'l < l,for any a 

eA:

-i < I wl a-| wl a < l

Conversely, let W=aUa and W'=aU'a be any two words in G with no a in the 

sub words U and U'.

If I U| > I U'l +1, then we have from the relation 11 Wl -I W'l I < 1:

11 aUal -I aU'al I < 1 or 11 a| I U| I a| -I a| I U'l I al I <1 and since I al =1, we have:

11 U|-I U'l I < 1, or | u| < I U'l+1.This is a contradiction and therefore, 

I ul =1 U'l and G is a constant gap sequence.

Since a constant sequence is balanced, each letter appears with a given rate in 

the sequence. Note, however, that since a constant gap word is necessarily periodic, 

the rate of each letter is rational.

Let consider the following question:

Problem 1 : Given a set (qi,...,qN), with qi +...+ qn = 1 is it possible to construct a 

constant gap word on N letters with rates (qi,...,qN)?.

A general remark is that (qi,...,qN) are rational numbers of the form q, - k, / d, with d 

the smallest period of G. Therefore, we have, Σί k, / d = 1 and for each i, kj divides d. 

We also have q=l/p.

The couples {(0i,g,),i=l,...,N} is called an exact covering sequence if for every 

nonnegative integer n, there exists one and only one 1 < i < N such that n = O^odgi.
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Proposition 2: The rates (qi,...,qN) are constant gap if there exists N numbers called 

phases, 0i,...,0N such that the couples {(θ,,ρ,χΜ,.,.,Ν} form an exact 

covering sequence.

Proof. Each letter a, in a constant gap sequence appears every [θ,+kp,, keN}. The 

couples (0i,pi),i=l,...,N form an exact covering sequence if for every 

nonnegative integer n, there exists one and only one i, with 1 < i < N, such that 

n = Bjmodpj. But this means that p; divides the difference η-θ„ or that n-0i = kp, 

or n= kpi + 0j.

The following property is of interesting: Assume {(0„p,),i=lis an exact 

covering sequence and that P = maxjpj. Then P appears at least twice in the set 

Pi,· ·,Ρν·

We consider the cases where N is small, in order to give some concrete examples. In 

the case where the k, are not all equal (assume k) is the largest of all), we have:

Σι*I k, / k, = d / k,-l = 1,,

where 1] is the gap between two letters aj. This implies: lj < N-2.

Proposition 3: There exists a constant gap sequence G with rates (p,l -p) if and only if

P='/2.

Proof. Let G = (ab)“ and the letter a has gap 1, namely each a is separated from the 

next a in G by 1 letters. Since the alphabet contains only two letters, 1=1. 

Therefore, we have p=!/2, since G is of the form (ab)“.

Proposition 4: There exists a constant gap sequence G with rates (pi,p2,p3) if and only 

if the following holds: (pi,p2,p.i) = (1/3,1/3,1/3) or (l/2,l/4,l/4) (up to 

permutation).

Proof Assume that (p],p2,pi) * (1/3,1/3,1/3). Now we can use the inequality f < N-2, 

and derive: 1 i=3-2=l. From the previous proof, we can obtain pi=1/2, and from 

proposition 3, having removing the letters <Xi from G, we obtain: p2 = P3. Then 

from the system: pi+p2+py-l

P1-/2

P2=P3

we have the solution (pi,p2,p;?) = (1/2,1/4,1/4).

The sequence G has the form (aic^aicr?)"1.

Proposition 5: There exists a constant gap sequence G with rates (pi,p2,p3,p4) if and 

only if {pi,p2,p3,p4} belong to the set (up to permutation).
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{(1/4,1/4,1/4,1/4),(1 /2,l/4,l/8,1/8),(] /2,1/6,l/6,l/6),(l/3,1/3,1/6,1/6)}. 

Proof. If all the rates are equal, then as in proof of proposition 1 we have:

(pi,p2,p3,p4) = (1/4,1/4,1/4,1/4).

If the rates are not equal, from the inequality that f < N-2, we have: f< 4-2=2. 

We consider any letter ctj, i Φ1, assume that the number of a\ in between two a, 

is not constant and takes values m and n, m>n. Then, we have f > 1 i(n-1 )+n on 

one hand and lj < n(li)-3 on the other hand. This is impossible since f < 2. 

Therefore, the number of (ii in between two a, is constant. This is true for all i. 

The sequence formed by removing all ai is still constant gap. It has rates of the 

form (1/3,1/3,1/3) or (1 /2,1/4,1/4). From this point a case analysis shows that 

the original word has rates (1 /2,1/4,1/8,1/8), (1 /2,1/6,1/6,1/6) or 

(1/3,1/3,1/6,1/6) by inserting the letter ai in a constant gap sequence over the 

letters (12,0,3,04.

These few examples of constant gap sequences illustrate the fact that the rates in these 

sequences have very strong constraints.

Considering a balanced sequence, we can note that a such sequence has several 

asymptotic properties as the following:

A balanced sequence S has an asymptotic rate for the letter a e A, that is:

linv+co | S| Uni I/ n = p

The rate p is equal to the real number p given in the definition of regular polices.

We consider the following problem:

Problem 2: Given a set (ρι,.,.,Ρν), is it possible to construct a balanced word on N 

letters with rates (ρι,.,.,ρν)?.

This construction is not possible for all the values of the rates (ρι, . ,Ρν). If a n-tuple 

(Ρι,.,.,Ρν) makes the construction possible, the tuple is said to be balanced as well.

The case N=2

Theorem 1: For all p, 0 < p < 1, the set of rates (p, 1 -p) is balanced.

The case N=3

This case is essentially different from the case N=2. In the case N=2, all possible rates 

are balanced while when N=3, there is essentially only one set of rates which is 

balanced.
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Theorem 2 (Tijdeman): A set of rates (pi,p2,p3) is balanced if and only if

(Pi,P2,P3)=(4/7,2/7,1/7) or two rates are equal.

The case N=4

This case is very similar to the case N=3 for distinct rates. However, when two rates 

are equal, this case is more complicated.

Theorem 3: A rate tuple (pi,p2,P3,p4) with four distinct rates is balanced if and only if 

(pi ,p2,P3,p4)=(8/l 5,4/15,2/15,1/15).

To complete the picture, it is not difficult to see that:

Theorem 4: If the tuple (pi,p2,p3,p4) is made of less than two distinct numbers, then it 

is balanced.

if the tuple (pi,p2,p3,p4) is made of exactly three distinct numbers, then this is a more 

complex case.

The general case

We interested in the case of an arbitrary N. The following proposition generalizes to 

any dimension.

Proposition 6: If the tuple (pi,p2,...,pN) is made of less than two distinct numbers, then 

it is balanced.

Proposition 7: If (pi,P2, ..,Pn) is balanced, then (pi/k,...,pi/k,p2,...,pN), where the 

number of p|/k is k, is balanced.

For the general case and distinct rates, it is natural the following result:

A set of distinct rates {pi,P2,...,Pn} is balanced if and only if:

iPi,P2v,Pn}={2n'i/(2n-1 ),..., 2n"7(2n-1),...,1/(2n-1)).

To end this short overview on balanced words, we mention that ‘usual’ rates, such as 

(l/k,l/k,...,l/k) are often balanced.

We present an alternative definition for balanced sequences, before proceed to 

the concept of multimodularity.

Definition 3: The sequence !a*p(0)j is a balanced sequence if there exists two real 

numbers Θ and p such that

θκρ(θ) = Up + ej - L(k-i )p + θ_Ι, 

where LxJ denotes the largest integer smaller or equal to x.

The quantity Θ is the initial phase and p is the rate of a/.
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Definition 4: The sequence α(ρ,θ) which is defined by:

(ΧηΧρ,θ) = Lnp, + BjJ - L(n-l)pi + θ,_|,

for any vector 9eRK and a rate vector pe[0,1]K, is a vector valued 

sequence.

We mention that a policy is a sequence a = (ai,ct2,...) where a,, is a vector taking 

values in {0,1 }K. If we consider the additional constraint that for every integer j, only 

one of the components of Oj may be different than 0, the policy satisfying this 

constraint is called feasible. Note that α(ρ,θ) need not correspond to a policy since it 

may have more than one component that equals to 1 for the same n.

We will refer to the property of multimodularity, as this property underlies the 

results are presented in the specific paper.

Let ejeNm, i = l,...,m denote the vector having all entries zero except for a 1 in its ith 

entry. Define dj = ε,.ι-e,, i = l,...,m (for an integer i taking values between 0 and m, we 

understand throughout i-1 = m for i = 0). Let {do= -ei,di,...,dm_i,dm= -e™} be the base 

of vector for multimodularity (Altman E., Gaujal B. and Hordijk A., 1997b).

We have:

do=(-1 0 0...0 0)

d,=(l -1 0...0 0)

dm_,=(0 0 0...1 -1) 

dm=(0 0 0...0 1)

Definition 5 (Hajek): A function f defined on Zm is multimodular if

f(a+d1)+f(a+dj)>f(a)+f(a+d,+dj) for all L*j.

The used function defined on a convex subset on Zm.

The multimodularity property of functions was much investigated in the context of 

queueing systems. There are several cases in that field in which this property was 

exploited to solve stochastic control. For example, Hajek studied the optimal 

admission control under no queue information. The precise problem was to admit 

customers to a single queue, under the constraint that the long run fraction of 

customers admitted be at least p. The optimality of a policy based on a balanced
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sequence of admission actions for the number of customers in a one-server queue with 

exponential service and a renewal arrival process was obtained by Hajek in his study: 

‘Extremal splitting of point processes’(1985).

Another application of multimodular functions is the control of queues with full 

state information. First, Weber and Stidham obtained monotone properties of the 

optimal control policies as a function of the state, in a problem of control of service 

rates in a system of m queues in tandem, in their study: Optimal control of service 

rates in networks of queues’(1987). Glasserman and Yao followed with their work by 

the title: ‘Monotone optimal control of permutable GSMPs’(1994).

We give now a typical application of the multimodularity theory as it is 

presented by Altman E., Gaujal B. and Hordijk A.(1997b, 1997c). We looking at a 

G/G/l queue with batch arrivals and an admission control a that must accept a given 

proportion p of the arriving customers.

Let {Τ,}1(=ν be the sequence of arrival times, with the convention that Ti=0, the queue 

being empty at time 0. The admission control is defined through an arrival sequence. 

The arrival sequence is a sequence of integer numbers, a = (ai,a2,...,aN,...), where a, 

gives the number of customers admitted to the queue at time T,. We also denote by 

(ok) the sequence of service times in the server. The workload at the time Tj is given 

by:

Wj(a)=max(0,Wk(N), ...,wi) where k(i) is the number of arrivals by time Tj.

We denote by Wk(ai,a2,...,ak) the workload in the queue at time Tk under the 

admission control a. The following result can be obtained:

The function EajWk(ai,a2,...,Ok) (where Εσ>1 denotes the expectation w.r.t. the service 

times and the inter-arrival times) has the following properties:

♦ E0jTWk(ai,a2,...,(Xk) is multimodular.

♦ E0;iWk(ai,...,ak) > Ea,TWm(ak-m+i,...,ak), for k>m.

♦ E0>TWk(ai,...,ak) = Eo>TWm(0,...,0,ai,...,ak), for k<m.

♦ Eo jWk(ai,a2,...,ak) is increasing in a,.

Then, the balanced admission policy αρ(θ) with rate p minimizes

g(a) = rimN^o(l/N)Zn=]N Εσ,·^η(αι,α2,...,α„),

among all policies with rate at least p.
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For the multimodularity property of the function Εσ TWk(ai,a2,...,ak) we note that 

since the sequence σ of the service times is stationary the function EaWk(ai,ci2,...,ak) is 

multimodular and the function En;rWk(ai,a2,...,ak) is multimodular as well.

4. The control problems and the associated results

We proceed by presenting the models that E. Altman, B. Gaujal and A. Hordijk

(2000) have studied and the results they have obtained.

1'he constrained model

• Customers arrive to a single G/G/1 queue or to a network according to some given 

stationary process.

• There is a single server at some output of the service facility (queue or network) 

that may be either active in providing service, or may be absent for vacation 

periods. Some «vacation opportunities» are presented, in which the server can 

decide whether to take a vacation or not. These opportunities could be related to 

arrivals, to end of services or to be a renewal process.

• At the nth vacation opportunity, the controller chooses a control ctn that determines 

the number num(On) of vacations to be taken at the nth vacation opportunity. Let a 

be the control sequence (ai,a2,...).

• Let h:R—»R be a convex nondecreasing function.

Given some fraction p, consider the class Π(ρ) of all policies that satisfy the

constraint:

lims^0Oinf(l/s)Zn=is num(an) > p (1)

The vacation control for one queue (PI)

(PIa) Let Wn be the waiting time of the nth arriving customer. Define the average 

expectation of the function h of the waiting time:

g(a) = limbec sup (l/s)Zn=isHh(Wn((ai,a2,...,an)) (2)



The objective is to minimize g(a) over a e Π(ρ).

(Plb) Let Vn be the workload in the system at some special time instants Tn. 

Define the average expectation of the function h of the workload: 

g (a)= liiTis-**, sup (l/sjZn^i'LhfVnffai^,...,^)) (3) 

The objective is to minimize g'(a) over a e Π(ρ).

In this model, we have a single queue where customers wait for service. The 

queue is a G/G/l queue where we have general probability distributions for the 

interamval times as well as for the service times. The single server can provide 

service (it is idle for the system) or it can be on a vacation. The server has to decide 

whether to take a vacation or not, in particular instants. These are the vacation 

opportunities. These instants could be the arrival of a customer, the end of service,... 

When a vacation opportunity is presented, the controller has to choose a control a,, 

which is the number of vacations to be taken in an opportunity. The server should go 

on vacation during a fraction of at least p of these opportunities. The goal in this 

problem is to minimize the expected waiting time of a customer and the expected 

workload in the system, over the control sequence a.

The unconstrained model

• There are K queues to which a server is allocated. When serving one queue the 

server is unavailable for other queues.

• Here, some «vacation opportunities» or switching opportunities are presented, in 

which the server can decide to stop serving one queue and start serving another 

one.

• At the nth vacation opportunity, the controller chooses a control απ=(ατ1 ,.,.,Οη ): for 

each n all components of On are 0 except one component that may be 1 or 0, o^-l 

will mean that the server is assigned to queue i at the nth opportunity instant.

• Let tv R—>R be a convex nondecreasing function, i=l,...,K.

Polling of several queues (P2)

(P2a) Let Wn’ be the waiting time of the nth arrival to queue i. Define:
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g(a) = limN^ sup (1/N) Σι=ιΚ (Ση^ί^α1)), 

where fn(a') = Ehj(Wn'(a)).

The objective is to minimize g(a).

(P2b) Let Vn' be the workload of the ith queue at some special time instant Tn. Define: 

g (a) = limN^a, sup (1/N) Σ,=ιΚ (Ση=ιΝ ί\,(α')) 

where fn(a') = Eh^V^'/a)).

The objective is to minimize g (a).

This model has no constraint since we consider policies that do not have to 

satisfy any constraint, unlike in the previous one where policies are restricted. We 

have K queues, each of them is a G/G/l queue, where the server is allocated to them. 

If the server is busy serving one queue, it is unavailable for the others.

The vacation opportunities are defined in a different way: the server must 

decide to stop serving a queue and start serving another one, in such an opportunity. 

The controller chooses a control sequence which shows if the server is assigned to a 

queue or not at an opportunity. The purpose is the same as before: The minimization 

of the expected waiting time and workload.

We proceed by presenting some solutions for both the above problems.

For problems (PIa) and (Plb) we can get the next result:

There exists some rate p* such that for any Θ, the sequence ctKp*(0) is optimal. 

The results for problem (P2) are:

i) the case K=2: There exists some p* such that the balanced sequence α(ρ*,θ) is

optimal for any Θ.

ii) the case of an arbitrary K: Suppose symmetry in service disciplines among all

queues, the balanced policy with p=l/K is optimal.

iii) the sequence of functions fn allows to construct some convex function f : Rk—>R: 

the function f agrees with fn on Zk and its value on an arbitrary point z e Rk is 

obtained as the corresponding linear interpolation of the values of fn on the extreme 

points of the atom S(z). This function has the following property: if p* is the vector 

that minimizes this function and assuming that there is a sequence of numbers (in}n
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where in e(lv..,K} such that for every kel,...,K the sequence Onk =1 {in=k}is 

balanced with rate p*k, then {a^Jare optimal for both problems (P2a) and (P2b).

As we see, the results are based on the multimodularity property of the functions fn.

5. A service driven vacation model

We have a G/G/l queue. Let {Tn} neN be the sequence of arrival times, with 

the convention that the queue is empty at time 0. Each customer carries a load ση to 

the system. Furthermore customers are served according to the FIFO order.

Let τη=Τπ+ι -Tn denote the inter-arrival times. When a service of customer is 

completed, the server goes on a vacation. Thus, ‘vacation opportunities’ are triggered 

by the end of a service or of a vacation. Let a = (ai,a2,...) a,eN be the server’s policy. 

Here, Oj has the interpretation of the number of vacations to be taken after the ith 

service time completion. We denote by un, n=0,l,.... the duration of the nth vacation 

period and m(n) the number of vacations that occur till the (n+1) th service starts, 

where m(0)=0.

The total delay related to the nth customer is denoted by:

Sn = on + Z,=m(n-nm(n)'lu,

The waiting time Wn of the nth customer is given by:

Wn+, = (Wn - τη + Sn)+

Let Vn=Vn(a) be the virtual workload in the system immediately after the nth arrival 

and is given by:

vn=wn+ sn
Having fix some integer N then W(a)=WN+i(a) and we have:

W(a)=max(O,wi+x,w2,...,wN) where Wj= Wj(a) = Zj=iN(Sj - Zj) 

and x=0 is the initial workload in the system. We define also V(a)=ViM(a).

In this point, we introduce some useful properties to establish the 

multimodularity of E„h(W(a)), where E„ denotes the expectation over the u’s. 

Property 1: If α; >1 then: Wi(a-dj) = Wj(a) + Dm(i), Wj(a-di) = Wi(a) for j^i 

This holds for 0<i<N.



24

We could note here that (-dj) corresponds to adding a vacation after the end of service 

of the ith customer and delete the last vacation from the (i-1 )th customer.

Property 2:We have a vacation sequence υ=(υο,...) and the shifted sequence 

υ'=(υ0',υι',...)=(υι,υ2,...). If w,'= ZNj=i(Sj-Tj), where Sn = on+Zm(n)'1j=m(n-i)

V

then for 0< i< N, w'^a+ej) = Wj(a) for j > i

w'j(a+ej) = Wj(a) + um(H) for j < i

If υ is a stationary sequence then E„h(W(a)) and E1,h( V(a)) are multimodular in a.

Considering problem P(1), where the expectation E in (2) is with respect to the 

random sequences σ,τ,υ and where num(aI))=a11. Assuming that:

• the inter-arrival and service time sequence (τη,ση) is stationary and independent of 

the sequence υ

• the υ sequence is stationary

• the following stability condition holds: the queue is in a stationary regime at time 

0, corresponding to the policy that does not take vacation.

Then the result for this problem holds, where p*= p is the fraction given in constraint

(1).
In this case the vacation opportunities are driven by the end of a service or of a 

vacation. The server may go on a vacation when the service of a customer is 

completed. The policy is a sequence α={α,}, where a, is the number of vacations after 

the completion of the service of the ith customer. The total delay related to the nth 

customer is the sum of the nth customer service (ση) plus the vacations that will take 

place after its service. The waiting time of the (n+l)th customer is the maximum 

between the initial workload in the system, which is zero, and the waiting time of the 

nth customer minus the interarrival time plus the total delay related to nth customer. 

The virtual workload after the nth arrival is the total time required by the server to 

serve all the customers in the system (exhaustive model) plus all the vacation times 

that will elapse from the arrival instant of the nth customer until the (n+l)th customer 

is served.

In this model, we have a G/G/l queue, where the customers arrive in a 

stationary process. They are waiting for service in the system but the server may serve 

or it may not be idle (it may be on vacation). At the instant when the service of a 

customer is completed, a vacation opportunity is presented to the server. It must
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decide to take or not a vacation. The server chooses the number of vacations that will 

be taken. Namely, the control sequence a = (ct„) indicates the number of vacations in 

every opportunity n. The server must go on vacations during a fraction at least p of 

these opportunities. Thus, we have the following inequality:

lim^oo inf (l/s)Zn=is num(an) > p

(this is the constraint (1)).

The aim is the determination of a control sequence which minimizes a convex 

function h of the expected waiting time (Eh(W(a))) and a convex function h of the 

expected workload in the system (Eh(V(a))), where the expectation E is with respect 

to the sequence of the workload σ, of the interarrival times τ and the duration of 

vacations υ. These three sequences are stationary and so the above functions are 

multimodular in the control sequence a. The associated result that the authors have 

derived for this problem is that:

for the control sequence a there exists an optimal value for p, p*, such that for any 

phase Θ the sequence α = <ΧηΡ*(θ) = Lnp* + 0_| - L(n-l)p* + 0j is optimal. The value p* 

is the value of p for which the constraint (I) is valid.

6. An arrival driven vacation model

In this model we have the same situation as in the previous model. Now, 

immediately after an arrival occurs the server may go on vacation that lasts till the 

next arrival occurs. Then it may go back serving or take another vacation, etc. A 

vacation policy α=(αι,α2,...) indicates for each n whether the server goes on vacation 

(ctn=0) or continues serving (θη=1) immediately after the nth arrival.

This system is called an arrival-driven model as the beginning and the end of 

vacations are initiated by the arrivals.

The constraint (1) translates to the following one:

lims_>0Dsup( l/s)Zsn=iOn< 1 -p

The waiting time Wn(a) of the nth arrival customer is:

Wn+i(a)=(Wn(a)+on-anTn)+
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or more explicitly:

Wn+i(a)=max(0,w1,w2v..wn), where w, = Σ"=ι(σΓα.ίτί)

The workload in the system immediately after the nth arrival is given by:

Vn=Wn+an

Assuming that xn are i.i.d, then the functions Exh(W(a)) and ETh(V(a)) are 

multimodular in a.

If the following assumptions:

• the service time sequence σ is stationary

• the interarrival times (τη) are i.i.d. and independent of σ

• the queue is initially in a unique stationary regime corresponding to the policy that 

never takes vacations,

hold, then the result for problem (PI) holds where p*=1-p, where p is the fraction 

given in constraint (1).

The vacation opportunities in this case are driven by the arrival of a customer. 

The server may go on a vacation when a customer arrives and the duration of the 

vacation will stop till the next arrival. Then, the server can decide to take another 

vacation or to be idle for the system. The control policy α={α,} takes two values: 

a,=0, when the server is on vacation and α,=1 when the server serves after the ith 

arrival. Here, we have: num(a1)=l- a.j. The waiting time of the (n+l)th customer has 

the additional term OjTj. This term indicates if the server is idle or unavailable for 

serving.

Since the interarrival times τη are i.i.d. and h is a convex nondecreasing 

function, we obtain the multimodularity of the functions ETh(W(a)) and 

Exh(V(a)).The optimal p* here is of the form 1-p. The difference from the previous 

model is because of the different definition of the control sequence.

7. The polling model with arrival driven vacations

We now describe problem (P2). Consider K queues, each of which behaves like 

the one in the exactly previous model. The service period for one queue constitutes a
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vacation for the others. The nth customer arrives at time Tn and brings K jobs to K 

queues: a workload of ση' arrives to queue i, i=l,...,K.

Service beginnings and vacations are synchronized with arrivals: Tn is also the 

time at which the nth potential service begins. It may be in any one of the queues. The 

service time duration xn is the difference between consecutive interarrival times: 

τη=Τη+1-Τη.

If queue i is the nth to be served and is empty then we assume that the server still 

remains in time at that queue.

We denote by Wn' the waiting time of the nth job arriving to queue i and Vn' the 

workload at queue i just after the arrival of the n customer and the following relation 

holds:

Wn+1,(a)=max(0,Wn1(a)+onl-a n‘ xn)

where a n‘ = 1 if queue i is served at the nth period and a n‘ = 0 if this queue is not 

served.

A policy is a sequence a = (ai,a2,...) where an={ank,k=l,...,K}. We also adopt 

the constraint that for every integer j only one of the components a j‘,i=l,...,K may be 

different than zero. A policy satisfying this constraint is called feasible.

Denote by a1 = (a a^,...) the actions corresponding to queue i.

The properties we have already mentioned in the case of a single queue and the 

following assumptions:

• the interarrival times are i.i.d. and independent of the service times

• the service time sequence in each queue is stationary

• for each i=l,...,K, queue i is initially at a unique stationary regime that corresponds 

to the policy that never take vacations at that queue

have as consequence that the results for problem (P2) hold in this case.

In this case, the problem consider K queues, each of them has the behavior of 

the queue in the previous model, a G/G/l queue. When the server serves a queue, this 

time is on vacation for the others. Each customer brings K workloads: one for each 

queue. The time Tn is not only the instant of the arrival of the nth customer but the 

time of the beginning of the nth service in any one of the queues. The multimodularity 

of the functions still holds and the results for the polling model too.
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8. The vacation times constitute a renewal process

A single queue

Let un be an increasing random sequence of potential switching times. 

Immediately after un, the server may decide to go on vacation till the next instant un+i. 

As we already have mentioned a vacation policy a = (a],ct2,...) indicates for each n 

whether the server goes on vacation (a^O) or continues serving (θη=1) at time un. 

sn is the sequence of differences between consecutive switching times, namely:

Sn+1— Un+l“Un.

The kth customer arrives at time Tk=unk where nk is some increasing sequence of 

positive integers. Thus un can be viewed as basic time epochs to which both arrivals 

and vacations are related. This is the case of stationary interarrival arrivals.

Customer k brings a workload of ak*. The amount ση of workload that arrives at time 

un is given by:

ση=0, if η Φ nk, V k 

and on=ok*, if for some k n=nk

The waiting time Wn of the customer that arrives at time un in the system is:

W n+j (ct)=max(0, Wn(a)+an-anSn)

The workload Vn at the nth time epoch is:

Vn(a)=Wn(a)+on or Vn+i(a)=max(0,Vn(a)-anSn)+on+i 

We make use of the stochastic point process formalism in order to make useful 

probabilistic assumptions on ση.

The sequence nk defines a discrete time point process (Ν,Θ,Ρ): N(co,C)=Zk,=y.5nk(ft,) (C). 

(Baccelli F. and Bremaud P., (1994)). Thus for ω e Ω an arrival occurs at time un(co)

if: N(to,{n})=1

Associating to the process N the marks ok* and assuming that N is compatible with the 

Θ flow, we have: nk(co)=no(0ka>).

Assume that the interarrival times are a strictly stationary sequence:

P°N(0nke·) = P°N(·), k g Z

where P°N is the Palm probability related to N. Then there exists a probability measure 

P for which N is stationary, with respect to (Θ,Ρ).

Defining a(l)=ok* fornk<l<nk+i then (N, σ) are jointly stationary.
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Since ση= σ(η)χ Ν({η}), it then follows that ση are stationary with respect to (Θ,Ρ). 

Indeed, ση(ω)= σ(η,ω)χ Ν(ω,{η})= σ(η-Ι,θω) χ Ν (θω,{η-1 })=ση_ι(θω)

If we assume that the original process ση* is stationary then there exists a probability 

measure under which N is stationary. Making the assumption that the service times are 

independent of the vacation opportunities times sn and of the sequence n^ then the 

stationarity of ση* implies that ση are stationary too.

Assume that ση* are the marks of the process N and that:

P0N(6nke-) = P°N(-),keZ.

We set some integer j fixed and let Si,S2,...,Sj be some Borel sets in R. Then:

P(oi*e S],...,o/e Sj) = Z°°k=^.P(ai*e Si,...,Oj*e S, \ ni=k)P(nj=k)

= Z°V-QoP(oi*e Si,...,Oj*e Sj\ ni=0)P(n1=k)

= P(a/e Si,...,Oj*e Sj\ni=0)

= P°N(oi’e Sj).

A Borel set is a set which is included in the Borel’s field in R. If we consider as 

a simple event the intervals (-oo,x],(where x is a real number to which a simple event 

is corresponded) the coupling and the supplementary of these, the smallest family that 

contains (-00,x] is called BoreTs field in R (Κούνιάς Στρ. και Μωυσιάδης Χρ. 1995).

The stationarity of ση* under P°N implies that it is stationary under P and if un are 

i.i.d., then the process N is stationary. Thus, we conclude that on are stationary.

All the above results are summarized in the following assumptions:

• the inter-potential vacation times sn are i.i.d. and hence un is a renewal process

• arrivals occur at unk, where n^ defines a point process N

• the service times on* are marks of the point process N

• on* is a stationary sequence

• the duration of the potential vacations sn do not depend on the service durations 

and on the sequence nk

• the queue is initially in a unique stationary regime corresponding to the policy that 

never took vacations

With these assumptions the result for problem (PI) holds where p*=l-p.

This model has the difference that the switching times un have relation to both 

arrivals and vacations. The arrivals are only synchronized with un, unlike in the 

previous model they synchronized with service beginnings and vacations.
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The polling model

We consider problem (P2) and if the following assumptions:

• the potential switching times un are a renewal process

• the service times ση*1 of the nth customer at queue i, i=l ,.,.,Κ, are stationary

• arrivals to queue i occur at times Unk(i), i=l,...,K, where n^) is a stationary point 

process

• the duration of the slots sn+i=un+i-un do not depend on the service durations and on 

the sequences n^

• for each i=l,...,K, queue i is initially at a unique stationary regime that corresponds 

to the policy that never takes vacations at that queue

hold, then the results for this optimal control problem also hold.

The fact that the dependence of service times in different queues in the case of the 

arrival driven polling model allow the dependence between the n^), i=l,...,K, 

sequences in different queues, too.

The above assumptions contain the following exponential model, as a special case: 

Suppose the arrival process are independent Poisson process with rates λ|, for queue 

j=l,...,K. The service time in queue j is exponential with parameter μ,, j=l,...,K. The 

potential switching times form a Poisson process with parameter v > λι+.. .+λκ. If we 

want to uniformize all processes, then v is given by:

v = μΟ

Also, as approximation of continuous-time polling control we take v to be large. Then 

the assumptions for problem (P2) show in this case the regularity of the optimal 

polling control:

• K=2: the existence of some p such that the regular policy αρ(θ) is optimal.

• K>2, symmetrical queues: the balanced policy with p=l/K is optimal.

The difference is that we have a random sequence un of switching times. After 

the instant un the server take the decision to go on vacation or not, till the next instant 

un+].The results have been obtained hold in this case also, having derive the 

stationarity of the workload σ^’ of the customer k, the time Tn=unk.
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9. The arrivals are a continuous process

E.AItman, Br.Gaujal and Ar.Hordljk investigate a last case where the arrivals 

are stationary processes but more generals than point processes. The vacation 

opportunities are a periodic process, independent of inter-arrival times or service 

times.

First, we present the vacation model with a continuous arrival process into a single 

queue. The total workload that arrives during the interval [un,un+i] is ση. The way this 

workload arrives may be in a single batch or continuously or at several distinct 

instants in that interval.

If the server does not go on vacation on time un then the amount of service 

given to the queue till un+] (where un+i=un+Sn+i) is the minimum between sn+] and Vn 

,where Vn is the workload present just before the nth potential switching interval. So, 

only the workload present in the gating epoch un is candidate to be served during the 

interval (un,un+i]. If the server is not on vacation at the beginning of the nth slot, it 

remains in that queue till time un+i, even if there is no workload to be served during a 

part or the entire interval.

A requirement in this case is the stationarity of the process ση in n. Then, the 

workload in the system at gating instants satisfies:

Vn+i = (0,Vn(a) - (vrn)++an

and so, the optimality of the balanced policy is obtained as in the case of the arrival- 

driven vacation model. But, in this model, we need the independence between ση and 

sn. This is possible only in the case where sn are identical. This problem did not occur 

in previous models since the service time was not related to the arrival instants, but to 

the order of arrival.

The conditions for the arrival-driven vacation model hold for any stationary 

arrival process and not necessary a point process.

Consider the probability space (Q,F) (see Baccelli F. and Bremaud P., (1994)). 

Let define {θί}, teR to be a measurable flow on (Q,F) and {θη}, n eZ to be another 

measurable flow on (Q,F): θη will be related to shifts in discrete time.

Consider a general random measure Z describing the arriving workload: if C is 

an interval in R, then Z (o,C) has the interpretation of the amount of workload 

arriving during that interval for a realization co. This includes in particular the case



32

where the arrival process is a point process. Assume that Z is stationary with respect 

to (Θ,,Ρ), then the amount of the workload ση that arrives during the deterministic 

constant periods sn(=s0) is stationary in n due to the stationarity of Z w.r.t. (0UP).

With the following assumptions holding, we can summarize for this case:

• the potential vacation durations (sn) are constant

• the sequence of workloads ση arriving during the nth slot is stationary

• the queue is initially in a unique stationary regime corresponding to the policy that 

never took vacations

that the result for the problem (PI) holds, where p* = 1-p with p be the fraction given 

in constraint (1).

Next, we present the case of K queues, each of which behaves like the one in 

the just previous model. The service period for one queue constitutes a vacation for 

the others.

Let un,n=l,2,... be the time at which the nth potential service ends; it may be in 

either one of the queues. The service time duration sn is the following difference: sn+i 

= un+i - un. If queue i is the nth to be served and is empty then we assume that the 

server still remains sn time at that queue.

If ση' is the workload that arrives to queue i during the interval (un,un+i], we 

assume that only the workload present at time un is candidate to be served during the 

interval (un,un+i] and not the workload that arrives during that interval.

The waiting time Wn'(a) in queue i is given by: Wn+i'(a) = max (0,Ψη'(α)+ση' - a^V), 

where:

On1 = 1, if the queue is served at the nth period and a„l = 0, otherwise.

Wn‘ denote the waiting time of a customer that would arrive at time un and Vn‘ is the 

workload in the system just after time un.

For this case, making the following assumptions:

• the arriving workloads ση' is a stationary sequence for each i

• sn are constant

• for each i =1,...,K, queue i is initially at a unique stationary regime that 

corresponds to the policy that never takes vacations at that queue,

we can obtain the same results as in the case of problem (P2).

An underlying notation is that in this model we have dependent or independent 

arrival streams to different queues unlike the case of the arrival-driven polling model,
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where a single sequence Tn defines the time of arrivals, which occur simultaneously to 

all queues. This restriction was due to the fact that arrival times are those that 

triggered the polling.

The fact here is that the arrivals is a continuous process

The previous result has application in high-speed telecommunication networks 

and in particular in the ATM(Asynchronous Transfer Mode). The authors have 

developed a such simple model in a previous work (Altman E., Gaujal Br. and 

Hordljk Ar. 1997b). This model is composed of a controlled D/D/1 queue with service 

times ση = σ and inter-arrival times τη = τ all deterministic. They assume that the 

available actions are 0, corresponding to rejecting an arriving customer and 1 

corresponding to acceptance of an arriving customer. This problem is typical to the 

ATM. In order to handle efficiently a large variety of applications such as voice, data, 

video and file transfer, cells of fixed size are used, giving rise to their model that uses 

fixed service times. Fixed inter-arrival times are typical for isochronous applications 

(voice, video) and also for large file transfer.

Two quality measures of services in ATM networks are loss probabilities (CLR: 

Cell Loss Ratios) and delays. When a Constant Bit Rate (CBR) session is established, 

the network should provide a guarantee that these two measures are bounded by given 

constants. Since the available sources are limited and moreover might be shared with 

other applications, a typical objective of the network is to minimize the delay of the 

CBR session while meeting the constraint on the loss probabilities. Losses may be due 

either to overflow or to deliberate packet discarding by the network. The problem is 

this of discarding cells so as to minimize the average queue size which is known to be 

proportional to the average sojourn time, due to Little’s low, subject to a lower bound 

p on the average cell discarding rate.

The state evolution of the system is: if xn denote the amount of workload in the 

system immediately after the nth arrival that occurs after time zero and the system is 

initially empty, then:

xn+i = max (xn - τ,Ο) + ο^σ

The solution is given by the expansion of the Lindley equation:

Xn+I = fn (cq,••■,Οη) = maxiOj^'kaiO - τ), j =l,...,n-l) + ο^σ
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The function fn is multimodular for all integers n over Zn. Indeed, we define the 

function x0(a) =0, a e {0,1 }N which is multimodular as well as the function xi(a) =

0t|O.

Assume that xn = fn (a) is multimodular, xn+i(a) is a convex increasing function of fn 

and is therefore multimodular. The goal is to obtain a policy a* that minimizes an 

expected average cost related to the amount of work in the system at arrival epochs. 

The cost to be minimized is:

g(a) = limN^l/N) Ση=ιΝ f„ (ai,...,On) 

subject to the constraint:

hmN->oo(l/N) Ση=,Ν On > p*

Case I: A queue with infinite capacity 

Under the assumptions:

• fn is monotone increasing in a,

• for any sequence {a,] 3 a sequence {bk =0} such that:

fk (αι,.,.,Οπ,) = fm (Ο,.,.,Ο, αι,.,.,Οπ,), k < m, where the number ofO’s are m-k

• fk_i (a2,...,ak) = fk (0,a2,...,ak) < fk (a,,...,ak)

and given some p e [0,1] and any Θ e [0,1] then the balanced sequence αρ(θ) is 

optimal.

Case II: A queue with a finite capacity

Consider a queue with a finite storage capacity for the workload: the workload at the 

queue at each time instant is bounded by C. When the queue is full, the overflow 

workload is lost. So, they conclude that a balanced policy is optimal if we restrict to 

policies with the further constraint that no losses are allowed.

Let consider the class of policies that satisfy the constraint:

xn(ai,...,(v)<C

Since xn is multimodular for all n, the set {(αι,.,.,Οη): fn(ai,...,a„) < C] is convex for all 

n, they conclude that a balanced policy is optimal in this case, also.

In the optimal open-loop control method they present an optimal scheduling 

control problem in an ATM switch (Altman E., Gaujal Br. and Hordljk Ar. 2000). 

Particularly, it is an Μ x N switch with M inputs and N outputs. The assumption is 

that there are separate input queues for each output. Each input is associated with N 

queues, one for each output. Let denote by queue ij the queue for cells arriving to 

input i and destined for output j, and consider a slotted queueing model where in each
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time slot at most one cell can be transmitted from each of the M inputs, and at most 

one cell can be received by each of the N inputs. A scheduling mechanism decides at 

each time slot from which input and to which output do we send a packet.

The scheduler may send simultaneously packets from different inputs to 

different outputs, as long as the following constraints are met:

(A) The scheduler cannot send more than one packet from the same input

simultaneously.

(B) It cannot send more than one packet to the same output, simultaneously.

The authors investigate the open-loop scheduling policies, i.e. scheduling that 

do not rely on queue length information but only on the inputs rates. A natural 

problem of policies is whether one can obtain a policy that achieves the above goal 

and also minimizes nondecreasing convex functions of the workload in the system. It 

is worthnoting that a policy that minimizes the workload, maximizes the amount of 

workload that departs.

Let A,j(n) be the number of cells that arrive at queue ij in time slot n for all 

l<i<M,l<j<N. The assumption is that the arrival process {Atj}n is stationary with rate 

Xij. The arrival processes may be mutually dependent. We describe the symmetric 

case:

Xij do not depend on i but they may depend on j and N=M.

Consider the round-robin scheduling policy u that sends at time t a packet from queue 

i to queue j(i,t) for each i where:

j(i,t) = (i+t)mod(N) + 1, for any i = 1 ,.,.,Μ.

For each j, all queues ij, i = Ι,.,.,Ν, receive a round-robin service, which is optimal 

among all (open-loop) scheduling policies.

A scheduling policy is a sequence a = (ai,a2,...) where On = { an'', i, j = l,...,N) .If the 

ij component of a,, is 1, this means that the server polls queue ij at the nth time slot.

Let hy = h be a convex nondecreasing function and define:

fnV) = Eh(WnV))Jj = 1,-..,N 

gi(a) = lims_>oosup(l/s) Σ,=ιΝ( Σπ=ι3 fn'J( a1')) 

and g(a) = lims_>msup(l/s) Σι=ιΝ Σ^=ιΝ (Σα=ιΝ fn1J( a1J)).

To summarize we have:

Consider a NxN ATM switch and making the following assumptions:
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• the arriving workloads on1J = A,,(n) is a stationary sequence for each i. For each j, 

the distribution of the processes of arrivals of workload to the queues ij does not 

depend on i,or in other words

C( a") = fnk,( ak|) if a,J = ak'

• the time slots sn are constant

• the workload initially in each queue corresponds to a unique stationary regime that 

would be obtained if this queue had always been served before

then the round-robin policy u minimizes both g(a) as well as g'(a), for j = 1 ,.,.,Ν.

10. Conclusions

E.Altman, Br.Gaujal and Ar.Hordijk present a new method of control of 

vacations in queueing systems. The method is the optimal open-loop control where 

the controller has no information on the state of the system. They use the theoretic 

results presented in their previous papers to establish the optimality of regular 

policies. B.Hajek has already used this class of policies in the context of optimal 

admission control. The open-loop approach has been used in the optimal admission 

control of queues in a previous paper of the authors.

In the new method, the goal of the control is to minimize the average workload 

or the average waiting time. The solution is based on the concept of multimodularity 

of the expected waiting times and workloads. The objective is to minimize any 

nondecreasing convex functions of the average workload or the average waiting time 

over a control sequence.

They consider the case of a single queue and the case of several queues. They 

investigate different vacation models where some vacation opportunities are presented 

depending on the type of vacations. Vacations can be triggered by service 

completions, by arrivals, in which both the beginning as well as the end of a vacation 

are related to arrival instants. Ending, vacation times can form a renewal process.

We have presented some other works on the subject of the control of a queueing 

system. A common objective is to calculate the mean queue size or the mean waiting 

time in the system. Most of the authors have used a Markovian framework for their
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analysis. E.Altman, Br.Gaujal and Ar.Hordijk use a rather general probabilistic 

framework using however some of the tools of a Markovian setting.

The essence is that there is an important progress through the years in the 

development of the methods for the study of queues. Since the beginning has done, 

the way for progress is easier. The old techniques are rejected or are filled in and new 

ones are introduced. In this point we must always remember that each researcher can 

use the tools and the learning of his age. That’s why there is development through the 

years.
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