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Abstract

In his well-known article Mar-Molinero (1980) used the logis-
tic curve in order to forecast the stock of agricultural tractors in
Spain and introduced an autoregressive error term to model the
effect of “economic influences and government policies” Other
models and methods proposed by Oliver, Meade, Mc Gowan and
Harvey are referred in the bibliography.

In this paper, we apply an alternative method instead in or-
der to cope with the autoregressive errors, that is the addition of
two periodic (sine) functions in the model, which represent the
effects of the economic cycles. The model is estimated by non-lin-
ear regression techniques and its fitting and forecasting accuracy
is compared with those of other models, when possible. It turns
out that this technique is a worthwhile alternative to situations
like the present one.
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INTRODUCTION

Mar-Molinero (1980) used the logistic curve to model the
number (stock) of agricultural tractors in Spain and intro-
duced an autoregressive error term to model the effect of
“economic influences and government policies” which “will
only produce fluctuations about the long term trend” The
data have been the subject of study of many articles and
there are many other references in the literature. Some of the
most important works are the following: Oliver F.R. (1981)
adds an intercept term in the logistic. Meade (1984) fits the
extended logistic (the Bass model as a function of time).
Mc Gowan (1986) fits the General Modified Exponential.
Harvey (1984) suggests a variation of the logistic model em-
ploying difference operations. Meade (1985) proposed the
local logistic in an adaptive form, where parameters were
estimated by the Kalman filter. Oliver R. (1987) developed
a Bayesian model and Gamerman and Migon (1991) devel-
oped a dynamic model with time-dependent parameters.

In this paper we present first the general modified expo-
nential, some extensions of the model and the model identi-
fication method of Gregg’s et al. (1964). Then we review the
identification, estimation, diagnostic checking and forecasts
produced of these models. In the second part we present
the results of fitting the GME with two sine functions added
as suggested by Shearer (1994). The application of this sort
of model requires high-quality optimization procedures for
non-linear least-squares estimation of the parameters. The
program used in this case is the E-Views 3.0. The annual
time series data available for the years 1951 — 1976 (26 obs.)
are shown in Fig. 1.
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Fig. 1. Original Data.
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THE GENERAL MODIFIED EXPONENTIAL (GME)

The General Modified Exponential (generalized logistic),
Gregg et al. (1964) is given by:

y,=al(l+@exp(=b(t —m)))"?

where o = upper asymptote, b = slope parameter, t = m =
point of inflexion and ¢ is a power low parameter.

Special Cases

i) =1 Logistic v, =a/(1+exp(=b(t —m)))

ii) =0 Gompertz  y =aexp (—exp(—b(t—m)))

iii) @ = - 1 Simple Modified Exponential y, = a(l1—exp(~b(t—m)))

wheret=1,2,....., T = time.
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Extensions

A) Adding a constant k to the model we have:

(i) The 5 parameter general modified exponential

(ii) The modified Gompertz

(iii) The modified logistic which is equivalent to the Bass
model (extended logistic) written as a function of time
ie.

y,= (= bexp(—cr)) [(1+d exp(—ct))

For b = 0 we have the logistic and for d = 0 we have the sim-
ple modified exponential.

B) 1% order autocorrelation in the residuals

If y, :f(t)+ u, wherey, = pu, +eand e = iidN(O,G2) we
estimate the model y =py _+f(t)-pf(t-1) where p=
the autocorrelation coefficient.

C) Presence of Economic / Trade cycle(s)
We can add one or two sine functions to the model i.e.

. b1+t . b2+f
=f(t) +a,sin| —— |+a.sin| —=—

a9 L)

where a, is the amplitude, b, the phasing (timing) and (, is
the length of the cycle.

GREGGS ET AL. IDENTIFICATION METHOD

A) Calculation of the Moving Average and the Slope.
MA=(MovingAverageatyeart)=(y, ,+y_ +y,+y,., +Y,,)/5
S=(Slopeatyeart) = (-2y, ,+y,  +y, +2y ,)/10
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B) Examination of the scatter plots.

Compute and plot
against time

If the result oscillates
about a straight line which
is:-

Then the curve
suggested is:-

(MA)

Slope Horizontal Straight Line

Slope At an angle to horizontal | Parabola

Slope/(Moving Horizontal Simple Exponential

Average)

Slope/(Moving At an angle to horizontal |Logarithmic Parabola

Average)

Logarithm of Slope Sloping down to the right | Simple Modified
Exponential

Logarithm of {Slope/ Sloping down to the right | Gompertz

(Moving Average)}

Logarithm of {Slope/ Sloping down to the right | Logistic

(Moving Average)*}

Log(S) - (¢9-1) / (¢ Log | Sloping down to the right | GME

Fig. 2. Scatter plots of: a) Log (S/MA) and b) Log (S/(MA)?).
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where (¢-1) /@ is estimated from the regression:

The scatter plots of a) log (S/MA) and b) log (S/MA?) ver-
sus time are shown in Fig. 2. From these we conclude that
the logistic curve is more appropriate than the Gompertz.
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Note must be made that the observed oscillations around
the regression line must be the effect of the cycle. The least
squares estimate of (¢-1) /¢ is 2.04 also suggesting the Lo-
gistic.

MODEL ESTIMATION

The model parameters were estimated with the non linear
least squares algorithm, which requires initial parameter
values. The estimated parameters of the various models are
shown in Table 1. Note that all parameters are significant
except the constant term.

Table 1. Estimated parameters of various models.

Model Parameters R? SSR | D.W.
Logistic «=52,082| b=0,195 | m=20,041 0,998790 | 4,977 | 0,62
Logistic +AR(1) | a =53,780 | b=0,190 | m = 20,415 p=0,714 0,999343 | 2,571 | 1,33
Logistic + const = - 0,432
«a=0,186 | b=0,186 | m = 20,308 0,998851 | 4,725 | 0,63
const. (t=1,01)
L b = 19,050
Ext. Logistic o =53,720 (t=115) c=0,187 d = 44,204 0,998851 | 4,725 | 0,63
Gompertz a=97,242 | b=0,070 | m =24,125 0,998602 | 5,751 | 0,52
GME a=62,103 | b=0,135 | m =20,772 ¢ =0,514 0,999029 | 3,995 | 0,70
DIAGNOSTIC CHECKING

The residuals from the Logistic and the Logistic + AR(1)
models are shown in Fig. 3. We observe that the residuals
from the model after correcting for 1** order autocorrela-
tion are not very different. This becomes more clear if we
examine the least squares ARMA (1, 0) and ARMA (2, 0)
estimates with the Logistic residuals as the dependent vari-
able. The estimates are:

ARMA (1, 0) ¢, = 6949,
R>=0,466676, SSR=2,63 D.W.=1,29
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ARMA (2,0) ¢, =1,038, ¢, =-0501,

R>=0594857, SSR=1,99 D.W.=1,99

From these results becomes clear that correction for 2™ or-
der autocorrelation must be applied although this is more
difficult.

Fig. 3. Residuals from Logistic and Logistic + AR(1).
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FORECASTING

The forecasts of the Logistic, Logistic + AR(1), GME and
Gompertz models for the period 1977 — 2000 are shown in
Fig. 4.

Fig. 4. Logistic, Logistic + AR(1), G.M.E. and Gompertz fore-
casts.
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ESTIMATION RESULTS OF THE FULL MODEL

The addition of periodic (sine) functions to the model in or-
der to estimate the economic cycle(s) is proposed by Shear-
er (1994). The parameter estimates of the G.M.E. plus 2 sine
functions are shown in Table 2, and can be compared with
those of Table 1. The most important is the low value of the
SSR.

Table 2. Estimation results of the full model.

a = 53,479 b=0,171 m = 19,73 ¢ =0,748
a, = 0,514 b, =N.S.
! ! £ =17%
a, = 0,319 b, = -5,080
’ : £ =1071
R? = 0,999857 SSR = 0,5869 D.W. = 2,36

A plot of the 2 estimated sine functions is shown in Fig.
5. and the sum of these functions together with the original
residuals from the Logistic in Fig. 6.

Fig. 5. Plot of sine functions.
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Fig. 6. Original residuals and sum of sine functions.
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Diagnostic checking

The residuals of this model are shown in Fig. 7. We note
the existence of some outliers which are explained by Mar
— Molinero. Inspection of the a.c. and p.a.c. of these residu-
als shows that they are random but follow also an ARMA
(2,0) process.

Fig. 7. Residuals from full model.
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Forecasting

The forecasts of the full model (assuming that the cycles will
continue) are shown in Fig. 8 together with the forecasts of
the Logistic and Logistic + AR(1) for comparison.

Fig. 8. Forecasts from the Logistic, Logistic + AR(1) and Full
model.
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CONCLUSIONS

The Logistic function is the correct choice in this case. A
constant term need not be included in the model. The cor-
rection for 1** order autocorrelation in the residuals improves
the fitting, but does not solve completely the problem. The
power law coefficient of the general modified exponential is
significant and closer to the 1 than to O i.e. the GME is closer
to the logistic than the Gompertz and it has a better fit.

The addition of the two sine functions to the model ex-
plains most of the variation in the residuals and describes
the economic cycle. Alternatively, it can be used for the fil-
tering of the data. Finally, a significant 2™ order autocorre-
lation remains and its appearance must be examined care-
fully.
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