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ΠΕΡΙΛΗΨΗ 
 

Στην παρούσα διατριβή, διερευνούµε διάφορες τεχνικές για την αποτελεσµατική εφαρµογή 

µεθόδων Εξόρυξης Πληροφορίας σε Χρονοσειρές από µεγάλες βάσεις δεδοµένων. Οι κύριες 

ενέργειες που πραγµατοποιούνται µε την εφαρµογή των µεθόδων αυτών είναι οι εξής: 

συσταδοποίηση, κατηγοριοποίηση, εντοπισµός καινοτοµιών, ανακάλυψη µοτίβων και 

ανακάλυψη κανόνων. Όλες οι ενέργειες αυτές εµπεριέχουν την έννοια της οµοιότητας, αφού 

απαιτούν την αναζήτηση όµοιων προτύπων. Η χρονική διάσταση των δεδοµένων ανακύπτει 

δύο βασικά ζητήµατα τα οποία θα πρέπει να λαµβάνονται υπόψη κατά την αναζήτηση 

οµοιοτήτων. Το πρώτο ζήτηµα είναι η επιλογή ενός κατάλληλου µέτρου οµοιότητας, το 

οποίο θα πρέπει να επιτρέπει τον εντοπισµό όµοιων χρονοσειρών οι οποίες δεν ταυτίζονται 
απαραιτήτως. Το δεύτερο ζήτηµα είναι η αναπαράσταση (µετασχηµατισµός) των 

χρονοσειρών µε στόχο την µείωση της υψηλής διαστατότητάς τους, η οποία είναι σύµφυτη 

σε αυτές.  
Η παρούσα έρευνα εστιάζεται σε µονοδιάστατες και πολυδιάστατες χρονοσειρές.   Στην 

πρώτη περίπτωση, η οµοιότητα αναζητείται σε χρονοσειρές µίας διάστασης, ενώ στην 

δεύτερη περίπτωση η οµοιότητα αναζητείται µεταξύ αντικειµένων κάθε ένα από τα οποία 

ορίζεται από ένα σύνολο µονοδιάστατων χρονοσειρών.   

Οι σηµαντικότερες συνεισφορές της παρούσας εργασίας αναφέρονται στην συνέχεια. 

Πρώτον, προτείνεται µία µέθοδος Εξόρυξης Πληροφορίας σε Χρονοσειρές για την 

Αναγνώριση Προτύπων σε ∆ιαγράµµατα Ελέγχου. Αναδεικνύουµε την ικανότητα των 

µεθόδων Εξόρυξης Πληροφορίας σε Χρονοσειρές στην αντιµετώπιση προβληµάτων τα 

οποία παραδοσιακά προσεγγίζονται µε µεθόδους των οποίων η αποτελεσµατικότητα 

περιορίζεται κάθε φορά στην συγκεκριµένη εφαρµογή για την οποία έχει σχεδιαστεί.  

∆εύτερον, προτείνουµε µία πρωτότυπη αναπαράσταση µονοδιάστατων χρονοσειρών και ένα 

αντίστοιχο µέτρο οµοιότητας µε σκοπό τη βελτίωση της ποιότητας της αναζήτησης 
οµοιοτήτων διατηρώντας την απαιτούµενη αποδοτικότητά της.  

Η τρίτη συνεισφορά της εργασίας αυτής συνίσταται στον προσδιορισµό µίας νέας τεχνικής η 

οποία στοχεύει στην επιτάχυνση της διαδικασίας αναζήτησης του εγγύτερου γείτονα µίας 
χρονοσειράς. Η τεχνική αυτή περιλαµβάνει την αναπαράσταση των αρχικών χρονοσειρών 

και τον διαχωρισµό τους σε ένα πλήθος συστάδων.  

Τέταρτη συνεισφορά αποτελεί η παρουσίαση µίας νέας προσέγγισης στην αναζήτηση 

όµοιων πολυδιάστατων χρονοσειρών. Η προσέγγιση αυτή περιλαµβάνει µία µέθοδο 

αναπαράστασης που βασίζεται στην τεχνική της Ανάλυσης σε Κύριες Συνιστώσες και σε µία 

πρωτότυπη τεχνική µέτρησης της οµοιότητας µεταξύ πολυδιάστατων αντικειµένων.  

Πέµπτον, η παρούσα εργασία παρέχει µία εκτεταµένη βιβλιογραφική ανασκόπηση σε 

µεθόδους Εξόρυξης Πληροφορίας σε Πολυδιάστατες Χρονοσειρές.  

Οι προτεινόµενες µέθοδοι της διατριβής αυτή έχουν αξιολογηθεί πειραµατικά ως προς την 
ποιότητα της αναζήτησης οµοιότητας σε ένα ευρύ πλήθος πραγµατικών και συνθετικών 

δεδοµένων.  
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ABSTRACT 
 

In this dissertation, we investigate various techniques for efficiently applying Time Series 

Data Mining methods in very large databases. The main tasks of these methods are: 

clustering, classification, novelty detection, motif discovery and rule discovery. At the core 

of these tasks lies the concept of similarity, since most of them require searching for similar 

patterns. The temporal nature of data arises two special issues to be considered in the process 

of similarity search. The first one is the definition of an appropriate similarity measure that 

allows imprecise matches among time series. The second issue is the representation of time 

series in order to reduce the intrinsically high dimensionality present in this type of data.  

Our research focuses on univariate, as well as, on multivariate time series. In the first case, 

similarity is sought among one-dimensional time series, whereas in the latter case, similarity 

is sought among objects, which consist of a set of time series.  

There are five major contributions of this work. First, we propose a Time Series Data Mining 

approach in the task of control chart pattern recognition. We demonstrate the capability of 

Time Series Data Mining techniques in handling tasks that traditionally are approached by 

application-specific methods.  

Second, we present a novel representation for dimensionality reduction along with an 

appropriate measure in order to improve the quality of similarity search while retaining the 

required efficiency.  

Third, we propose a new technique that aims at accelerating one-nearest neighbor similarity 

search. This technique involves the application of a representation on the original time series 

and, subsequently, the partition of the search space into a number of clusters.  

Fourth, we present a novel approach in multivariate time series similarity search that 

includes a representation based on Principal Components Analysis and a new technique of 

measuring similarity among multivariate objects.  

Fifth, we provide an extensive literature review of multivariate time series data mining.  

All the proposed methods in this dissertation have been experimentally evaluated on the 

quality of similarity search with respect to a wide range of real-world and synthetic datasets. 
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CHAPTER 1  

 

 

Introduction 

 

 

Technological advances in automated monitoring systems and storage devices have 

facilitated the generation of huge amounts of data in almost every domain such as in 

business, industry, government or medicine. Often, this volume of data remains unexploited, 

since the traditional methods of analyzing data have become inadequate. In the last decade, 

there has been an increasing interest in the Data Mining field, which involves techniques and 

algorithms capable of efficiently extracting patterns that can potentially constitute 

knowledge from very large databases. A special case is when data is in the form of time 

series that is, a collection of observations made sequentially through time. At each time point 

one or more measurements may be monitored corresponding to one or more attributes under 

consideration. The resulting time series is called univariate or multivariate respectively. 

Time Series Data Mining is the field that is comprised by data mining methods adjusted in a 

way that they take into consideration the temporal nature of data. According to the research 

in this field, the main tasks of TSDM methods are: clustering, classification, novelty 

detection, motif discovery and rule discovery. At the core of these tasks lies the concept of 

similarity, since most of them require searching for similar patterns. Although some of these 

tasks are similar to the data mining tasks, the temporal aspect arises two special issues to be 

considered and/or imposes some restrictions in the corresponding applications. First, in most 

of the above tasks, apparently, it is necessary to define a similarity measure between two 

time series. The second issue that arises and interrelates to the selection of a similarity 

measure is the representation of a time series. Since the amount of data may range from a 

few megabytes to terabytes, an appropriate representation of the time series is necessary in 

order to manipulate and analyze it efficiently. The main objective is to reduce the 

intrinsically high dimensionality of time series and thus, deal with the problem of the 

“dimensionality curse” that appears frequently within real world data mining applications. 

The rationale behind this procedure is to reduce the dimensionality of original data by 

representing it in a lower dimension, analyze it in this dimension and, finally, tune the results 

in order to obtain the same solution with one that would have been derived, if the original 

data had been used in the analysis. 
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The core work of this dissertation concentrates on similarity search of univariate and 

multivariate time series [79] [80]. The general objective is to provide methods for efficiently 

applying data mining techniques in very large databases.  

Regarding the univariate case, our research is driven in three directions in order to 

address the issues stated in the previous paragraph. More specifically, we propose a novel 

representation for dimensionality reduction along with an appropriate similarity measure that 

can be tuned according to any specific application [85]. Note that the dimensionality of a 

time series is the number of time points at which it is recorded (i.e. time series length). We 

present a new method that partitions the search space for the purpose of accelerating 

similarity search. The main idea is to identify the most similar time series to a given query 

without necessarily searching over the whole database. Finally, we propose a Time Series 

Data Mining method in a specific task, namely the control chart pattern recognition [78] 

[83]. Our intention is to demonstrate the broad applicability of Time Series Data Mining 

techniques in handling tasks that traditionally are approached by application-specific 

methods. An application (part of our research work) that further demonstrates the broad 

applicability of Time Series Data Mining techniques and relates to meteorological data can 

be found in [145].   

Regarding the multivariate case, our research is also focused on representations and 

similarity measures. A multivariate time series can be considered as a set of time series 

recorded at the same time interval. Contrary to the univariate case, similarity search is sought 

among objects that can be considered as matrices, where columns correspond to individual 

time series (variables) and rows correspond to time instances. Consequently, the problem of 

high dimensionality escalates, since it is not only the dimension that corresponds to the 

length of time series, but also the dimension that corresponds to the number of individual 

time series. Although, we provide an extensive literature review on the case of multivariate 

time series, our work is mainly focused on the application of Principal Component Analysis 

for the purpose of reducing dimensionality. This technique has been widely applied in many 

diverse cases, however, it has not been extensively explored with respect to similarity search. 

We provide a method that includes a novel similarity measure [82] [84] along with an 

appropriate technique for further speeding up similarity search [81].  

All the proposed methods in this dissertation have been experimentally evaluated on 

the quality of similarity search. More specifically, the evaluation methods include 

classification accuracy and precision-recall graphs with respect to a wide range of real-world 

and synthetic datasets.  
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Figure 1.1 presents the areas of research contribution of this dissertation and the 

contributions of each chapter are concisely described below. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.1 Diagram of the areas of contribution of this dissertation 
 

Chapter 2 introduces the various aspects of Time Series Data Mining. We present 

the main tasks that this field involves, such as clustering, classification, novelty detection, 

motif discovery and rule discovery. We discuss the notion of similarity, which is central to 

most of these tasks, and we present in detail two of the most important similarity (distance) 

measures, namely the Euclidean distance and the Dynamic Time Warping. Although the first 

measure has been utilized in the majority of research in this area, it is highly sensitive to 

some “distortions” in the data. For example, two series may be similar in shape but out of 

phase with respect to the time axis. The technique of Dynamic Time Warping allows an 

elastic matching of two series even when they present time misplacements. Another issue 

that is discussed in this chapter is the need for transforming the original time series in order 

to reduce the inherently high dimensionality of time series. For this purpose, many 

representation schemes that have been proposed in the literature are briefly presented. 

Nevertheless, we analytically describe five representations that have been utilized in the 

subsequent chapters, namely Discrete Fourier Transform, Singular Value Decomposition, 

Piecewise Aggregate Approximation, Symbolic Aggregate Approximation and Feature 

Based representation.   

In Chapter 3, we investigate the possible contribution of Time Series Data Mining in 

control chart pattern recognition. The control chart is the primary tool in Statistical Process 

Control that aids in monitoring a process and identifying deviations from its normal 

operating conditions. There are several possible patterns that indicate the existence of 
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specific causes, which lead the process into an out of control state. The objective is to 

automatically recognize and classify a control chart into one of several pre-determined 

patterns. We introduce a Time Series Data Mining approach in control chart pattern 

recognition that is based on Decision Trees. The scope of our work is to indicate the 

flexibility that Time Series Data Mining techniques offer in dealing with tasks that 

traditionally are approached either manually or by application-specific methods. We also 

propose the representation of the original data prior to the construction of the decision tree. 

Two different representations are selected for their different characteristics: the Feature 

Based representation and the Symbolic Aggregate Approximation. Experiments are 

conducted on synthetic datasets taking into consideration many parameters such as noise, 

magnitude of deviations and presence of in-control data.  

Chapter 4 introduces a novel representation (D-PAA) that can be considered as a 

variation of Piecewise Aggregate Approximation. A time series is segmented into a series of 

equal length sections and the corresponding mean and standard deviation are recorded for 

each one of them. The difference with Piecewise Aggregate Approximation is that D-PAA 

takes into consideration not only the central tendency but also the dispersion present in each 

section. We propose an appropriate distance measure under this representation, which 

includes a parameter that assigns different weights to means and standard deviations. This 

setting allows the user to adjust the proposed distance measure according to the 

characteristics of the data under consideration. In addition to that, it is proved that this 

measure lower bounds the Euclidean distance. In this part of the work, extensive experiments 

are conducted on twenty widely utilized datasets in the literature and appropriate 

comparisons are made among several representations and distance measures.   

In Chapter 5, we introduce a new approach to similarity search that reduces the 

search space by applying clustering in a database. The first step is to group time series into 

clusters by applying the k-means method. When the most similar series to a given query is 

required, the search is performed hierarchically starting from the cluster that lies most 

closely to the query. According to the proposed procedure, we may reach the most similar 

series without searching all clusters. Although this approach has been proposed in the 

literature and evaluated for non time series data, in this chapter, we experimentally evaluate 

it in the context of time series. In addition to that, we investigate the effectiveness of 

applying a specific representation scheme before clustering. We select as a representation the 

Piecewise Aggregate Approximation for its simplicity and efficiency. Experiments are 

conducted on fifteen real-world and synthetic datasets covering a wide range of applications.     
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Chapter 6 presents the case of multivariate time series, that is, objects that consist of 

a set of time series being generated at the same time interval. Each time series corresponds to 

a variable that is being recorded through time. For example, suppose that we monitor 

weather conditions in a particular city for one month. If we record the values of more than 

one variable, such as the minimum temperature, the humidity and the wind speed, we 

generate a multivariate time series. The objective is to identify cities that have similar 

weather conditions. In general, this problem is different than the one of univariate time series 

because the dimensionality of an object is defined not only with respect to the length of the 

series but also to the number of variables. To our knowledge, there is no work that reviews 

thoroughly this case. The first objective of this chapter is to provide literature review of 

multivariate time series data mining covering suggested representations and similarity 

measures.  The second objective is to investigate the implications of applying Principal 

Component Analysis in the context of similarity search. This is a well known statistical 

technique that aims at reducing the number of variables while retaining as much as possible 

of the variation (information) present in the original data. We provide a thorough discussion 

on the corresponding representations and similarity/distance measures, as well as, on the pre-

processing phase with respect to the most frequently appeared “distortions” in data.  

In Chapter 7, we introduce a novel approach in multivariate time series similarity 

search that is based on Principal Component Analysis (PCA). This approach utilizes a novel 

distance measure, which is an extension of the Squared Prediction Error, a well-known 

statistic in the Statistical Process Control community. More specifically, we propose to apply 

PCA on every object (multivariate time series) in a database and to retain the appropriate 

information in order to be able to reconstruct the original series as accurately as possible. 

This information may be considered as a model representation that adequately describes the 

original series. For each object in a database, we quantify how well the corresponding model 

representation fits to the query object. Contrary to other PCA-based measures proposed in 

the literature, this measure does not require applying the computationally expensive PCA 

technique on the query. Moreover, we provide a method that further speeds up the 

calculations without affecting substantially the quality of similarity search. According to this 

method, Piecewise Aggregate Approximation is applied on each one of the time series that 

form the query object during the pre-processing phase. This technique segments a time series 

into consecutive sections of equal-width and calculates the corresponding mean for each one. 

The series of these means is the new representation of the original series. In this chapter, we 

also review several PCA-based similarity/distance measures that have been proposed by 

researchers from diverse scientific fields, and we test several of them against our approach.  
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CHAPTER 2  

 

 

Background on Time Series Data Mining 

 

 

2.1 Time Series Data Ming Tasks 

A time series is a collection of observations made sequentially through time. At each 

time point one or more measurements may be monitored corresponding to one or more 

variables under consideration. The resulting time series is called univariate or multivariate 

respectively.  

The Data Mining (DM) field involves techniques and algorithms capable of 

efficiently extracting patterns from large databases that can potentially constitute knowledge. 

Time Series Data Mining (TSDM) is a relatively new field that is comprised by DM methods 

adjusted in a way that they take into consideration the temporal nature of data. According to 

the research in this field, the main tasks of TSDM methods are: query by content, clustering, 

classification, novelty detection, motif discovery and rule discovery [128]. 

Query by content, one of the earliest TSDM tasks that was investigated, involves 

finding the most similar time series in a large database to a query time series [4]. For 

example, given the closing prices of a stock during a specific period, find those stocks that 

showed similar evolvement through time.  

Classification involves assigning a given time series to one of several predefined 

groups (Figure 2.1). The purpose is to find that group, whose time series are the most similar 

to the given one. The task of classification is often referred as supervised classification, in a 

sense that the groups are predefined. A thorough research on relative methods and 

techniques can be found in [61]. 

Clustering refers to the task of finding groups of time series in a database such that, 

time series of the same group are similar to each other, whereas time series from different 

groups are dissimilar to each other. Although clustering constitutes classification, it is 

examined separately because the number of groups (clusters) to be formed is not determined 

a priori. For this reason, the task of clustering is also referred as unsupervised classification. 

A recent survey is provided by Liao [103]. 

The novelty detection task can be defined as follows: find all sections of a time 

series that contain a different behavior than the expected one. Many problems of finding 
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periodic patterns can be considered also as similar problems. Several alternative terms for 

“novelty” have been used, such as, “anomaly”, “interestingness” and “surprising” to name a 

few. The techniques that have been proposed rely heavily on the definition of the term 

“novelty”. One approach is to consider as novel any unexpected pattern with respect to the 

change in variation of data [37] [135], whereas another approach is to take into consideration 

the change in the frequency with which a pattern appears [89]. 

 

Classify this time series 

 

 

 

to one of the three classes 

 

Figure 2.1 A classification example 

 

Motif discovery refers to detecting previously unknown repeated patterns in a time 

series database (Figure 2.2). These discovered motifs can also be utilized in a preprocessing 

step of another TSDM task such as in clustering by determining initial cluster 

representatives.  Motif discovery is a well-known task in the bioinformatics community but 

only recently attracted the interest of the data mining community [104]. 
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Figure 2.2 A motif example 
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Rule discovery aims at inferring rules from one or more time series, which describe 

the most possible behavior that they might present at a specific time point (or interval). In 

other words, these rules describe the way that several patterns correlate to each other. An 

example of such a rule could be: when the mean temperature in the city of Thessaloniki 

remains above 38
0
 for five consecutive days, it is highly possible that a heavy thunder will 

occur in the city of Veroia after one day. These patterns can be predefined by expert 

knowledge or can be derived by applying another TSDM task, such as clustering [35]. 

 

2.2 Time Series Data Mining Issues 

At the core of all the TSDM tasks described in the previous Section lies the notion of 

similarity. Two time series can be considered similar when they exhibit similar shape or 

pattern. The presence of noise demands allowing imprecise matches among sequences. 

Consequently, it is necessary to define an appropriate similarity measure, since the notion of 

similarity involves a degree of subjectivity that might affect the final result. Most often, this 

measure constitutes a distance measure, that is, it measures how dissimilar two time series 

are. A further discussion on similarity measures is provided in Section 2.4. 

Another important issue that arises from the temporal nature of data is the intrinsic 

high dimensionality, which affects substantially the efficiency of data mining techniques.  

When the time series under consideration are univariate, the dimensionality refers to their 

length. For example, a sequence of length 100 can be considered as an instance of 100 

attribute values. High dimensionality affects the calculation speed of similarity measure 

among series and, moreover, prohibits the construction of an efficient indexing structure. 

Suppose that there is a query for which the most similar sequence in a database is to be 

found. This search can be performed by either sequentially scanning the database or by 

indexing the database for the purpose of accelerating the search. However, when the 

dimensionality increases, indexing performance deteriorates and eventually reduces to 

sequential searching. This phenomenon is known as the dimensionality curse. It has been 

shown experimentally that this effect may occur for as few as 10-15 dimensions [18]. 

Consequently, both sequential scanning and indexing require performing a dimensionality 

reduction technique in order to speed-up calculations.   

Indexing approaches are mostly influenced by the pioneer work of Agrawal et al. [4] 

and generalized by Faloutsos et al. [44]. The emerged framework from these papers, referred 

as GEMINI, can be summarized in the following steps [45]: 

1. extract k essential features from the time series   

2. map into a point in k-dimension feature space 
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3. organize points with off-the-shelf spatial access method (‘SAM’) 

4. discard false alarms 

The rationale behind this procedure is to reduce the dimensionality of original data 

by representing it in a lower dimension, analyze it in this dimension and, finally, tune the 

results in order to obtain the same solution with one that would have been derived, if the 

original data had been used in the analysis. The first and second step suggests the application 

of a representation scheme in order to reduce the dimensionality. However, this 

representation should guarantee that there will not be any false dismissals. This property, 

known as Lower Bounding Lemma, can be described as follows. 

Suppose that 
1
t  and 

2
t  are two time series that need to be investigated for similarity 

and R  denotes a representation scheme. Given a distance function D  between two time 

series 
1
t  and 

2
t , R  should satisfy the following property in order to guarantee no false 

dismissals: 

 
1 2 1 2

 , R(t    , tD( R( t ) )) D( t )≤  (2.1) 

This property states that the distance measure in the k-dimension feature space 

should lower bound the corresponding distance measure in the original space.  

The third step is an open selection. Two of the most common indexing structures are 

the R-trees [58] and the vp-trees [20] [150].  

Finally, the fourth step is a consequence of the fact that this approach introduces 

false hits in the results that need to be discarded in a post processing phase. Besides the 

Lower Bounding Lemma, it is important for the representation to lower bound the true 

distance as tightly as possible. That is, the distance measure in the k-dimension feature space 

should be as close as possible to the corresponding distance measure in the original space in 

order to reduce the number of false hits and consequently the post-processing time.       

Apparently, similarity measures and representation schemes are interrelated to each 

other and play an important role in efficiently applying any time series data mining task.  

 

2.3 The Pre-processing Phase 

As it was mentioned in the previous Section, two time series can be considered similar when 

they exhibit similar shape or pattern. However, prior to define a similarity measure, a 

clarification of what constitutes similar shape or pattern should be provided with respect to 

the corresponding application. Two main distortions that should be taken into consideration 

are the vertical shift and the amplitude scaling. For example, the time series in Figure 2.3 
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seem to exhibit a similar pattern.  However, the first one (solid line) is vertically shifted 

(upward) with respect to the second one (dotted line). In addition to that, they differ in 

amplitude scaling, that is in the magnitude of their fluctuations. If a specific application 

considers them as similar, these two distortions should be eliminated, prior to computing a 

similarity measure. Vertical shift can be eliminated by subtracting the mean value of the time 

series from each one of its individual values (Figure 2.4). Scaling can be eliminated by 

dividing each value of the time series by its standard deviation (Figure 2.5).  
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Figure 2.3 Time series of similar shape, but with different vertical shift 

and amplitude scaling 
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Figure 2.4 Time series adjusted to vertical shift (  xi ,new i,oldx X= − ) 
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Figure 2.5 Time series adjusted to amplitude scaling ( i ,new i ,old Xx x / s= ) 
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According to human intuition, both of these two adjustments are required in most of 

the cases. In this case, the transformation that is needed is expressed in the following 

equation: 

 
i ,old

i ,new

X

x X
x

s

−
=  

where, X  and 
X

s  are the mean and  the standard deviation of the time series values 

respectively (Figure 2.6).   

 

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

0 5 10 15 20 25 30 35

 

Figure 2.6 Time series adjusted to both vertical shift and amplitude 

scaling (
i ,new i,old Xx ( x X ) / s= − ) 

 

 
2.4 Similarity Measures 

 

2.4.1 Characteristics of Similarity Measures 

The definition of novel similarity measures has been one of the most researched 

areas in the TSDM field. Most of the times these measures are referred as distance measures, 

since they constitute distance functions, which represent a way of quantifying the closeness 

of objects. When the objects under consideration are time series, such functions must be 

capable of a) efficient computation, b) managing time series of different lengths, c) handling 

outliers and d) representing similarity as close to human intuition as possible.  

A distance function can be either metric or non-metric. A distance function d defined 

on a domain of objects D is called metric, when it holds all of the following properties: 

• Non-negativity  D, d(x,y) 0x, y∀ ∈ ≥  

• Symmetry  D, d(x,y)=d(y,x)x, y∀ ∈  

• Identity   D, x=y d(x,y)=0x, y∀ ∈ ⇔  

• Triangle Inequality D, d(x,z) d(x,y)+d(y,z)x, y,z∀ ∈ ≤  
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The distance function is considered as non-metric, when any of the above properties 

is violated.  

Within TSDM context, metric distances are important, mainly, because of the 

triangular inequality that allows easier indexing and more efficient calculations. For 

example, suppose that there are three time series X , Y  and Z  and a query Q  for which the 

most similar time series is to be found among them. Let assume that the distances among X , 

Y  and Z  are known (Table 2.1). 

 

Table 2.1 Distances between three time series 

d  X  Y  Z  

X   20 30 

Y    10 

Z     

 

First, the distance between Q  and X  is calculated ( 80d( Q,X ) = ) and X  becomes 

the closest series to Q . Then, the distance between Q  and Y  is calculated ( 100d( Q,Y ) = ) 

and X  remains the closest series to Q . According to the triangular inequality the following 

inequality should hold: 

 100 10 90d( Q,Y ) d( Q,Z ) d( Z ,Y ) d( Q,Z ) d( Q,Y ) d( Z ,Y )≤ + ⇒ ≥ − = − =  

As it is shown in the above equation, the distance between Q  and Z , although 

unknown, cannot be less than the smallest so far distance (80). Thus, it is not required to 

retrieve time series Z  and calculate its distance from Q . In large databases, this property 

may result in a substantial improvement in computational efficiency.    

Another approach in speeding up the calculations of a distance measure and/or 

dealing with the violation of the triangular inequality is lower-bounding. In Section 2.2, the 

Lower Bounding Lemma has been described as a desirable property of a representation 

scheme. Regarding distance measures, this concept refers to a function that lower bounds the 

original measure (Eq. 2.2) and its computation is much faster.   

: X ,Y lower _ bound _ function( X ,Y ) original _ dis tance _ measure( X ,Y )∀ ≤  (2.2) 

According to this approach, the lower-bounding function is calculated between two 

series. If this distance is larger than the “best so far” distance, it is not necessary to calculate 

the original distance, since the latter will also be larger than the “best so far”. Hopefully, 
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there will be few calculations of the original distance measure, which is much slower than 

the lower-bounding one.   

  

2.4.2 Euclidean Distance 

In the TSDM field, most of the researchers select the Euclidean distance as the 

distance measure between two time series. More specifically, for two univariate time series  

 
1 2 n

X x ,x , ,x= �  

 
1 2 n

Y y ,y , , y= � , 

the Euclidean distance is defined as follows: 

 

1

22

1

n

i i
i

D( X ,Y ) ( x y )
=

 
= − 

 
∑ . 

In the case where the time series X and Y are multivariate, that is 

 
1 2i i i im

x x ,x , ,x= �  

 
1 2i i i im

y y , y , , y= � , 

the Euclidean distance is generalized as follows: 

1

22

1

n

i i
i

D( X ,Y ) x y
=

 
= − 

 
∑ where, 

1

22

1 1
1

m

i i i i
i

x y ( x y )
=

 
− = − 

 
∑ . 

The Euclidean distance belongs to the family of the 
p

L  norms, which defined as 

follows: 

 

1

1

n pp

p i i
i

L ( X ,Y ) x y
=

 
= − 

 
∑ . 

When 1p = , it is called the Manhattan or city-block norm, whereas when 2p = , it is the 

Euclidean norm. Yi and Faloutsos [161] present a novel and fast indexing scheme when the 

distance function is any of the arbitrary 
p

L norms ( 1 2p , , ,= ∞� ). 

The main advantages of the Euclidean distance are the following: 

• It constitutes a metric, and thus, it   satisfies   the triangular inequality. 
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• It can be efficiently computed. 

• It is preserved under transformations that may be applied on the original data, such as the 

Discrete Fourier Transform or the Discrete Wavelet Transform. 

In several applications, however, the effectiveness of this metric may deteriorate due 

to the following reasons. 

• It is not defined on series of unequal length. 

• It is not robust to outliers and noise. 

• It does not take into consideration the different rate with which two series evolve 

through time (locally or globally).  

 

2.4.3 Dynamic Time Warping 

Many real world applications require searching for similar time series, which evolve 

with different rates through time. For example, two persons may read the same text with 

different speed or the closing prices of two stocks may evolve similarly within a time period 

of different duration. Contrary to the Euclidean distance (Figure 2.7), the Dynamic Time 

Warping (DTW) distance takes into consideration the different rate with which two time 

series evolve by locally compressing or decompressing them (Figure 2.8). This distance has 

been utilized in many applications from diverse scientific fields such as, in cardiology [152], 

speech recognition [126] and bioinformatics [1], to name a few.   

Berndt and Clifford [16] introduced the DTW technique in the Data Mining field and 

presented the dynamic programming approach in calculating the corresponding distance. A 

description of this technique is provided below. 

Suppose that there are two time series X  and Y , of length m  and n  respectively: 

 
1 2 m

X x ,x , ,x= �  

 
1 2 n

Y y ,y , , y= �  

DTW aims at finding an alignment of the two series, which minimizes a distance 

function between them. Contrary to the Euclidean distance, DTW may map two elements 

that correspond to different time points and calculate their distance. An element of one series 

may map to more than one elements of another series, resulting to compression or 

decompression in time. Any possible alignment is called a warping path (W ) and is subject 

to the following three constraints:  
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Figure 2.7 Euclidean distances between two time series 
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Figure 2.8 DTW distances between two time series 

 

1. Monotonicity. The points in a warping path 
1 2 p

W w ,w , ,w= �  are monotonically ordered 

with respect to time, that is, for consecutive pairs 
k kk i j

w ( x , y )=  and 
1 11 k kk i j

w ( x , y )
− −− = , the 

following relations should hold:  

 
1

0
k k

i i −− ≥  and 
1

0
k k

j j −− ≥  

2. Continuity. The allowable steps in a warping path 
1 2 p

W w ,w , ,w= �  are restricted to 

neighboring points, that is,  for consecutive pairs 
k kk i j

w ( x , y )=  and 
1 11 k kk i j

w ( x , y )
− −− = , the 

following relations should hold:  

 
1

1
k k

i i −− ≤ and  
1

1
k k

j j −− ≤  

3. Boundary conditions. The endpoints in a warping path 
1 2 p

W w ,w , ,w= �  are forced to be  

 
1 1 1

w ( x , y )=  and 
p m n

w ( x , y )=  



  29 

The first step in DTW technique is the construction of an n m×  matrix where the 

(
th

i ,
th

j ) element of the matrix contains the cumulative distance γ( i, j ) , which is defined by 

the following recurrence relation: 

 [ ]γ γ 1 1 γ 1 γ 1( i, j ) d( i, j ) min ( i , j ), ( i , j ), ( i, j )= + − − − −  (2.3) 

where 
i j

d( x , y )  is a metric distance. This cumulative distance is the sum of the distance 

between current points and the minimum of the cumulative distances of the neighboring 

points.  

During the second step the optimal warping path is determined by moving 

backwards in the table and choosing the previous points with the lowest cumulative distance. 

 

Example: Suppose that the DTW distance is required for the two time series X  and Y  

presented in Table 2.2. For simplicity, the selected distance between two elements of the 

time series is their absolute difference 
i j i j

d( x , y ) x y= − . 

 

Table 2.2 An example of two time series 

X  20 40 60 70 80 60 40 20 

Y  10 30 40 50 40 30 10  

 

The first step is to construct the table of the corresponding cumulative distances 

(Table 2.3), by applying the recursive relation (Eq. 2.3). The computation starts from the 

lower left corner and ends at the upper right corner of the table where the optimal distance 

lies. Then, the optimal warping path is found by moving backwards and choosing the 

previous points with the lowest cumulative distance. Table 2.4 shows the alignment of the 

two series and the distances between their corresponding points. This alignment is also 

presented graphically in Figure 2.9. 

The main advantage of DTW is that it allows acceleration and/or deceleration of a 

series along the time dimension. In addition to that, it can be defined on series of unequal 

length. On the other hand, DTW does not constitute a metric, because it does not satisfy the 

triangular inequality and moreover, it involves heavy computation cost. Research has been 

focused on improving the efficiency by providing a lower bounding distance measure [132], 

imposing global constraints on the warping path [67] [131], or by indexing [92] [162]. 
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Keogh and Ratanamahatana introduced a novel technique for the exact indexing of DTW in 

[90]. 

 

Table 2.3 The cumulative distances between two time series 

 7 110 70 90 120 160 160 130 110 

 6 100 40 60 90 110 120 100 100 

 5 90 30 50 60 90 100 90 110 

Y  4 70 30 30 50 80 90 100 130 

 3 40 20 40 70 110 130 130 150 

 2 20 20 50 90 140 170 180 190 

 1 10 40 90 150 220 270 300 310 

 time 1 2 3 4 5 6 7 8 

     X      

 

Table 2.4 The alignment of two series and the distances between their corresponding 

points 

X
t  1 2 2 3 4 5 6 7 7 8  

X  20 40 40 60 70 80 60 40 40 20  

Y
t  1 2 3 4 4 4 4 5 6 7  

Y  10 30 40 50 50 50 50 40 30 10  

Distances 10 10 0 10 20 30 10 0 10 10 110 
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Figure 2.9 The alignment of two series and the distances between their 

corresponding points 
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2.4.4 Additional Similarity Measures 

DTW and Euclidean distance are the most frequently chosen approaches in 

measuring similarity among time series. However, there are many other proposed measures 

in the literature. One important measure is the Longest Common Subsequence (LCSS), 

which is a variation of the Levenshtein or Edit distance [98]. Intuitively, LCSS approach 

matches two sequences by allowing them to stretch, without rearranging the sequence of the 

elements but allowing some elements to be unmatched [150]. The distance measure is 

defined as the length of the matched subsequence [35] [160]. Agrawal et al. [6] define two 

sequences as similar when they have enough, non-overlapping, time-ordered pairs of 

subsequences that are similar. The main advantage of this measure is that it allows elastic 

matching in time, as DTW does, and furthermore it is robust to outliers, since it allows 

elements to remain unmatched. One disadvantage is that it requires specifying the value of a 

parameter, which expresses the matching threshold between two elements.     

Probabilistic approaches (probabilistic generative modeling) to measuring similarity 

have been also proposed [52] [77]. Here, similarity between two sequences S and S΄ is 

measured by calculating the likelihood that S΄ is generated from a model, which was 

constructed from S. Markov models have been utilized and experimented.   

Furthermore, there is the expected contribution to defining similarity measures by 

papers that propose novel representation schemes for the purpose of dimensionality 

reduction, since these two tasks are interrelated to each other. For instance, some 

representation-specific measures are provided for in [104] [110]. 

Gunopoulos and Das [57] provide a thorough tutorial on similarity measures 

whereas Keogh and Kasetty [88] provide classification results by implementing 11 different 

distance measures on two datasets.  

 

2.5 Representations 

As it was described in Section 2.2, it is necessary to apply a representation scheme 

on data, mainly for the purpose of reducing the intrinsically high dimensionality of time 

series. In many cases also, the objective is to take advantage of the specific characteristics of 

a representation that make specific methods applicable (i.e. inducing rules, Markov models).  

A representation may be considered as a transformation technique that maps a time 

series from the original space to a feature space, retaining the most important features. Since 

the distance measures are applied on the feature space, a representation scheme should 

guarantee that:  

1. there would be no false dismissals (two similar series declared as dissimilar)  
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2. the number of false hits (two dissimilar series declared as similar) will be minimized 

3. the dimensionality reduction will be substantial 

There have been several time series representations proposed in the literature, 

mainly for the purpose of reducing the intrinsically high dimensionality of time series. A 

hierarchy of various time series representations is presented in a tree diagram in [104]. In the 

following subsections, a discussion of some commonly used representations is provided.  

 

2.5.1 Discrete Fourier Transform 

Discrete Fourier Transform (DFT) was one of the first representation schemes 

proposed within data mining context [4]. DFT transforms a time series from the time domain 

into the frequency domain by expressing the time series as a linear combination of 

trigonometric functions (i.e. sines and cosines).  

The n-point DFT [120] of a signal , 0  1   1 
t

x t , , ..., n= −    is defined to be a 

sequence 
f

X 
   of n complex numbers given by: 

2π
1

0

1
  

j ft
n

n

f
t

X x( t ) e
n

−
−

=

= ∑ , 0  1  1f , ,..., n= −  

where f  is the frequency, 
f

X  is the corresponding Fourier coefficient and j  is the 

imaginary unit 1j = − . Note that 
0

X  is a real number. 

Given the Fourier coefficients, the original series can be completely recovered by 

applying the Inverse Fourier Transform: 

2π
1

0

1
   

j ft
n

n

t f
f

x X e
n

−

=

= ∑ 0  1  1t , ,..., n= −  

The main importance of DFT is that the reconstruction of the original series based 

only on a few coefficients can be very accurate in many cases. This is the fact that makes 

DFT an important dimensionality reduction technique. As an example, for a time series of 

length 64, DFT generates 64 complex numbers. If 4 of them are considered to be important 

and retained, the transformed series is expressed by 8 numbers (the corresponding real and 

imaginary parts). This would result in a dimensionality reduction of 87.5%. 

Another important property of DFT is that it preserves the Euclidean distance in the 

frequency domain according to Parseval’s Theorem. 
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Theorem 2.1 (Parseval): If X  is the Discrete Fourier Transform of a sequence x , then the 

following holds: 

1 1 22

0 0

n n

t f
t f

x X
− −

= =

=∑ ∑
 

1 1 22

0 0

n n

t t f f
t f

x y X Y
− −

= =
− = −∑ ∑

 

This means that the Euclidean distance between two series in the time domain is the 

same as their Euclidean distance in the frequency domain. Thus, by retaining only a few (k) 

coefficients, the Euclidean distance in the frequency domain lower bounds the Euclidean 

distance in the time domain (Eq. 2.4).  

 
1 22

0 0

  where 
n k

t t f f
t f

x y X Y k n
−

= =
− ≥ − <∑ ∑  (2.4) 

This fact implies that the lower bounding Lemma (Section 2.2) is satisfied and thus 

this representation guarantees that there will be no false dismissals. The choice of which k 

coefficients to retain relies on the shape of the time series (random walk, periodicity etc.). 

Most of the researchers [4] [44] [127] choose the first k coefficients, whereas others choose 

the largest k coefficients [150]. 

Finally, an example of how DFT representation may reconstruct a time series is 

presented in Figure 2.10. The term reconstruction refers to the case where a time series is 

approximated by a representation scheme.  
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Figure 2.10 An example of how DFT representation reconstructs a time series for various 

number of retained coefficients 

 

2.5.2 Singular Value Decomposition 

The Singular Value Decomposition (SVD) is a powerful technique of Linear 

Algebra, and it has been used in many diverse fields, such as in statistics [71], in text 

retrieval [17], and in gene expression analysis [153], to name a few. 
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The intuition behind SVD is provided with the following example. Suppose that 

there is a 5 2×  matrix X .  

4 1 5

3 2

3 5 3 5

5 4 5

5 5 3

.

X . .

.

.

 
 
 
 =
 
 
    

Each row can be represented graphically as a point in a 2-dimensional space 

(Figure 2. 11a). SVD transforms X  by rotating the original axes 
1

X  and 
2

X  and deriving a 

new set of axes 
1

Y  and 
2

Y , which are called components (Figure 2. 11b). The rotation is 

performed in such a manner that the first axis (
1

Y ) will account for the largest portion of 

variance present in the data, while the second one (
2

Y ) will account for the largest portion of 

the remaining variance subject to being orthogonal to the first one.  

The SVD theorem states that a m n×  real matrix X  can be expressed in the 

following form: 

T

m n m m m n n n
X U S V× × × ×= ⋅ ⋅  

where S  is a diagonal matrix that contains the singular values; the matrices U  and V  are 

orthonormal and their columns are the left and right singular vectors respectively. 
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Figure 2. 11 The graphical representation of a time series (a) and the corresponding 

SVD rotation of the original axes (b) 

 

Without loss of generality, it is assumed that the singular values are sorted in non-

increasing order. Geometrically, these values provide the importance of each component 

(axis) with respect to the amount of the variation that explains. The square root of a singular 

X2 

X1 

Y2 

Y1 

X1 
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value (i.e the eigenvalue), is proportional to the variance that the corresponding axis 

explains. The matrix V  provides information about the direction of the components in 

correspondence to S  matrix. More specifically, the first column of V  provides the direction 

of the first most important component, which corresponds to the greatest singular value. 

Accordingly, the second column provides the direction of the second most important 

component and so on. The matrix U S⋅  provides the coordinates on the new set of axes 

(components). 

Within TSDM context, the matrix X  consists of all the time series data. Hereafter, it 

is assumed that each row corresponds to a time series and each column corresponds to a 

specific time instance. SVD is applied on the whole dataset and the transformed values U S⋅  

are provided by multiplying X  by V : 

m n n n m m m n
X V U S× × × ×⋅ = ⋅  

Until now, there has not been any dimensionality reduction, since the transformed 

values form a matrix of the same dimensions as X  ( m n× ). In order to achieve 

dimensionality reduction, the k  most important components should be retained ( k n� ) and 

the original data should be projected on these axes. Since SVD determines those axes that 

describe the variation in data in an optimal way, the approximation is expected to be 

adequate for further analysis. The SVD representation will result in a m k×  matrix: 

m n m k
X V× ×⋅  

Following the previous example, the matrix X  can be decomposed as follows: 

4 1 5 0 3528 0 6225 0 1798 0 0659 0 6719

3 2 0 3077 0 0567 0 6317 0 7088 0 0245

3 5 3 5 0 4165 0 4808 0 6380 0 4229 0 0976

5 4 5 0 5703 0 4524 0 3738 0 5503 0 1658

5 5 3 0 5312 0 4164 0 1477 0 1075 0 71

. . . . . .

. . . . .

. . . . . . .

. . . . . .

. . . . . .

− − 
  − − − − 
  = − − − −
 

− − − − 
  −  48

11 7139 0

0 1 7418
0 8165 0 5773

 0 0
0 5773 0 8165

0 0

0 0

T

.

.
. .

. .

 
 
 
  ⋅
 
 
  

 
 
  − 
 ⋅ ⋅  − −   
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In order to reduce the dimensionality of the matrix X , only the first ( 1k = ) 

component is retained out of two ( 2n = ), and the corresponding SVD representation is 

obtained as follows: 

5 2 2 1

4 1.5 4.1321

3 2 3.6042
0.8165

X V 3.5 3.5 4.8784
0.5773

5 4.5 6.6805

5.5 3 6.2228

× ×

−   
   −   − 
   ⋅ = ⋅ = − −     −   
   −   

 

The original matrix X  can be reconstructed approximately by retaining only the 

first component as in Eq. 2.5.  

Similarly to DFT representation, the lower bounding Lemma (Section 2.2) is 

satisfied and this representation guarantees that there will be no false dismissals. Moreover, 

SVD is the linear transform that minimizes the reconstruction error [77] [127]. Graphical 

examples of reconstructions for various values of k  are shown in Figure 2.12. 

On the other hand, the main disadvantage of SVD is that it is data dependent, 

meaning that it is required to have historical data, since SVD is applied on whole datasets 

and not on individual time series. Practically, each time a new series arrives, SVD is applied 

on the whole dataset augmented by this series. Another disadvantage is that it is 

computationally expensive with complexity of 
2

O( mn )  in time. It is worth noting however 

that several enhancements of SVD-based representation have been proposed for an efficient 

similarity search in large databases [77] [94].   

5 2 5 5 5 1 2 1

0 3528 0 6225 0 1798 0 0659 0 6719

0 3077 0 0567 0 6317 0 7088 0 0245
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T
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. . . . .
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. . . . .
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(2.5) 
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The final issue to be discussed relates to the number ( k ) of components to be 

retained. There are several criteria for determining the value of k , such as the scree graph or 

the cumulative percentage of total variation [71]. According to the latter criterion, one could 

select that value for k , for which the first k  components retain more than a predetermined 

proportion (e.g. 90%) of the total variation present in the original data. 
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Figure 2.12 An example of how SVD representation reconstructs a time series for various 

number of retained components 

 

 

2.5.3 Piecewise Aggregate Approximation 

The Piecewise Aggregate Approximation (PAA) is a very simple dimensionality 

reduction technique that was proposed independently by Keogh et al. [77] and Yi and 

Faloutsos [161]. The PAA technique segments a time series of length n into k consecutive 

sections of equal-width and calculates the corresponding mean for each one. The series of 

these means is the new representation of the original data.  

More formally, a time series 
1 2 n

X x ,x , ,x= �  can be represented by a 

series
1 2 k

X x ,x , ,x=� � , where:  

1 1

n
i
k

j
n

j ( i )
k

i

x

x
n

k

= − +
=

∑

 

The quantity n / k  expresses the number of points that each section consists and it is 

assumed that it is an integer. 

PAA is simple, fast to calculate and it has been shown empirically that it is as 

efficient as other approaches. Moreover, it can handle time series of different lengths [77]. 

Regarding the lower bounding Lemma (Section 2.2), the Euclidean distance it is provably 

lower-bounded by the following distance in the reduced space: 
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( )2

1

k

i i
i

n
D( X ,Y ) x y

k =

= −∑� �  

Similarly to the previous representations, PAA involves the determination of the 

parameter k . Since it is desirable to have a representation that copes with the dimensionality 

curse, this parameter should not take a value much greater than 15 (Section 2.2).  When 

1k = , the time series is mapped to its mean value, whereas when k n= , it remains 

untransformed. An example of PAA representation for 5k = and 10k = is shown in  

Figure 2.13. 
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(b) k=10 

Figure 2.13 An example of how PAA representation reconstructs a time series for various 

number of sections 

 

2.5.4 A Feature Based Representation  

A different approach in representation is the extraction of global features from the 

time series. In this case, a time series is represented by a feature vector. For example, Alcock 

and Manolopoulos [7] proposed the use of statistical features in similarity search and they 

experimented with first-order and second-order features in order to determine their 

corresponding effectiveness. In a continuing work, Nanopoulos et al. [117] investigate 

further the use of statistical features in time series classification in conjunction with a multi-

layer perceptron neural network. In their work, the original time series 
1 2 n

X x ,x , ,x= �  of 

length n  is represented by a feature vector of length 8. The first 4 features are the mean 

value (µ), the standard deviation (σ), the skewness (SKEW) and the kurtosis (KURT), which 

are defined in the following equations:  

1µ

n

i
i

x

n

==
∑
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The next 4 features are extracted by calculating the same statistical measures on the 

transformed time series:   

   1
t t D t

x ( x x ), t n D+′ = − ≤ ≤ −  

where D is a user-defined parameter. 

These are statistical measures, which attempt to describe a time series with respect to 

the central tendency and dispersion of its values along with the shape of their distribution.  

This approach is simple, fast to calculate and capable of dealing with noise and 

series of different length. However, the fact that the extracted features are global may be a 

drawback in specific datasets. In addition to that, it has been tested only in conjunction with 

a multi-layer perceptron neural network and in the context of control chart pattern 

recognition. In Chapter 4, this feature-based representation will be further investigated and 

tested in several diverse datasets. 

 

2.5.5 Symbolic Aggregate Approximation 

Lin et al. [104] proposed a representation of time series, called Symbolic Aggregate 

approXimation (SAX) that achieves dimensionality reduction and handles streaming data 

efficiently. The symbolic nature of the representation allows the application of methods and 

data structures appropriate for discrete data, such as Decision Trees. Last but not least, a 

similarity measure can be defined that lower bounds a distance measure defined on the 

original time series. The procedure that SAX method proposes is as follows. First, the time 

series is normalized to have a mean of zero and a standard deviation of one. Second, the time 

series is transformed further by applying Piecewise Aggregate Approximation (Section 

2.5.3). Third, taking advantage of the fact that the transformed series follows the normal 
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probability distribution, each element is mapped to a symbol using the properties of this 

distribution. The user must assign a value in a parameter a , which defines the alphabet size 

(number of symbols to be used). Then, the area under the normal curve is divided into a  

areas of equal size (meaning that the corresponding probabilities will be equal for each 

symbol) and each one of them is assigned to a symbol [39]. Finally, an element of the series, 

which falls into an interval that corresponds to a specific area, is mapped to the area’s 

symbol (Figure 2.14).  

time

 

Figure 2.14 The SAX representation of a time series for an alphabet size equal to 4 

 

2.5.6 Additional Representations  

There is a wealth of representation schemes proposed in the literature, the detailed 

description of which is beyond the scope of this thesis. In this section, a brief description of 

some additional representations, which are either frequently used or recently proposed, is 

provided. 

Discrete Wavelet Transform (DWT) transforms a time series into the time/frequency 

domain by decomposing it into a series of wavelet basis functions. The linear combination of 

these functions constitutes the original series and the corresponding (wavelet) coefficients 

constitute the DWT representation.  A significant dimensionality reduction is achieved by 

retaining only the first few coefficients, which hold the most significant information of the 

original series. Contrary to Discrete Fourier Transform (DFT), DWT determines not only the 

important frequencies of a time series, but also the time locations where they occur [27] 

[158]. This property allows the investigation of long segments with low resolution and short 

segments with high resolution. Thus, DWT analysis provides multi-resolution results, 

meaning that it provides all the analyses from coarse to fine resolution. This procedure is 

similar to cartography, where choosing a large-scale, the resolution is high and vice versa. 

a 

b 

c 

d 

X 

PAA 

X is represented by aabdc 
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Although there are lot wavelet transformations, such as Daubechies, Coiflets etc, Haar 

wavelet is the most widely used in the data-mining community, due to its simplicity and 

effectiveness. A comparative study on different wavelets can be found in [123] and 

applications within Data Mining context in [102]. 

Another approach is to represent a time series as a sequence of real-valued functions 

[136]. In the simplest case, called Piecewise Linear Approximation (PLA), a time series is 

approximated by a sequence of linear segments [101]. According to this approach, there are 

three basic decisions to be made; the number of segments, the function that generates the 

linear segments and the corresponding algorithm. The number of segments may be user-

specified or algorithmically determined with respect to minimization of some error function. 

Linear segments may be generated by either interpolation or linear regression. Finally, there 

is a wealth of segmentation algorithms, which can be grouped into three approaches, namely 

the Sliding Window, the Top-Down and the Bottom-Up. An extensive review of 

segmentation algorithms, in the context of Time Series Data Mining, can be found in [88]. 

Chakrabarti et. al [26] proposed Adaptive Piecewise Constant Approximation 

(APCA), which constitutes a significant variation of Piecewise Aggregate Approximation 

(PAA). As it was described in Section 2.5.3, the PAA technique segments a time series of 

length n into k consecutive sections of equal-width and calculates the corresponding mean 

for each one.  The variation in APCA is that these sections are allowed to have arbitrary 

lengths. The transformed series consists of the mean values and the lengths of the 

corresponding sections. In comparison with PAA, APCA has the advantage of representing a 

long section of low activity by one segment and a short section of high activity with more 

than one segment. On the other hand, PAA has the advantage of representing a series by 

twice as many segments, since it retains only the mean value for each segment. 

A broad class of time series representations involves symbolic representations. 

Persist [115] is a new unsupervised discretization method of time series, which results into a 

sequence with symbols that retain their temporal aspect. This method requires that the time 

series does not change behavior fast and does not contain a long-term trend. The basic idea 

of this approach is that a time series is a sequence of states generated by an underlying 

process. Persist is based on the Kullback_Leibler divergence between the marginal and the 

self-transition probability distributions of the states (the discretization symbols) in order to 

discover these states. In [9] the affects of clipping original data on the clustering of time 

series is assessed. Each point of a series is mapped to 1 when it is above the population mean 

and to 0 when it is below. This representation is called clipping and has many advantages 

especially when the original series is long enough. It achieves adequate accuracy in 
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clustering, it efficiently handles outliers and it provides the ability to employ algorithms 

developed for discrete or categorical data. The authors evaluate the effects of this 

representation on clustering. Another novel dimensionality reduction technique, called 

Piecewise Vector Quantized Approximation (PVQA), is introduced in [110] and extended 

further in [110]. This technique is based on vector quantization that partitions each series 

into segments of equal length and uses vector quantization to represent each segment by the 

closest codeword from a codebook. The original time series is transformed to a lower 

dimensionality series of symbols. This approach requires a training phase in order to 

construct the codebook (the Generalized Lloyd Algorithm is applied), a data-encoding 

scheme and a distance measure. 

Kontaki et al. [93] present a method of continuously classifying streaming time 

series based on their trends. The first step of this method includes the application of 

Piecewise Linear Approximation (PLA) on smoothed time series under the sliding window 

paradigm and results in a sequence of pairs (t, trend), where t denotes the first time point of 

the corresponding segment and trend denotes the current trend of it (UP or DOWN). An 

incremental computation of this representation is presented in order to support the 

application on streaming data. The classification task is performed based on the identified 

trends and a set of a priori known classifiers. Fu et al. [49] propose an application-oriented 

representation scheme with respect to financial time series. They take advantage of the 

specific head-and –shoulder pattern of interest within stock analysis domain and identify the 

perceptually important points (PIPs). These critical points of higher importance are identified 

by the vertical distance between the points of interest to their current pair of adjacent PIPs. 

According to the proposed representation, the points of the original time series are reordered 

in a way that a data point identified as perceptually important in an earlier stage is 

considered being more important than those points identified afterwards and are stored in a 

specialized binary tree. Authors provide comparative experiments on various methods of 

updating where new values arrive in a streaming fashion. 

A novel representation scheme for the purpose of efficiently identifying similar time 

series is introduced in [144]. Their technique is based on the assumption that similar time 

series correspond to centroids that are close to each other, after properly pre-processing raw 

data in order to deal with different shifts and scales.  The determination of the centroids is 

based on the calculation of the second moments as they provide weights to the locations of 

the measured parameter along the time axis. 
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Finally, there are several feature-based representations proposed, other than the one 

discussed in the previous section, such as, the ARIMA models [74] and the Autocorrelation 

Functions [154]. 

 

2.6 Summary 

As it was stated in Section 2.2, Time Series Data Mining tasks rely heavily on the 

concept of similarity among time series. In any relevant application, a thorough definition of 

similarity should be provided, since the subsequent decisions may depend significantly on it. 

More specifically, there are four decisions to be made regarding pre-processing, similarity 

measure, representation and indexing. These issues are strongly interrelated to each other 

and thus, it is of high importance to have a concrete view of what similarity implies. In 

addition to that, the time series dataset should be thoroughly described with respect to any 

features that might be present (e.g. periodicities, noise, peaks etc). The choice of the 

representation scheme is mainly based on its capability in capturing the most important 

features present in a time series.  Also, this choice should be made in conjunction with the 

choice of the similarity measure, since it is highly desirable to lower-bound the true distance 

between two series. In Data Mining applications, all the above decisions should form a 

framework that allows indexing.    
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CHAPTER 3  

 

 

A TSDM Approach to Control Chart Pattern Recognition 

 

 

3.1 Introduction 

The need for constantly monitoring and measuring the level of quality in 

manufacturing industries led to the development and application of specific procedures, one 

of which is the Statistical Process Control (SPC). SPC constitutes the basic method of quality 

control not only in manufacturing industries but also in services. Contrary to the traditional 

methods of quality testing of the final product, SPC focuses in the whole process, from the 

raw materials to the final product. The main goals of SPC are: (a) monitoring (usually by 

sampling) the main parameters of the process, (b) detecting process deviation, and, (c) 

diagnosing and taking corrective action [114]. Although SPC was technically and 

theoretically developed in 1931 [137], it was adopted from the industries worldwide during 

the last two decades being one of the most effective tools in Total Quality Management 

(TQM) [40] [41]. 

Control chart, which is the graphical representation of a time series, is the most 

important tool of SPC for the purpose of monitoring a process. The interpretation of this 

chart is based not only on the individual values but also on its shape, which indicates the 

current status of a process. According to the shape of a control chart, the process is classified 

into one of several categories, which indicate the probable cause of a deviation (if exists) of 

this process from its normal status. This procedure is often called Control Chart Pattern 

Recognition (CCPR). Although the traditional SPC methods have been proven to be 

efficient, advances in technology of generating and storing huge amount of data emerged the 

need of developing new techniques and tools capable of intelligent process and analysis in 

real time. In this chapter, we investigate the possible contribution of Time Series Data 

Mining (TSDM) techniques in CCPR. Although one of the basic techniques is classification 

and the control charts are constructed by time series, there is not much research in the 

possible contribution of TSDM to control chart pattern recognition. We discuss the general 

issues of a Data Mining approach within the SPC context namely, the choice of 

representation, similarity measures and techniques. The technique of Decision Trees is 

selected as the classification method to be applied for its simplicity and ability to produce 
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understandable rules. Experiments are conducted on synthetic datasets taking into 

consideration many parameters such as noise, magnitude of deviations and presence of in-

control data.  

The main contributions of this chapter are the following: 

• the introduction of a TSDM approach in CCPR that is based on Decision Trees, 

• the investigation of the various aspects of TSDM with respect to CCPR, and 

• the experimental evaluation of SAX representation in conjunction with Decision 

Trees within CCPR context.  

The rest of this chapter is divided into five further sections. In Section 3.2, a brief 

review of SPC is provided along with the related work in CCPR. Section 3.3 discusses the 

basic components of TSDM methods with respect to CCPR and describes the proposed 

approach. In Section 3.4, the settings of the experiments are described, whereas in Section 

3.5 the corresponding results are presented and discussed. Finally, conclusions are provided 

in Section 3.6. 

 

3.2 Control Chart Pattern Recognition 

Control Chart Pattern Recognition (CCPR) is performed within Statistical Process 

Control (SPC) for the purpose of identifying possible causes that result in deviation of a 

process from its normal operating conditions. A brief review of Control Charts is provided in 

Section 3.2.1, whereas related work is presented in Section 3.2.2.    

 

3.2.1 Review of Control Charts 

Although there are several tools that should be utilized together, control chart is the 

most powerful tool in order to achieve SPC goals. The three fundamental uses of a control 

chart are: (a) reduction of process variability, (b) monitoring and surveillance of a process 

and (c) estimation of product or process parameters. Basically, a control chart is the 

graphical representation of a time series. An important (in quality context) variable of a 

process is being measured continuously for a specific time interval and the corresponding 

measurements are being plotted in a diagram over time (Figure 3.1). The unique 

characteristic of a control chart is that at the same diagram a lower control limit (LCL) and 

an upper control limit (UCL) are being drawn. The calculation of these limits is based on 

statistical theory. As long as the points (measurements) fall randomly within these limits the 

process is said to be in statistical control. The variation is due only to chance causes 

(common causes). When one or more points fall beyond the control limits or the plotted 

points exhibit some non-random pattern of behavior, the process is said to be out of control. 
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In this case, variation is due also to the presence of assignable causes (special causes). 

Western Electric [156] determined fifteen different patterns that may be encountered in 

practice. Some of them are shown in Figure 3.2. The traditional methods of SPC have been 

proven to be very effective in detecting out of control conditions, especially when one or 

more points fall beyond the control limits. Problems arise when non-random (unnatural) 

patterns appear, since this involves the ability or experience of an operator to identify and 

classify them into the appropriate class of assignable causes. The SPC approach to this 

problem was the development of sensitizing rules (run rules or zone tests) in order to assist 

operators in identifying these patterns [118] [119]. However, the more rules are applied to a 

chart, the more complicated the decision process becomes and the number of false alarms 

may be increased resulting in a less effective SPC procedure. 
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Figure 3.1 An example of Control Chart 

 

3.2.2 Related Work 

Artificial intelligence (AI) techniques have been widely investigated in order to 

assist in CCPR and further automate the process control procedure. In particular, Expert 

Systems have been developed for the purpose of automating the interpretation and diagnosis 

of control chart information. The main advantages are the ease of development and 

transparent reasoning. Several Expert Systems have been proposed [43] [63] [140] that 

primarily perform the tasks of selecting, constructing and interpreting an appropriate control 

chart, and diagnosing the possible assignable causes (if present). For interpretation and 

diagnosis, sensitizing rules are incorporated to these systems resulting into the problem of 

false alarms (misclassification) as stated in the previous section.  
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Figure 3.2 Six Control Charts that indicate out-of-control patterns   
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Neural Networks (NN) have also been investigated within SPC context, mainly for 

the purpose of identifying unnatural patterns in control charts. The main tasks that Neural 

Networks can accomplish are classification, clustering and prediction [129]. Since the 

problem of control chart pattern recognition can be assumed as a classification problem, NN 

technology has been investigated for its usefulness in improving automation in SPC systems. 

NNs rely more on historic data produced by a process than on prior human knowledge about 

the distribution of this data. These models mimic the operation of the neural connections in 

human brain by learning from data and developing an ability to generalize, similarly to the 

way humans learn from experience. An artificial neural network consists of a number of 

interconnected processing units called neurons, since the basic modeling is based on 

biological neurons. Neurons are organized into layers: input, hidden (one or more layers) and 

output. Each unit receives a number of input signals and combines them into a single output 

value by using an activation function. Each input signal is assigned a relative weight, and the 

weighed sum of these input signals constitute the effective input to the processing unit. From 

this result, an output value is calculated and is transferred to the output of the unit. 

Depending on the interconnection architecture, the output signal may be sent to other 

processing units as input signal. The network starts learning (adjusting the weights) by 

receiving training data with known outputs and by following a specific learning strategy.  

There has been a lot of research in control chart pattern recognition using neural 

networks [32] [65] [65]. Different models have been implemented and tested in the context 

of pattern recognition in SPC. The procedure of the construction of these models consists of 

common steps and decisions to be made, namely, the representation of input data, the 

selection of the architecture and topology of the network, the choice of the activation 

function, the learning and training strategies. These decisions often interrelate to each other. 

The first step is the representation and transformation of input data. In control chart 

pattern recognition, there are many different approaches such as feeding the network with 

raw data [124] or with features extracting from data [117]. Several transformations also may 

be performed such as standardization, zoning, scaling and using continuous (as opposed to 

binary) representation [164]. The second step is the selection of the NN architecture and 

topology with respect to the number of layers, the number of nodes in each layer and the 

corresponding interconnections. Some popular NN architectures are: Multi-Layer Perceptron 

(MLP), Learning Vector Quantization (LVQ), Radial Basis Function (RBF), Adaptive 

Resonance Theory (ART) and Kohonen Self-Organizing Maps (SOM). In control chart 

pattern recognition literature, MLP feed forward fully connected networks is the most 

frequently selected model. The third step is the selection of the learning rule. There are many 
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different rules but the Back Propagation Network (BP) rule is preferred in order to train a 

network. The fourth step is the choice of the activation function, more specifically that part 

that corresponds to the transfer function. Although there are several types of transfer 

functions, the most commonly preferred function is the Sigmoid. The fifth step is the 

selection of the training strategies with respect to the window size under investigation, the 

size of the training dataset and the presentation order of the training patterns. The evaluation 

of the performance is mainly assessed by the classification accuracy, the average run length 

(ARL), and, the Type I and II errors. An analytical review of Neural Networks in control 

chart pattern recognition can be found in [164]. 

 

3.3 Data Mining & Control Chart Pattern Recognition 

The Data Mining field involves techniques and algorithms capable of efficiently 

extracting patterns from large databases that can potentially constitute knowledge. According 

to Fayyad et al. [46], the basic data mining tasks are: classification, regression, clustering, 

summarization, dependency modeling and change and deviation detection. The case of 

control chart pattern recognition can be considered as a time series classification problem. 

As it was mentioned before, one possibility of a process being out of control is when the 

plotted points exhibit some non-random pattern of behavior, specifically, one of the fifteen 

patterns determined in [156]. Thus, given a set of pre-defined classes (possible patterns), the 

goal is to assign a time series into the most appropriate class. In this chapter, we propose the 

technique of Decision Trees [38] for classification of control charts. In Section 3.3.1, a brief 

review on Decision Trees is provided, whereas Section 3.3.2 presents our proposed 

approach. 

 

3.3.1 A Review of Decision Trees 

Decision Trees (DT) are constructed for the purpose of classification [125] [116]. An 

internal node is mapped to an attribute and denotes a test on this attribute, a branch is 

mapped to an outcome of the test and a leaf node is mapped to a class (Fig.3.3). The attribute 

values of an unknown instance are tested against the DT in a top-down manner, and when a 

leaf is reached the instance is classified according to the class that is mapped to this leaf. The 

tree is constructed on a training set for which the class of each instance is known. 

The basic principle of DT is to partition the search space into rectangular regions 

and classifying an instance based on the region into which it falls. The generation of a DT is 

developed in two phases: tree construction and tree pruning.  
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The tree construction phase constitutes a recursive procedure. First, we select an 

attribute and assign it to the root node. For each possible value of this attribute, we construct 

a single branch. Then, the process is repeated recursively for each branch, using only those 

instances that actually traverse the branch. When all instances for a given node belong to the 

same class the construction of that part of the tree is terminated. This node becomes a leaf 

and it is assigned with the corresponding class. When there are no remaining attributes for 

further partitioning, majority voting is employed for assigning a class to the leaf. Regarding 

this procedure, there are two issues that need to be considered. The first one refers to the type 

of attribute that is tested in a node. When the attribute is nominal, the number of children is 

usually the number of all possible values of the attribute. However, when the attribute is 

numeric, it is usually discretized prior to tree construction [4] or its value is tested against 

some threshold. Moreover, a numeric attribute may appear in more than one node (Fig. 3.3). 

The second issue refers to the decision of which attribute to assign to a specific node [112]. 

Most often the selection of an attribute is based on a measure that is called information gain. 

The concept of information is quantified by calculating the average entropy of each attribute 

at a given node (Eq. 3.1). It represents the expected amount of information that would be 

needed in order to specify the class of a new instance.  

 
2 2

y y n n
entropy(Y ,N ) log log

y n y n y n y n
= − −

+ + + +
 (3.1) 

where Y and N  denote the existing classes, y  and n  denote the number of their elements 

respectively at a given node.  

The fact that the tree is constructed on a training set of instances may introduce the 

problem of overfitting, meaning that the constructed tree may classify almost perfectly the 

training set but inadequately any other independently chosen test set. One common approach 

in handling overfitting is to prune the tree [42] by removing subtrees under some criterion. In 

this case, a subtree is replaced by a leaf node. This replacement will certainly decrease the 

accuracy on the training set but it may increases the accuracy on a test set. 

Finally, each path of a Decision Tree corresponds to a classification rule. An 

example of a rule that is derived from the DT shown in Figure 3.3 is the following: 

 

If the age of a customer is less than 50 years and she is married and her 

age is less than 30 years, then she is considered as a “good” customer. 
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Figure 3.3 An example of a Decision Tree with 2 attributes (age and marital status) 

and two classes (“good” and “bad” customer). 

 

3.3.2 The Proposed Approach 

A TSDM approach should involve the selection of (a) a representation scheme, (b) a 

similarity measure, and, (c) a data mining method for classification. These three decisions 

interrelate to each other and, thus, they should be considered concurrently. However, it is not 

our intension to identify the “best” possible classification procedure, but to indicate the 

potential usefulness of TSDM methods in CCPR. 

Within Statistical Process Control context, an important issue that should be taken 

into consideration while making the above decisions is how efficiently a classification 

procedure can be applied to an on-line environment. Another issue is the required sensitivity 

of the SPC system, in other words, the magnitude of deviations that ought to be detected. 

Finally, it would be desirable if the selected classification procedure was flexible to changes 

in the configuration of a process, with fewer parameters to be determined by the developer 

and/or user. 

Besides Neural Networks that are described in the previous section, there are many 

other classification methods available such as tree models, linear discriminants, logistic 

married 

age 

age 

“good” 

“bad” “good” 

“bad” 

<50 >=50 

>=30 <30 

yes no 
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discriminant analysis, nearest neighbor methods and the naïve Bayes model, to name a few. 

In this chapter, we propose Decision Trees (DT) in order to classify control charts, since it is 

considered as the most simple classification method. The main advantages of DTs are their 

ability to produce understandable rules, their low computation requirements, and their ability 

to handle both continuous and categorical variables, although in the first case 

transformations are usually needed. Moreover, the fact that there is no need to determine a 

similarity measure simplifies further the procedure. All these advantages address the issues 

that are mentioned in the previous paragraph. In addition to that, the property of producing 

understandable rules constitutes DTs a powerful tool in SPC during off-line analysis.  

When the instance is a time series, as in our case, each time point corresponds to an 

(numerical) attribute. The interpretation of the derived rules is more difficult, especially if 

the DT is constructed on the original values of time series. One approach is to rephrase these 

rules in order to accommodate the temporal nature of data. Another approach is to implement 

an appropriate representation scheme on data prior to the construction of the DT, which may 

produce more understandable rules.  

There are some disadvantages though. DTs may be quite large and since they are 

constructed from training data, overfitting is possible. Tree pruning usually overcomes these 

problems. Also, the decision tree approach involves dividing the search space into 

rectangular regions and classifying an object based on the region into which it falls. This 

implies that it is not an appropriate approach for all classification problems.  

Our proposed approach includes also the representation of time series for the 

purpose of reducing their intrinsically high dimensionality. Although there are several 

representations introduced in the literature, in this work we consider only two of them, 

namely, the Feature-based (FB) (Section 2.5.4) and the Symbolic Aggregate Approximation 

(SAX)  (Section 2.5.5). This choice is made due to the fact that these two representations 

differ significantly in their approach. FB is based on the calculation of statistical measures 

and transforms the original data into a vector of real values where the transformed values do 

not retain the time aspect of the original data. In order for this representation to be 

implemented the whole series should be obtained. On the other hand, SAX is a symbolic 

representation that transforms the original data into a vector of discrete symbols where the 

transformed values are of ordinal level retaining the time aspect of the original data. Also, 

this representation can be implemented on streaming data and thus, it can be very useful in 

on-line SPC. Besides that, SAX is a very popular representation scheme in the TSDM 

community.  
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Finally, the implementation of FB and SAX representations on data in conjunction 

with DT may result into classification rules that that are understandable. For example, when 

FB is applied, one rule could be stated as follows: 

If the mean value of the time series is less than 30 and the standard 

deviation is greater than 2, then the time series has a cyclic pattern. 

Another example of a classification rule with respect to SAX representation could be 

the following: 

If the mean value of the first five values of the time series is between 

28 and 32 and the mean value of the next five values is between 32 

and 36, then the time series has a trend pattern. 

 

3.4 Experimental Framework 

 
3.4.1 Description of the Datasets 

The aim of this chapter is to investigate the possibility that TSDM techniques can 

contribute to control chart pattern recognition rather than apply and compare all potential 

approaches from this field. In order to conduct experiments, six control chart patterns (the 

most common types encountered in practice) are selected: natural, cyclic, upward trend, 

downward trend, upward shift and downward shift. Two datasets, A and B, are generated 

each consisting of 1800 time series of length 56 (300 from each one of the six patterns), by 

using the following equations: 

 

µ
t t

x r= +     (natural)   

µ 2π
t t

x r Asin( t / t )= + + Ω  (cyclic)   

 µ
t t

x r bt= + ±         (trend)  

 µ
t t

x r ps= + ±    (shift)    

where, 

t
x : time series value  

µ : process mean (µ 30= ) 

σ : standard deviation when process is in-control (σ 2= ) 

t
r : common cause variation, following a normal distribution with mean of zero 

and standard deviation in terms of  σ  (0.1σ , 0.3σ  and 0.5 σ ) 

A : cyclic amplitude in terms of σ  (1 σ  ,2σ  and 3 σ ) 
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Ω : period of cycle ( 8Ω = ) 

b : trend slope in terms of σ  (0.1σ  , 0.2σ  and 0.3σ ) 

p : parameter that determines the shift position 0p =  before shifting, 1p =  

after shifting) while the shift position is set to be uniformly distributed 

between the 21st and 40th time points 

s : shift magnitude in terms of σ  (1σ , 2σ  and 3 σ ) 

 

The difference between the two datasets is in the presence of in-control data. In the 

first dataset (A), where in-control data is not included, the disturbance starts at the first time 

point for the cyclic and trend patterns, whereas in the second dataset (B), where in-control 

data is included, cyclic and trend patterns are generated by setting the starting time that the 

disturbance occurred uniformly distributed between the 21
st
 and 40

th
 time points. There is no 

clear-cut answer as to the most appropriate number of in-control data and the starting 

position of a disturbance [31]. The choice of the time series length is application-dependent. 

The process itself and the monitoring measurements affect the sampling frequency and, thus, 

the window size to be selected. In this chapter, we consider time series of individual 

measurements and the length is determined to be 56. One reason is that it is a rational choice 

for applications where the frequency of sampling is high (e.g., every one second). Another 

reason is that it facilitates the specific experiments where we have included in-control data. 

The above parameters are selected to ensure that the majority of the generated patterns 

fluctuated within 3σ± , since the identification of a deviation beyond these limits can be 

easily identified as out of control incidence [56]. MATLAB is utilized in order to generate 

these datasets. 

 

3.4.2 Methods & Settings 

In Section 3.3.2, two different representation schemes are selected for the 

classification task. The SAX scheme has two parameters: the length of the transformed series 

(k) and the alphabet size (α). In our experiments, SAX representation is applied using 

different values of these two parameters. In particular, k is set equal to 4, 6 and 8, and α is set 

equal to 6, 8 and 10 resulting into nine different representations. In order to distinguish 

among the different set of parameters, the notation SAX(k,a) will be used.  The 

corresponding code for this representation is freely available by Keogh et. al. (Copyright (c) 

2003, Eamonn Keogh, Jessica Lin, Stefano Lonardi, Pranav Patel). The FB scheme has one 

parameter D, which is set equal to one. In our experiments, two different FB schemes are 

applied. In the first one, FB(8), the original time series is transformed to a vector of eight 
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real values (statistical features of the original and the transformed series), whereas in the 

second one, FB(4), the transformation results into a vector of four real values (statistical 

features of only the original series). MATLAB is also utilized in order to apply these two FB 

representations.  

Moreover, DT has been chosen as the Data Mining classification method to be 

applied. Three of the most popular algorithms have been applied in both datasets: CHAID 

(Chi-squared Automatic Interaction Detector) [19], CRT [21] (a version of the Classification 

and Regression Trees algorithm) and QUEST (Quick, Unbiased, Efficient Statistical Tree) 

[108]. The aim of these experiments is to compare the performance of various classification 

algorithms using different representations rather than determine the optimal performance. 

SPSS 13.0 is utilized in order to perform these experiments and its defaults are selected. 

Specifically, the maximum number of levels in the tree below the root node is set to 3 for 

CHAID and 5 for CRT and QUEST, while the minimum number of examples is set to 100 in 

the parent node and 50 in the child node. The corresponding trees are pruned with the 

maximum difference in risk to be of one standard error. These growth limits criteria and the 

pruning procedure aim at constructing simpler trees, consequently simpler rules, and dealing 

with the problem of overfitting. The evaluation measure is the classification accuracy for the 

testing dataset. The validation is based on randomly splitting (approximately in half) the 

dataset into training and testing samples. Each algorithm is repeated ten times and the 

corresponding values of mean and standard deviation are calculated for classification 

accuracy.  

 

3.5 Results 

 

3.5.1 Comparisons among Representation Schemes 

The overall classification rates of our experiments are presented at Table 3.1. One 

important observation is that the classification rates are (in all cases except CRT with raw 

data and CRT with feature-based representations) lower than 90%, while the corresponding 

rates in the literature are above 90%. This is due to the strict criteria we used for the growth 

of the tree, as it was described earlier. These experiments result in fairly simple trees since 

the number of nodes is ranging from 5 to 15, the number of leaf nodes from 4 to 10 (the 

maximum depth ranges from 3 to 5 by default). Obviously, the number of leaf nodes and the 

depth of the tree determine the number of the rules that will be generated and their 

complexity. Our aim is not to investigate the trade-off between accuracy and complexity of 
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the generated trees. In this chapter, the classification rates serve more as a comparison tool 

among different representation schemes and algorithms. 

Regarding dataset A, the most accurate results are obtained when CRT algorithm is 

applied to FB transformed data (99.9%) and to raw data (95.75%). Moreover, CRT algorithm 

provides more accurate results than the other two algorithms in every representation (above 

80%). Although these differences have not been statistically validated, they provide an 

indication of the possible usefulness of this algorithm. On the other hand, CHAID provides 

comparable accuracy rates to CRT when it is applied on SAX transformed data. The 

corresponding best results are obtained when SAX(6,10) and SAX(8,10) representations are 

used (86%). This fact may imply the appropriateness of using larger alphabet size. QUEST 

algorithm provides the less accurate results in most of the cases. This algorithm shows a 

noticeable instability in results within each experiment having a standard deviation that 

reaches 18.93 units. Thus, even when QUEST results into comparable classification rates, 

they cannot be considered adequately reliable.  

Regarding dataset B, the most accurate results are obtained when CRT algorithm is 

applied to FB(8) transformed data (88.54%) and to FB(4) transformed data (88.30%). As it 

was expected, accuracy rates for datasets with in-control data not included are higher than 

those for datasets with in-control data included. A few exceptions appear when QUEST 

algorithm is applied but due to its instability they cannot be considered important. CRT and 

CHAID algorithms provide similar results when they are applied on raw data or on SAX 

represented data.. 

Regarding SAX representation in dataset A, the best results are provided when an 

alphabet size of 8 or 10 is selected, regardless the length of the transformed series. In dataset 

B, the best results are provided when an alphabet size of 10 is selected with an exception of 

SAX(6,6) which provides a comparable accuracy rate of 75.95%. 

 

3.5.2 Comparisons Among SAX Representations Per Pattern 

Focusing on SAX representations and CRT algorithm, further comparisons are 

performed with respect to the classification rates per pattern.  

There are two well-known difficulties in classifying control charts to appropriate 

patterns. The first problem is in distinguishing natural from cyclic patterns and the second 

one is in distinguishing trends from shifts. Table 3.2 shows the mean classification rates per 

pattern per SAX representation resulted from dataset A. 

Regarding the first problem, the best results are obtained when data are transformed 

to a series of length 4 with the classification rates to range from 64.89% to 74.50%. The 
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corresponding rates for the other cases range from 41.82% to 63.90%. On the other hand, 

representations of length 6 and 8 seem to perform better in distinguishing trends from shifts 

with classification rates reaching 98.05%. In addition to that, when the alphabet size 

increases the classification rates improve. The representations SAX(6,10) and SAX(8,10) 

provide accuracy rates for all patterns above 90% except for the natural pattern where the 

corresponding rates are 47.79% and 42.89%.  

 

Table 3. 1 Mean Accuracy Rates (Standard Deviations) 

 DATASET A DATASET B 

 CHAID CRT QUEST CHAID CRT QUEST 

RAW 
78.90 

(5.09) 

95.75 

(0.49) 

84.62 

(18.93) 

66.20 

(1.70) 

75.23 

(2.48) 

62.88 

(8.60) 

FB(4) 
81.02 

(2.48) 

99.90 

(0.08) 

78.33 

(13.99) 

67.69 

(4.99) 

88.30 

(0.51) 

55.33 

(16.39) 

FB(8) 
80.64 

(2.34) 

99.90 

(0.08) 

77.85 

(13.63) 

64.59 

(0.93) 

88.54 

(0.74) 

69.42 

(10.87) 

SAX(4,6) 
79.59 

(2.58) 

82.67 

(2.74) 

61.08 

(5.71) 

66.43 

(1.72) 

72.80 

(1.03) 

71.60 

(1.72) 

SAX(4,8) 
84.71 

(0.89) 

89.48 

(2.42) 

72.55 

(7.78) 

72.77 

(1.09) 

71.44 

(1.25) 

68.83 

(7.92) 

SAX(4,10) 
81.66 

(2.55) 

86.42 

(2.78) 

78.75 

(8.17) 

77.69 

(0.90) 

75.15 

(2.07) 

72.30 

(5.84) 

SAX(6,6) 
79.83 

(2.53) 

82.09 

(1.62) 

56.38 

(4.24) 

75.95 

(0.77) 

71.41 

(4.04) 

48.83 

(1.43) 

SAX(6,8) 
84.53 

(1.26) 

88.66 

(2.60) 

73.07 

(10.66) 

71.98 

(2.08) 

68.94 

(0.97) 

68.46 

(1.45) 

SAX(6,10) 
86.43 

(1.57) 

88.47 

(1.45) 

54.54 

(6.74) 

75.62 

(2.31) 

74.46 

(1.47) 

55.03 

(6.76) 

SAX(8,6) 
78.00 

(2.83) 

81.18 

(2.17) 

54.87 

(2.31) 

69.07 

(1.30) 

65.72 

(0.99) 

48.40 

(0.86) 

SAX(8,8) 
80.51 

(2.32) 

84.81 

(1.60) 

62.94 

(9.93) 

70.62 

(1.60) 

73.22 

(0.82) 

68.90 

(6.31) 

SAX(8,10) 
86.26 

(2.22) 

88.06 

(0.77) 

52.67 

(3.57) 

76.24 

(1.34) 

75.63 

(1.76) 

68.53 

(7.78) 
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Table 3.2 Mean Accuracy Rates Per Pattern (Standard Deviations) – Dataset A 

 Natural Cyclic 
Upward 

Trend 

Downward 

Trend 

Upward 

Shift 

Downward 

Shift 

SAX(4,6) 
64.89 

(16.35) 

92.70 

(3.68) 

100.00 

(0.00) 

100.00 

(0.00) 

70.30 

(2.91) 

68.76 

(3.00) 

SAX(4,8) 
74.50 

(15.22) 

91.29 

(3.10) 

99.20 

(0.62) 

100.00 

(0.00) 

84.91 

(1.42) 

87.17 

(1.52) 

SAX(4,10) 
70.80 

(17.47) 

91.84 

(3.86) 

98.93 

(0.57) 

100.00 

(0.00) 

78.12 

(1.55) 

78.74 

(3.33) 

SAX(6,6) 
47.47 

(7.84) 

90.66 

(3.63) 

99.23 

(1.25) 

100.00 

(0.00) 

74.68 

(2.21) 

81.26 

(1.87) 

SAX(6,8) 
63.90 

(17.44) 

89.44 

(3.84) 

100.00 

(0.00) 

100.00 

(0.00) 

88.87 

(2.57) 

89.05 

(2.04) 

SAX(6,10) 
47.79 

(9.11) 

90.79 

(2.95) 

98.20 

(0.42) 

98.68 

(0.89) 

98.05 

(0.66) 

97.82 

(1.62) 

SAX(8,6) 
41.82 

(3.55) 

93.76 

(1.92) 

100.00 

(0.00) 

99.86 

(0.29) 

75.30 

(10.34) 

76.17 

(11.84) 

SAX(8,8) 
49.15 

(10.87) 

93.52 

(2.44) 

100.00 

(0.00) 

100.00 

(0.00) 

81.93 

(2.34) 

84.23 

(2.40) 

SAX(8,10) 
42.89 

(3.58) 

93.55 

(2.55) 

98.80 

(0.60) 

100.00 

(0.00) 

96.48 

(0.91) 

96.82 

(2.98) 

 

Regarding results from dataset B (Table 3.3), similar observations can be made in 

general. Series of length 4 performs better in distinguishing natural from cyclic patterns, the 

classification accuracy rates for trends and shifts are comparable though. Regardless the 

length of the transformed series, an alphabet size of 10 provides greater accuracy rates for 

shifts (above 70%). 
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Table 3.3 Mean Accuracy Rates Per Pattern (Standard Deviations) - Dataset B 

 Natural Cyclic 
Upward 

Trend 

Downward 

Trend 

Upward 

Shift 

Downward 

Shift 

SAX(4,6) 
55.45 

(17.27) 

61.14 

(18.24) 

100.00 

(0.00) 

100.00 

(0.00) 

58.56 

(2.85) 

62.10 

(2.34) 

SAX(4,8) 
28.86 

(34.28) 

77.79 

(31.27) 

99.27 

(0.85) 

98.34 

(0.68) 

62.56 

(2.74) 

63.31 

(2.48) 

SAX(4,10) 
39.15 

(45.69) 

64.03 

(45.76) 

94.48 

(1.81) 

93.90 

(1.37) 

80.42 

(2.45) 

80.64 

(1.78) 

SAX(6,6) 
3.47 

(10.97) 

94.46 

(10.58) 

98.62 

(3.00) 

99.60 

(0.34) 

62.80 

(16.27) 

72.05 

(16.74) 

SAX(6,8) 
9.93 

(31.40) 

90.00 

(31.62) 

100.00 

(0.00) 

100.00 

(0.00) 

54.67 

(2.93) 

59.69 

(2.30) 

SAX(6,10) 
18.28 

(38.53) 

79.79 

(42.05) 

98.52 

(0.66) 

98.96 

(3.29) 

72.79 

(1.89) 

78.25 

(5.92) 

SAX(8,6) 
3.70 

(11.71) 

92.03 

(11.39) 

83.35 

(14.25) 

81.28 

(18.44) 

69.20 

(17.25) 

66.92 

(17.72) 

SAX(8,8) 
11.00 

(30.68) 

89.20 

(31.35) 

99.59 

(0.36) 

99.72 

(0.36) 

69.72 

(2.00) 

74.35 

(1.72) 

SAX(8,10) 
3.78 

(7.98) 

96.45 

(1.90) 

99.87 

(0.42) 

100.00 

(0.00) 

77.14 

(2.62) 

78.93 

(2.30) 

 

 
3.6 Conclusion 

In this chapter, the possible contribution of Time Series Data Mining in control chart 

pattern recognition has been investigated. We approach this problem by selecting fairly 

simple options, among a wealth of TSDM representations, similarity measures and data 

mining methods. Feature-based and Symbolic Aggregate Approximation representations, 

although different to each other, are both easy to be implemented. Moreover, in conjunction 

with Decision Trees for the classification task, they can produce understandable rules that 

may facilitate the procedure of interpreting control charts and taking a corrective action as 

fast as possible. The experiments have been performed on synthetically generated datasets, 

taking into account many different parameters such as noise, magnitude of deviations and 

presence of in-control data. The evaluation is based on the classification accuracy rates and 

comparisons arae made among three different algorithms (CHAID, CRT and QUEST) and 



  61 

between two different datasets (with and without in-control data present in training and 

testing examples). Results show that although the generated models are simple the accuracy 

rates are adequately high, especially when feature-based representation is implemented and 

CRT algorithm is utilized for classification.  

SAX representation performs significantly better overall when the alphabet size is 

greater than four regardless the length of the transformed series. However, the length of the 

transformed series seems to affect the discrimination capability of the classification 

procedure. Series of length 4 performs better in distinguishing natural from cyclic patterns, 

whereas series of length 6 or 8 performs better in distinguishing trends from shifts. The 

alphabet size also affects the discriminating capability with sizes larger than 6 to improve 

performance. 

Decision trees generated by raw data provide comparable accuracy rates to the trees 

generated by transformed data. The role representation schemes play in classification within 

SPC context will be further investigated in future work. As mentioned previously, the 

accuracy rates reported are affected by the desired complexity of the generated decision trees 

and, thus, they cannot be compared to other experiments in the literature. In addition to that, 

these results have not been statistically validated. Nevertheless, they provide some 

indications of the possible strengths and weaknesses of the various representation schemes 

and algorithms. Finally, these results indicate that Time Series Data Mining approaches may 

be comparable to other approaches such Neural Networks. 
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CHAPTER 4  

 

 

A Hybrid Time Series Representation 

 

 

4.1 Introduction 

There is a large number of representations proposed in the literature, which aimed at 

reducing the dimensionality of a time series dataset, while retaining as much information as 

possible. As it is expected, there is no representation that can be considered as the most 

appropriate for all cases. The application under consideration, the data mining method and 

the specific characteristics of data play an important role in the selection of a representation 

scheme.  

In this chapter, a new representation scheme is introduced, named D-PAA, which 

can be considered as a variation of Piecewise Aggregate Approximation (PAA) (Section 

2.5.3). A time series is segmented into a series of equal length sections and the 

corresponding mean and standard deviation are recorded for each one of them. The 

difference with PAA is that D-PAA takes into consideration not only the central tendency 

but also the dispersion present in each section. This additional information may improve the 

performance of the dimensionality reduction in the context of time series similarity search. 

In addition to that, a distance measure is proposed that is proved to lower-bound the 

Euclidean distance between two series. This measure involves a parameter that assigns 

different weights in means than in standard deviations. Standard deviation is also utilized, 

along with other statistical measures, in the Feature-based (FB) representation proposed by 

Nanopoulos et. al [117], however in their approach it is calculated for the whole time series. 

More specifically, the authors propose to calculate four statistical measures (mean, standard 

deviation, skewness, kurtosis) for the whole time series and the same measures for the 

transformed values of the original series (Section 2.5.4). Another similar approach [107] uses 

two additional values, besides the mean value, for representing a segment of a time series, 

namely, the corresponding minimum and maximum values. These values are mapped to an 

alphabet to produce a symbolic representation. This approach is an extension to SAX 

representation [104] and aims at improving the representation of financial time series data.  

Extensive experiments on 20 widely utilized datasets are conducted in order to 

evaluate D-PAA and compare it to PAA and FB, as well as with other commonly applied 
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representations in Time Series Data Mining applications. This evaluation is based on 1-NN 

classification and k-NN similarity search. 

The main contributions made in this Chapter are: 

• The introduction of a new representation (D-PAA) along with appropriate experimental 

evaluation. Several representations have been tested for comparison reasons along with the 

application of Euclidean distance and Dynamic Time Warping on raw/original data. 

• The definition of a distance measure under D-PAA representation that lower-bounds the 

Euclidean distance along with the corresponding proof.  

• The extensive experimental evaluation of FB representation in the context of kNN 

similarity search and 1NN classification.  

• The presentation of classification results under different representations on twenty 

datasets, which have been used extensively in the literature for testing classification 

algorithms and techniques.   

In Section 4.2, the proposed representation (D-PAA) is presented and contrasted 

with FB and PAA representations. In Section 4.3, the experimentation framework is 

described, whereas in Section 4.4 the corresponding results are presented. Finally, a further 

discussion on D-PAA is provided in Section 4.5 along with a final conclusion in Section 4.6. 

 

4.2 The D-PAA Representation 

The D-PAA technique is a variation of the PAA representation, which is described 

in Section 2.5.5. The PAA technique segments a time series of length n into k consecutive 

sections of equal-width and calculates the corresponding mean for each one. In addition to 

that, D-PAA calculates the corresponding standard deviations and the resulting 

representation is a series of these means and standard deviations. These statistical measures 

can be also referred as features.  

 

4.2.1 Description of D-PAA Representation 

Formally, a time series 
1 2 n

X x ,x , ,x= �  can be represented by a 

series
1 1 2 2x, x , k x ,k

X ( x ,s ),( x ,s ), ,( x ,s )=� � , where:  

 
1 1

n
i
k

j
n

j ( i )
k

i

x

x
n

k

= − +
=

∑

  (4.1) 
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−

=
−

∑

  (4.2) 

The quantity n / k  expresses the number of points that each section consists of and 

it is assumed that it is an integer. Otherwise, an appropriate number of zeros are added at the 

end of original series prior to representation. As it is stated in [161], this modification does 

not affect query results.   

The dimensionality of the transformed time series is equal to 2 k⋅ , since for each of 

the k  segments two values are recorded.   

In order to determine the distance between two series in the feature space, a distance 

measure is needed. In this work, a weighted Euclidean distance is proposed, as follows. 

Suppose that there are two time series  
1 2 n

X x ,x , ,x= �   and  
1 2 n

Y y ,y , , y= �   along with 

their representations  

 1 1 2 2x, x , k x ,k
X ( x ,s ),( x ,s ), ,( x ,s )=� �

  

 1 1 2 2y, y , k y ,k
Y ( y ,s ),( y ,s ), ,( y ,s )=� �

. 

The distance between X�  and Y� is defined in the following equation. 

 

 

2 2

1 1

1    

 0 w 1

k k

D PAA i i x ,i y ,i
i i

D ( X ,Y ) w ( x y ) ( w ) ( s s ) ,−
= =

= ⋅ − + − ⋅ −

≤ ≤

∑ ∑� �
 (4.3)  

where w  is a user-specified parameter that assigns different weights to the differences of 

means and standard deviations. This parameter enables the user to assign relative importance 

to mean values and standard deviations, according to the specific application and/or data 

type under consideration. In the extreme case of 1w = , the D-PAA representation is 

equivalent to PAA, since only the mean values are taken into account. As w  decreases, more 

weight is assigned to standard deviations. In the extreme case of 0w = , the D-PAA 

representation ignores the mean values. Note that the case of 0 5w .=  does not imply that 

each feature has equal absolute influence on the distance function value [61]. One way of 

giving all features equal influence in characterizing overall dissimilarity between time series 

is to normalize the values of each feature prior to calculating the weighted distance with 

0 5w .= . However, this normalization may incur an extra computation cost, since it must be 

realized each time a new query arrives.  
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Lemma 4.1. The distance between X�  and Y� , as it is defined in Eq. 4.3, lower-bounds the 

Euclidean distance between X and Y , that is,  

 D PAA
D ( X ,Y ) D( X ,Y )− ≤� �

  

or equivalently 

 
2 2 2

1 1 1

1
k k n

i i x ,i y ,i i i
i i i

w ( x y ) ( w ) ( s s ) ( x y )
= = =

⋅ − + − ⋅ − ≤ −∑ ∑ ∑  (4.4) 

where k  is the number of segments. It is assumed that X and Y  have the same length n .  If 

they have unequal lengths, one of them should be interpolated. 

 

Proof  

The fact that the parameter w  takes on values between 0 and 1 implies that  

 
2 2 2 2

1 1 1 1

1
k k k k

i i x ,i y ,i i i x,i y ,i
i i i i

w ( x y ) ( w ) ( s s ) ( x y ) ( s s )
= = = =

⋅ − + − ⋅ − ≤ − + −∑ ∑ ∑ ∑ . 

Thus, it is equivalent to prove that  

 
2 2 2

1 1 1

k k n

i i x,i y ,i i i
i i i

( x y ) ( s s ) ( x y )
= = =

− + − ≤ −∑ ∑ ∑  (4.5). 

The left hand side of the above inequality (Eq. 4.5) is the summation over k  segments, 

whereas the right hand side is the summation over all points of the series. It is sufficient to 

prove this inequality for one segment only: 

 
2 2 2

1

n / k

x y i i
i

( x y ) ( s s ) ( x y )
=

− + − ≤ −∑  (4.6) 

where n / k  is the number of points that comprise a segment,  , yx  are the mean values of 

the corresponding segments of X and Y , and  , s
x y

s  are the corresponding standard 

deviations. The proof can be concluded by applying the same proof of Eq. 4.6 to every 

segment and adding the corresponding parts of the inequalities. 

Although the following proof is straightforward, there are two relations that need to be 

mentioned. The first one (Eq. 4.7) is a well-known property of the mean value, whereas the 

second one (Eq. 4.8) constitutes a property of Pearson’s correlation coefficient r  (Eq. 4.9), 

whose value is always less than or equal to one.  

 
1

0
n

i
i

( x x )
=

− =∑  (4.7) 
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1 1 1

n n N

i i i i
i i i

( x x ) ( y y ) ( x x )( y y )
= = =

− ⋅ − ≥ − −∑ ∑ ∑  (4.8)

 1

2 2

1 1

1

N

i i
i

n n

i i
i i

( x x )( y y )

r

( x x ) ( y y )

=

= =

− −

= ≤

− ⋅ −

∑

∑ ∑
 (4.9) 

 

The proof of the lower-bounding property, when one segment is taken into consideration 

(Eq. 4.6), is as follows:  

 

n/k
2

i i
i 1

(x y )
=

− =∑  the right hand side of  

Eq. 4.6 

=
n/k

2

i i
i 1

(x x x y y y)
=

− + − + − =∑  add and subtract the mean 

values 

n/k
2

i i
i 1

[(x y) (x x) (y y)]
=

= − + − − − =∑   

n/k
2 2 2

i i
i 1

[(x y) (x x) (y y)
=

= − + − + − +∑  developing the square of the 

quantity within brackets 

i i
2(x x)(x y) 2(x y)(y y)+ − − − − − −   

i i
2(x x)(y y)]− − − =   

n/k n/k n /k
2 2 2

i i
i 1 i 1 i 1

(x y) (x x) (y y)
= = =

= − + − + − +∑ ∑ ∑  determine the sum of each 

term 

n /k n /k

i i
i 1 i 1

2(x x)(x y) 2(x y)(y y)
= =

+ − − − − − −∑ ∑   

n/k

i i
i 1

2(x x)(y y)
=

− − − =∑   

n/k n/k
2 2 2

i i
i 1 i 1

n
( )(x y) (x x) (y y)
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= − + − + −∑ ∑   

n/k n/k

i i
i 1 i 1

2(x y) (x x) 2(x y) (y y)
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n /k

i i
i 1

2 (x x)(y y)]
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− − − =∑   

n /k n/k
2 2 2

i i
i 1 i 1

n
( )(x y) (x x) (y y)
k = =

= − + − + − −∑ ∑  apply Eq. 4.7 

n/k

i i
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2 (x x)(y y)
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− − − ≥∑   

n/k n/k
2 2 2
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i 1 i 1

(x y) (x x) (y y)
= =

≥ − + − + − −∑ ∑  subtract 
2n

( 1)(x y)
k

− −  

n/k

i i
i 1

2 (x x)(y y)
=

− − − ≥∑   

n/k n/k
2 2 2

i i
i 1 i 1

(x y) (x x) (y y)
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≥ − + − + − −∑ ∑  apply Eq. 4.8 

n/k n /k
2 2
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2

x y

n n
(x y) ( 1)s ( 1)s

k k
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 apply Eq. 4.2 

( )22 2

x y

n
(x y) ( 1) s s

k
= − + − − ≥   

( )22

x y
(x y) s s≥ − + −  

the left hand side of  

Eq. 4.6 

 

As it was mentioned in Introduction, the D-PAA can be contrasted with PAA 

(Section 2.5.3) and FB (Section 2.5.4). One aspect is the expected quality of these 

representations. FB has the disadvantage that describes a time series globally, whereas D-

PAA and PAA describe a specific number of segments that constitute a time series. An 

important point with respect to PAA and D-PAA is that the first utilizes twice as many 

segments than the latter. D-PAA aims at describing each segment more thoroughly than 

PAA does, at the expense of describing fewer segments.  Another aspect of the proposed 

representations is the dimensionality reduction. In the case of FB, the representation is of 

constant length 8, since there are four statistical measures that calculated for the values of the 

original time series and the transformed one. On the other hand, D-PAA representation can 
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be of length that is a multiple of 2, since two measures are calculated for each segment, 

whereas there is no such restriction for PAA.   

 

4.2.2 Graphical Description of D-PAA Representation 

As it is mentioned in the previous section, D-PAA requires the segmentation of a 

time series into a series of equal length sections.  D-PAA representation is the vector that 

consists of the corresponding means and standard deviations of each one of these sections. 

Suppose that we have a time series X  that is segmented into 10 sections. In Figure 4.1 the 

graph of this time series is presented along with the corresponding PAA representation (the 

graph of PAA series is shifted for presentation purposes). Each segment represents the mean 

value of the corresponding section.  
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Figure 4.1 The graph of the time series X along with 

the corresponding PAA representation 

 

However, D-PAA representation takes into consideration not only the mean values 

but also the standard deviations of each section. In order to present this additional 

information graphically (Figure 4.2), we add two more series that correspond to the upper 

and lower bounds of each section i  defined by 
i x ,i

x s±  (the graph of D-PAA series is shifted 

for presentation purposes). The portion of the values that lies within these intervals depends 

on the distribution of the values, which is unknown in general. For example, if we assume 

normality, the Empirical Rule states that approximately 68% of the values lie within these 

intervals. Nevertheless, these bounds indicate the dispersion of the values to some extent.  

Suppose now that we have another time series Y  that we wish to compare with X  

(Figure 4.3). The proposed distance measure between two time series under D-PAA 

representation is based on the differences of the corresponding means and standard 

X 

PAA 
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deviations. Figure 4.4 presents the upper bounds, 
i x ,i

x s+  and 
i y ,i

y s+ , for each one of X  

and Y . The vertical distances of these bounds represent the summation of the differences 

between the corresponding means and standard deviations. More formally, 

i y ,i i x,i i i y ,i x ,i
( y s ) ( x s ) ( y x ) ( s s )+ − + = − + − .  
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Figure 4.2 The graph of the time series X  along with the corresponding 

D-PAA representation 
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Figure 4.3 The graph of the time series X and Y   
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Figure 4.4 The graph of the Upper Bounds of two time series ( X ,Y ). 

Solid line corresponds to X , whereas dotted line corresponds to Y . 

 

 
4.3 Framework of Experimentation  

The experiments have been conducted on 20 real-world and synthetic datasets that 

have been used extensively in the literature and are described in Section 4.3.1. Section 4.3.2 

presents the evaluation methods and Section 4.3.3 discusses the rival measures along with 

their corresponding settings. 

 
4.3.1 Datasets 

The experiments have been conducted on 20 real world and synthetic datasets, which 

are available upon request in [64].  Most of them have been used extensively in the TSDM 

literature, for the purpose of testing the performance of novel representation schemes and 

similarity measures with respect to specific Data Mining tasks and/or indexing. They have 

been utilized extensively as benchmark datasets for testing classification algorithms and for 

this reason, they are separated in training and testing sets. All series are labeled according to 

the class they belong to.     

The majority of these datasets (17) consist of normalized time series, that is, time 

series of mean equal to zero and standard deviation equal to one. In this work, the remaining 

three (3) datasets have been also normalized. A description of these datasets is presented in  

Table 4.1.      

When 1-NN classification is applied, the datasets are utilized in the form they are 

provided. On the other hand, k-NN similarity search is applied on datasets generated by 

merging the corresponding train and test sets. 

 

 

UBY 

UBX 
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Table 4.1 Description of Datasets 

ID DATASET CLASSES TRAIN
* 

TEST
* 

LENGTH 

1 Adiac 37 
390 

(4-15) 

391 

(6-16) 
176 

2 50words 50 
450 

(1-52) 

455 

(1-57) 
270 

3 CBF 3 
30 

(8-12) 

900 

(298-302) 
128 

4 ECG200 2 
100 

(31-69) 

100 

(36-64) 
96 

5 FaceAll 14 
560 

(40) 

1690 

(8-233) 
131 

6 FaceFour 4 
24 

(3-8) 

88 

(14-26) 
350 

7 Fish 7 
175 

(21-28) 

175 

(22-29) 
463 

8 GunPoint 2 
50 

(24-26) 

150 

(76-74) 
150 

9 Lighting2 2 
60 

(20-40) 

61 

(28-33) 
637 

10 Lighting7 7 
70 

(5-19) 

73 

(6-19) 
319 

11 OSULeaf 6 
200 

(15-53) 

242 

(23-55) 
427 

12 SwedishLeaf 15 
500 

(26-42) 

625 

(33-49) 
128 

13 SyntheticControl 6 
300 

(50) 

300 

(50) 
60 

14 Trace 4 
100 

(21-31) 

100 

(19-29) 
275 

15 TwoPatterns 4 
1000 

(237-271) 

4000 

(959-1035) 
128 

16 Wafer 2 
1000 

(97 , 903) 

6164 

(665 ,5499) 
152 

17 Yoga 2 
300 

(137 , 163) 

3000 

(1393 , 1607) 
426 

18 Beef 5 
30 

(6) 

30 

(6) 
470 

19 Coffee 2 
28 

(14) 

28 

(15 , 13) 
286 

20 OliveOil 4 
30 

(4-13) 

30 

(4-12) 
570 

*   Numbers in parentheses show the range of sizes of classes. 

 

4.3.2 Methods 

The proposed representation D-PAA is evaluated by two methods, namely, 1-NN 

classification and k-NN similarity search. These are the most commonly used methods in 
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TSDM literature for the purpose of evaluating novel representation schemes and/or similarity 

measures [88] [110].   

Regarding 1-NN classification for a given dataset, the procedure is as follows: 

1. Obtain a series ( q ) from the test set 

2. Find its distance from every series (
i

X ) of the train set 

3. Select the closest series (minimum distance) and obtain its class 

4. If this class is the same as the class of q , then the classification is correct 

5. Repeat this procedure for each series in the test set 

The error rate of classification is the percentage of incorrect classifications over the 

total number of series in the test set. 

Regarding k-NN search, the parameter k  is set equal to the number of all time series 

that belong to the same class with the query. Consequently, the parameter k  is set equal to a 

value that may be different among queries. This setting implies that for a given query, all 

relevant (belonging to the same class) series are requested.    

More specifically, k-NN similarity search is performed as follows: 

1. Obtain a series ( q ) from the dataset along with its class and set it as the query 

2. Find the number of series that belong to the same class with q  and denote it k  

3. Find the distance of q  from every series (
i

X ) of the dataset 

4. Select the k  closest series (minimum distances) and obtain their classes 

5. Compute the number of these classes that are the same with the class of q . 

6. The error rate for q  is the percentage of the k  closest series with different class than q  

7. Repeat this procedure for each series in the test set 

The error rate of similarity search is the average of the error rates for every q . 

 

4.3.3 Rival Approaches - Parameters 

In the first part of the experiments, the parameter (D) of the FB representation is 

examined.  The FB approach involves the calculation of mean, standard deviation, skewness 

and kurtosis for the original values tx  of a time series and for their transformed 

values t t D tx ( x x )+′ = − . This representation is tested on the datasets and methods described in 

the previous sections for varying values of D.  The value of the parameter D is set equal to 1 

up to 20. Intuitively, a time period of length less than or equal to 20 is assumed to be a 

reasonable one in order to differencing the corresponding values. Alcock and Manolopoulos 

present results for values of D up to 9 [7]. Since time series are normalized, means and 
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standard deviations of untransformed data are constants across all series and equal to 0 and 1 

respectively, and thus they are excluded from the feature vector. In this case, the length of 

the feature vector is equal to 6. 

In the second part of the experiments, the proposed distance measure for D-PAA is 

examined.  As it is described in Section 4.2, the proposed distance measure can be applied on 

the original features that D-PAA representation has generated or on the normalized features.  

These two cases are tested on the datasets and methods described in the previous section. 

The third part of the experiments aims at comparing D-PAA with PAA. Each time 

series is first segmented into a number of sections, which constitutes a parameter. As it is 

stated in Section 4.2, D-PAA representation can be of length that is a multiple of 2, whereas 

there is no such restriction for PAA. In order to compare these representations on the same 

dimensionalities, the number of segments is set equal to multiples of 2, ranging from 4 to 16.  

Another parameter that needs to be specified is the weight ( w ) that is used in the 

distance function of D-PAA. The values tested in experiments range from 0 to 1 in 

increments of 0.1. Again, these representations are tested on the same datasets with respect 

to 1-NN classification and k-NN search.  

In the final part of the experiments, D-PAA is compared with alternative 

representations and methods with respect to 1-NN classification. In particular, the alternative 

methods that are taken into consideration refer to the cases where Euclidean distance and 

Dynamic Time Warping are applied on raw data (when no representation is applied) along 

with FB, SVD and DFT. 

 

4.4  Results 

 

4.4.1 Feature-based Representation (FB): Investigating Parameter D 

The complete results of these experiments are presented in Appendix D.  

In Figure 4.5, a summarization of results is presented as the average error rate of k-

NN search of all datasets across the varying values of D. It is clear that the best average 

performance is achieved when D equals to 1, whereas for larger values there is a relatively 

stable performance. 

In Table 4.2 the minimum error rate (the best) is presented for each dataset along 

with the corresponding value of D at which it is achieved. In 9 out of 20 datasets, the best 

performance is achieved when D equals to 1, whereas in the remaining datasets the 

corresponding values of D vary from 2 to 20. However, when D is different than 1, the 
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improvement seems to be essential in 4 datasets, specifically in OSULeaf, Swedishleaf, 

Wafer and Beef.  
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Figure 4.5 k-NN Search: Average Error-Rate for 20 datasets / D-value 

 

 

Table 4.2 k-NN Search: Minimum Error-Rate 

Dataset Min. Error Rate
* 

D 

Adiac 64.87   1 

50words 79.79     (80.16)   4 

CBF 38.83   1 

ECG200 38.90   1 

FaceAll 68.71   1 

FaceFour 60.07     (60.43) 18 

Fish 79.25     (79.65)   2 

GunPoint 48.32     (48.97)   2 

Lighting2 47.56     (48.96) 17 

Lighting7 65.98     (66.36)   2 

OSULeaf 44.62     (62.59)   2 

SwedishLeaf 48.90     (54.17)   2 

SyntheticControl 43.43   1 

Trace 27.20   1 

TwoPatterns 62.07   1 

Wafer 12.65     (16.42)   3 

Yoga 46.95     (48.68) 20 

Beef 64.70     (70.00) 11 

Coffee 25.25   1 

OliveOil 50.21   1 
*Numbers in parentheses present the error rate when D=1. 

 

Similar observations can be made, when 1-NN classification is applied. When D 

equals 1, the average error rate for all datasets is not only the lowest but it seems to be much 

lower than the average error rate observed for other values of D (Figure 4.6). In addition to 

that, it seems that when D increases, the performance deteriorates.   
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In Table 4.3 the minimum error rate (the best) is presented for each dataset along 

with the corresponding value of D at which it is achieved. In 14 out of 20 datasets, the best 

performance is achieved when D equals to 1, whereas in the remaining datasets the 

corresponding values of D vary from 2 to 13.  
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Figure 4.6 1-NN Classification: Average Error-Rate for 20 datasets / D-value 

 

 

Table 4.3 1-NN Classification: Minimum Error-Rate 

Dataset Min. Error Rate
*
 D 

Adiac 46.55   1 

50words 69.23   1 

CBF 16.56   1 

ECG200 23.00   1 

FaceAll 40.36   1 

FaceFour 37.50   1 

Fish 39.43   1 

GunPoint 22.00   1 

Lighting2 34.43   1 

Lighting7 57.53     (64.38)   2 

OSULeaf 19.01     (45.45)   2 

SwedishLeaf 18.72     (23.20)   2 

SyntheticControl 13.33   1 

Trace 11.00   1 

TwoPatterns 29.08   1 

Wafer   0.26     (  2.55)   3 

Yoga 21.53     (25.67)   2 

Beef 26.67     (43.33) 13 

Coffee   3.57   1 

OliveOil 33.33   1 
*Numbers in parentheses present the error rate when D=1. 
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4.4.2 D-PAA: Comparison of Distance Measures 

In Table 4.4, the minimum error rates are presented along with the corresponding 

weights ( w ) and dimensionalities (dim), when k-NN search is performed.  

The first observation is that, normalization of features does not affect the error rate 

either consistently across datasets or significantly (more than 1 unit) in the majority (16) of 

datasets. There are four datasets, however, where the error rate is affected by more than 1 

unit, when the normalized features are utilized. More specifically, in SwedishLeaf dataset the 

error rate is decreased by 1.29 units, in Trace by almost 8 units and in wafer by 2.75 units.  

There is only one dataset, Coffee, where the error rate is increased by almost 6 units. 

The second observation is that the minimum error rates are achieved for weight 

values, which are lower than 0.5 in the majority of datasets (Figure 4.7). Moreover, the 

weight value of zero appears with the highest frequency in both cases of original  

(Figure 4.7a) and normalized features (Figure 4.7b). This implies that in most of the cases, 

when standard deviations are assigned greater weight than means, the error rates are 

improved (even by little). Note that assigning a weight value equal to 0.5 is equivalent to no 

weight. In these experiments, the value of 0.5 appears twice as the optimal weight, only 

when normalized features are utilized.   

  

Table 4.4 k-NN Search: Minimum Error Rates (%) 

Features Original   Normalized   

Dataset D-PAA w dim D-PAA w dim 

Adiac 63.27 0.0 14 63.31 0.2 14 

50words 59.40 0.3 12 59.57 0.4 12 

CBF 30.12 0.0   6 30.09 0.2   4 

ECG200 31.56 0.0 12 32.77 0.0 12 

FaceAll 49.30 0.4 14 48.92 0.2 14 

FaceFour 33.80 0.1 14 34.97 0.4 12 

Fish 59.23 0.0 14 59.07 0.2 14 

GunPoint 44.38 0.0 16 44.92 0.1   8 

Lighting2 40.30 0.0   4 40.53 0.0   4 

Lighting7 52.04 0.7 10 52.75 1.0 12 

OSULeaf 70.67 0.4 14 70.80 0.7 14 

SwedishLeaf 52.64 0.2 14 51.35 0.5 16 

SyntheticControl 33.74 0.9 10 35.47 0.5   6 

Trace 46.36 0.1 10 38.40 0.0 10 

TwoPatterns 67.30 0.8 10 66.13 0.8 10 

Wafer   6.70 0.0   8   3.95 0.0   8 

Yoga 48.03 0.0   4 48.03 0.0   4 

Beef 65.45 0.3   8 64.70 1.0 16 

Coffee 24.34 0.1 16 30.28 0.0 16 

OliveOil 29.89 0.2 12 29.42 0.3 14 
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Finally, normalization does not affect essentially dimensionality reduction. In 

particular, there are only three datasets, where the minimum error rate is achieved for a 

significantly different dimensionality (GunPoint, SyntheticControl and Beef).  
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Figure 4.7 k-NN Search: Distribution of Weights 

 

Similar observations are made, when 1-NN classification is performed. Table 4.5 

presents the minimum error rates along with the corresponding weights (w) and 

dimensionalities (dim).  

 

Table 4.5 1-NN Classification: Minimum Error-Rates 

Features Original   Normalized   

Dataset D-PAA w dim D-PAA w dim 

Adiac 40.15 0.1 14 39.13 0.1, 0.2 14 

50words 31.43 0.5 16 29.45 0.6 16 

CBF   0.11 0.1, 0.2   6   0.33 0.2, 0.3   6 

ECG200   8.00 0.2, 0.3   8   8.00 0.2, 0.9 8, 14 

FaceAll 25.03 0.7 14 25.09 0.4 14 

FaceFour 13.64 0.1-0.3, 0.9 12-16   9.09 0.3 14 

Fish 25.71 0.3 12 25.14 0.2 14 

GunPoint   6.00 0.1, 0.2 14   7.33 0.0   8 

Lighting2 11.48 0.3   6 14.75 0.1, 0.2, 0.3 6, 8 

Lighting7 27.40 0.2-0.5 14, 16 23.29 0.4, 0.5 16 

OSULeaf 47.11 0.1 14 47.11 0.4 16 

SwedishLeaf 12.48 0.2 14 13.92 0.5 12 

SyntheticControl   3.67 0.2, 0.3, 0.5, 0.6 16   3.33 0.7 16 

Trace   4.00 0.1, 0.3 12, 14   2.00 0.1-0.6 16 

TwoPatterns   5.42 0.7 16   5.52 0.8 16 

Wafer   0.36 0.7 14   0.39 0.6, 0.8 14 

Yoga 16.67 0.2 16 16.13 0.8 16 

Beef 26.67 0.7-1.0 12 23.33 0.8-1.0 16 

Coffee   0.00 0.1-0.7 16   0.00 0.1-0.7 14, 16 

OliveOil 13.33 0.0-0.2, 1.0 10, 12 13.33 0.3, 0.4 16 
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Again, normalization of features does not affect the error rate either consistently 

across datasets or significantly. Although there are more datasets (9) where the difference is 

greater than 1 unit, this differences ranges from 1 to 4.6 units.  Also, normalization does not 

affect essentially dimensionality reduction. In particular, there are only three datasets, where 

the minimum error rate is achieved for a significantly different dimensionality (GunPoint, 

Beef and OliveOil).  

On the other hand, the minimum error rates are achieved at weight values that are 

not unique for each dataset. The distribution of weights is not as skewed to the lower values, 

as it was in the previous set of experiments. Moreover, their values often change 

significantly with respect to the application of normalization. Again, the value of 0.5 (no 

weight) appears in only 2 datasets. 

 

4.4.3 Comparison between D-PAA and PAA 

Table 4.6 presents the minimum error rates and dimensionalities (dim) of a k-NN 

search, when PAA and D-PAA representations are applied on data.  

  

Table 4.6 k-NN Search: Minimum Error Rates (%) 

Features  Original  Normalized  

Dataset PAA dim D-PAA dim D-PAA dim 

Adiac 70.81 14 63.27 14 63.31 14 

50words 62.83 12 59.40 12 59.57 12 

CBF 40.61   6 30.12   6 30.09   4 

ECG200 32.63 14 31.56 12 32.77 12 

FaceAll 66.54 12 49.30 14 48.92 14 

FaceFour 41.97   6 33.80 14 34.97 12 

Fish 64.97 16 59.23 14 59.07 14 

GunPoint 45.73   6 44.38 16 44.92   8 

Lighting2 44.49   4 40.30   4 40.53   4 

Lighting7 53.53   6 52.04 10 52.75 12 

OSULeaf 69.99 14 70.67 14 70.80 14 

SwedishLeaf 59.36 14 52.64 14 51.35 16 

SyntheticControl 31.23 10 33.74 10 35.47   6 

Trace 49.70   4 46.36 10 38.40 10 

TwoPatterns 68.76   6 67.30 10 66.13 10 

Wafer 15.24   4 6.70   8 3.95   8 

Yoga 49.62   8 48.03   4 48.03   4 

Beef 66.06   6 65.45   8 64.70 16 

Coffee 27.51 16 24.34 16 30.28 16 

OliveOil 30.45 14 29.89 12 29.42 14 
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The first observation is that D-PAA representation produces better results than PAA 

in the majority of datasets. In 16 out of 20 datasets, the improvement in error rate ranges 

approximately from 0.5 to 17 units, independently of whether normalization is applied or 

not. When PAA is compared with D-PAA with normalization, the largest differences appear 

in FaceAll (17.62 units), Trace (11.30 units), Wafer (11.29 units) and CBF (10.52 units). In 2 

out of 20 datasets (ECG200 and OSULeaf) PAA performs similarly with D-PAA, whereas in 

the remaining 2 datasets, SyntheticControl and Coffee, PAA has an error rate that is lower by 

4.24 and 2.77 units respectively.  

The fact that, PAA may produce the “best” results in a lower dimensionality than  

D-PAA, cannot be always considered as an advantage, since in higher dimensionalities may 

produce worse results than D-PAA. In these experiments, there are only 4 datasets 

(GunPoint, Lighting7, TwoPatterns and Beef), where PAA produces similar error rates with 

D-PAA in significantly lower dimensionality. 

Table 4.7 presents the minimum error rates and dimensionalities (dim) of a 1-NN 

classification, when PAA and D-PAA representations are applied on data.  

Table 4.7 1-NN Classification: Minimum Error-Rates 

Features  Original  Normalized  

Dataset PAA dim D-PAA dim D-PAA dim 

Adiac 51.66 14 40.15 14 39.13 14 

50words 33.63 12 31.43 16 29.45 16 

CBF   3.11 10   0.11   6   0.33  6 

ECG200 11.00 12   8.00   8   8.00 8, 14 

FaceAll 32.19 16 25.03 14 25.09 14 

FaceFour 18.18 16 13.64 12-16   9.09 14 

Fish 28.00 14 25.71 12 25.14 14 

GunPoint   8.00   6   6.00 14   7.33   8 

Lighting2 18.03   8 11.48   6 14.75 6, 8 

Lighting7 27.40 16 27.40 14, 16 23.29 16 

OSULeaf 46.69 16 47.11 14 47.11 16 

SwedishLeaf 20.48 14 12.48 14 13.92 12 

SyntheticControl   1.00 12   3.67 16   3.33 16 

Trace 24.00   4   4.00 12, 14   2.00 16 

TwoPatterns   6.50 16   5.42 16   5.52 16 

Wafer   0.47   8   0.36 14   0.39 14 

Yoga 17.27 12 16.67 16 16.13 16 

Beef 26.67   6 26.67 12 23.33 16 

Coffee   3.57 14   0.00 16   0.00 14, 16 

OliveOil 13.33   6 13.33 10, 12 13.33 16 

 

The first observation is that D-PAA representation produces better results than PAA 

in the majority of datasets. In 15 out of 20 datasets, the improvement in error rate ranges 

from approximately 0.08 to 20 units, independently of whether normalization is applied or 



  81 

not. When PAA is compared with D-PAA with normalization, the largest differences appear 

in Trace (22 units), Adiac (12.53 units), FaceFour (9.09 units) and FaceAll (7.10 units).  In 1 

out of 20 datasets (OliveOil) PAA performs similarly with D-PAA, whereas in 2 datasets 

OSULeaf and SyntheticControl, PAA has an error rate lower by 0.42 and 2.33 units 

respectively.   

Regarding the dimensionalities, there are 5 datasets (CBF, ECG200, FaceAll, 

FaceFour and Lighting2), where D-PAA produces considerably better results than PAA with 

fewer dimensions. On the other hand, there are 4 datasets (Wafer, Yoga, Beef and OliveOil), 

where PAA produces similar error rates with D-PAA in lower dimensionality. 

 

4.4.4 Comparison among D-PAA and other Rival Approaches 

Table 4.8 presents the minimum error rates recorded in 1-NN classification, when 

several representations are applied.  

 

Table 4.8 1-NN Classification: Minimum Error Rates (%) 

Features     Original Normalized 

Dataset SVD DFT FB PAA D-PAA D-PAA 

Adiac 39.1 43.7 46.6 51.7 40.2 39.1 

50words 34.3 33.9 69.2 33.6 31.4 29.5 

CBF   4.9   3.3 16.6   3.1   0.1   0.3 

ECG200 12.0 11.0 23.0 11.0   8.0   8.0 

FaceAll 31.9 27.3 40.4 32.2 25.0 25.1 

FaceFour 20.5 17.1 37.5 18.2 13.6   9.1 

Fish 21.1 22.9 39.4 28.0 25.7 25.1 

GunPoint   8.0   8.7 22.0   8.0   6.0   7.3 

Lighting2 18.0 19.7 34.4 18.0 11.5 14.8 

Lighting7 32.9 28.8 57.5 27.4 27.4 23.3 

OSULeaf 46.3 48.4 19.0 46.7 47.1 47.1 

SwedishLeaf 17.4 17.8 18.7 20.5 12.5 13.9 

SyntheticControl   1.0   1.0 13.3   1.0   3.7   3.3 

Trace 25.0 27.0 11.0 24.0   4.0   2.0 

TwoPatterns   5.7   5.5 29.1   6.5   5.4   5.5 

Wafer   0.5   0.4   0.3   0.5   0.4   0.4 

Yoga 17.2 17.4 21.5 17.3 16.7 16.1 

Beef 33.3 33.3 26.7 26.7 26.7 23.3 

Coffee   0.0   0.0   3.6   3.6   0.0   0.0 

OliveOil 10.0 16.7 33.3 13.3 13.3 13.3 

 

The first observation is that D-PAA produces the minimum error rate in the majority 

of the datasets either when normalization is applied or not. In the first case, D-PAA improves 

error rate in 12 datasets, performs exactly the same in 3 datasets and worse in 5 datasets. 
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When it is compared with the next “best” representation, the improvement ranges from 0.7 to 

9 units, whereas, the deterioration ranges from 0.1 to 28.1 units. Similarly, in the latter case, 

D-PAA improves error rate in 11 datasets, performs exactly the same in 3 datasets and worse 

in 6 datasets. When it is compared with the next “best” representation, the improvement 

ranges from 0.1 to 7 units, whereas, the deterioration ranges from 0.1 to 28.1 units. 

The second observation is that all other representations perform better only in much 

fewer cases. The SVD and FB representations perform better than all the other 

representations in two datasets each, whereas, DFT and PAA provide similar or worse results 

than SVD, FB and D-PAA in all datasets. 

Table 4.9 presents the minimum error rates recorded in 1-NN classification, when 

Euclidean and DTW distances are applied on raw (no representation) data.  

The first observation is that D-PAA (with or without normalization) and DTW 

perform much better than Euclidean distance, which produces similar or negligibly better 

results in only three datasets.  

 

Table 4.9 1-NN Classification: Minimum Error Rates (%) 

Features   Original Normalized 

Dataset ED DTW D-PAA D-PAA 

Adiac 38.9 39.6 40.2 39.1 

50words 36.9 31.0 31.4 29.5 

CBF 14.8   0.3   0.1   0.3 

ECG200 12.0 23.0   8.0   8.0 

FaceAll 28.6 19.2 25.0 25.1 

FaceFour 21.6 17.0 13.6   9.1 

Fish 21.7 16.7 25.7 25.1 

GunPoint   8.7   9.3   6.0   7.3 

Lighting2 24.6 13.1 11.5 14.8 

Lighting7 42.5 27.4 27.4 23.3 

OSULeaf 47.9 40.9 47.1 47.1 

SwedishLeaf 21.1 21.0 12.5 13.9 

SyntheticControl 12.0   0.7   3.7   3.3 

Trace 24.0   0.0   4.0   2.0 

TwoPatterns   9.3   0.0   5.4   5.5 

Wafer   0.5   2.0   0.4   0.4 

Yoga 17.0 16.4 16.7 16.1 

Beef 33.3 36.7 26.7 23.3 

Coffee   0.0   0.0   0.0   0.0 

OliveOil 13.3 16.7 13.3 13.3 

 

The second observation is that, overall, the performances of D-PAA and DTW seem 

to be comparable to each other. The first produces the minimum error rate in the majority of 

the datasets when normalization. D-PAA improves error rate in 11 datasets, performs exactly 
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the same in 2 datasets and worse in 7 datasets. The improvement ranges from 0.3 to 15 units, 

whereas, the deterioration ranges from 1.7 to 8.4 units. On the other hand, when 

normalization is not applied, D-PAA improves error rate in 9 datasets, performs exactly the 

same in 2 datasets and worse in 9 datasets. The improvement ranges from 0.2 to 15 units, 

whereas, the deterioration ranges from 0.3 to 9 units. 

 

4.5  Conclusion 

In this chapter, we introduce a novel time series representation, named D-PAA, 

along with a distance measure that lower bounds the Euclidean distance. 

The first conclusion is that D-PAA, when compared to the most similar 

representation PAA, performs considerably better in the majority of the datasets without 

necessarily sacrificing the required dimensionality. In addition to that, assigning a weight to 

the features improves the performance of D-PAA with respect to k-NN search and 1-NN 

classification. Moreover, experiments indicate that local dispersion present in a time series 

possesses a further discriminating power in conjunction with the corresponding central 

tendency. 

A second conclusion is that D-PAA, when compared to other representations, 

performs consistently better in the majority of datasets with respect to classification 

accuracy. The minimum error rate is consistently similar or better throughout the majority of 

datasets. In addition to that, D-PAA performance is comparable to DTW, which constitutes a 

state of the art approach in measuring similarity among time series. In fact, there are datasets 

where D-PAA outperforms DTW and vice versa.  

A third conclusion refers to the Feature-based representation, which also utilizes the 

standard deviation. The results of the conducted experiments indicate that FB performs 

considerably better when the required parameter is set equal to one. Also, FB outperforms 

other representations in 2 out of 20 datasets in the context of kNN similarity search and 1NN 

classification.  

An expected conclusion that can be drawn from the experiments of the previous 

section is that there is no representation scheme that outperforms all the others in every 

dataset. This conclusion refers mainly to their capability of capturing the most essential 

features of a time series, that is, to minimize the loss of important information inherent in a 

time series, while reducing dimensionality. The D-PAA representation is proposed for the 

purpose of improving the quality of a time series that has been transformed into a space of 

reduced dimensionality.  
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CHAPTER 5  

 

 

Cluster Based Similarity Search 

 

 
5.1 Introduction 

Similarity search is an important task in many applications, such as content-based 

retrieval, exploratory data analysis, predictive modeling and data mining. The basic problem 

can be stated as follows: given a set of objects, find the most similar ones to a given query 

object. For example, one may be interested in retrieving the most similar images to a given 

one from a database or in identifying those stocks whose prices evolved similarly to a 

specific one over the last year. Retrieval of these objects is based on “similarity” rather than 

on “exactness”. 

The main research in this area is focused on the development of methods that can 

efficiently support similarity search, since common applications involve a very large amount 

of data.  The volume of data depends not only on the number of objects but also on their 

dimensionality. Typically, an object can be considered as a point in an n-dimensional 

Euclidean space.  

One major class of methods for efficient similarity search comprises of 

multidimensional indexing schemes that can be used for fast access of these points [51]. 

Examples include the R-tree [58], TV-tree [106], X-tree [14] and R+-tree [134]. In general, 

the tree-like schemes divide an N-dimensional space into overlapping subregions that 

contain subsets of objects. When a query object arrives, it is driven to one of these 

subregions, and then, a nearest neighbor search is performed in order to locate similar 

objects that may reside not only in this subregion but also in neighboring ones. Although the 

indexing approach can be extremely fast, its efficiency degrades rapidly with the increase of 

the dimensionality. There are several research results that demonstrate the negative effects of 

increasing dimensionality on index structures [62] [155]. For instance, White & Jain [157] 

report that as the dimensionality increases from 5 to 10, the performance of a nearest 

neighbor search degrades by a factor of 12 for various multidimensional index structures.  

Beyer et al. [18] show that nearest neighbor search can become unstable with as few as 10-

20 dimensions. This phenomenon, known as dimensionality curse, implies that a simple 

sequential scan usually performs better at higher dimensionalities than index structures.  
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One solution for achieving efficient similarity search in the presence of high 

dimensionality is to condense the data by applying a dimensionality reduction technique (i.e. 

Principal Component Analysis). The idea is to map the original data into a lower dimension 

domain without losing substantial amount of information. The approach of dimensionality 

reduction can be very helpful in several ways. The fact that it reduces the storage 

requirements directly affects the performance scalability. Also, this approach may result into 

a number of dimensions that allow efficient implementation of multidimensional indexing 

structures. In addition, there are many applications where the dimensionality reduction 

improves the performance of similarity search with respect to the quality of the results. For 

example, a dimensionality reduction technique that is capable of removing high levels of 

noise present in data may improve the quality of similarity search.  

In this chapter, we examine the case of time series similarity search within the 

context of one nearest neighbor (1NN) classification. Time series data differ from other 

domains in that they have an intrinsically high dimensionality, which necessitates the 

application of a dimensionality reduction technique. Moreover, the results from Chapter 4 

directly indicate that the performance of similarity search is improved when the original time 

series is mapped into a lower dimension domain. The method of 1NN classification requires 

searching a database for the most similar object (time series) to a given one. The main 

drawback of this method is that we have to compare a query object to every object in a 

database in order to find the most similar one [59]. This approach becomes prohibitive, when 

the reference database is extremely large. The efficiency of this method is affected by the 

number of objects in the database, as well as, by the dimensionality of these objects, since a 

distance measure is calculated for measuring the closeness of the corresponding objects.  

We propose to reduce the dimensionality of the original time series for the purpose 

of accelerating the computation of the chosen distance measure and improving the quality of 

results. In addition to that, we propose to partition the dimensionality reduced database into 

clusters of similar objects, and apply 1NN searching on each cluster in a sequential manner. 

The rationale behind our approach is that we may reach the nearest neighbor without 

searching the whole database. A multidimensional index structure can be built on each one 

of the clusters in order to efficiently apply similarity search. However, we investigate the 

effectiveness of our approach with respect to sequential searching, since the required 

dimensionality reduction in order to ensure desired quality performance may require a 

multidimensional indexing that is not essentially faster than sequential scanning.  

The main contributions made in this Chapter are: 
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• The introduction of a new similarity search method for time series that is faster than 

sequential search, and potentially, than indexing-based search.     

• The experimental evaluation of a clustering based approach on data that is in the form of 

time series.  

In Section 5.2, the background of clustering is presented along with related work. In 

Section 5.3, our approach is presented in detail. The experimentation framework is described 

in Section 5.4, whereas in Section 5.5 the corresponding results are presented. Finally, 

conclusions are provided in Section 5.6. 

 

5.2 Background 

In this section we present a brief review of clustering and we discuss related work in 

similarity search. 

 

5.2.1 Clustering 

Clustering is the process of constructing meaningful partitions (clusters) of a large 

set of objects based on the characteristics they possess. These clusters should exhibit high 

within-cluster homogeneity and high between-cluster heterogeneity.  In other words, objects 

in the same cluster should be as similar as possible to each other, while being as different as 

possible from objects in other clusters. There is a huge number of clustering algorithms 

proposed in the literature, since cluster analysis has been studied for several decades in 

statistics [60] [8] and machine learning [68].  

When applying clustering on a dataset, one should address three key issues: the 

definition of a similarity measure, the method of forming the clusters and the number of 

clusters. Since objects are multidimensional, an appropriate similarity measure should be 

defined in order to capture the “closeness” between two objects. Two broad categories of 

clustering algorithms are the hierarchical and partitioning methods. According to the first 

category, the procedure starts with an initial clustering in which each cluster consists of a 

single object. At each step, the two closest clusters are merged, until just one cluster, of all 

objects, is formed. This procedure is called agglomerative in contrast with the divisive one, 

which starts with a single cluster composed of all objects and proceeds to divide it into 

successively smaller clusters. The process ends with a partition in which each cluster 

consists of a single object. On the other hand, the partitioning methods are nonhierarchical 

procedures that require the specification of the number of clusters to be formed. The 

procedure starts with the selection of cluster seeds as the initial cluster centers. The next task 

is the assignment of each object to the nearest seed and the recalculation of the cluster 
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centers. Objects then may be reassigned if they are closer to another cluster than the one 

originally assigned. Our work involves the k-means method, which is one of the most 

popular partitioning methods, and it is analytically described in Section 5.3.  

Clustering algorithms should follow specific properties within data mining, one of 

which is the capability of working with high dimensional data. The objects in data mining 

could have hundreds of attributes. Clustering in such high dimensional spaces presents two 

basic problems. First, with an increase in the number of attributes that characterize an object, 

the likelihood of presence of irrelevant attributes increases. The second problem, known as 

the dimensionality curse, is the increasing difficulty of distinguishing objects based on their 

distances. Beyer et al. [18] show that the distance of a query to the nearest neighbor 

approaches the distance to the farthest point as the dimensionality increases. For interesting 

insights into complications of high dimensional data, see [2]. 

There are several approaches in dealing with high dimensional data. Traditional 

methods of dimensionality reduction, such as Fourier Transforms or Singular Value 

Decomposition, transform original data into a lower dimension domain by applying some 

function of the initial attributes. On the other hand, algorithms of subspace clustering try to 

circumvent high dimensionality by building clusters in appropriate subspaces of original 

attribute space. Another approach, co-clustering, divides attributes into similar groups and 

comes up with new derived attributes representing each group. Co-clustering can be 

considered as a procedure that simultaneously clusters both objects and their attributes. Our 

work follows the approach of dimensionality reduction because the data under consideration 

is in the form of time series, which have an intrinsically high dimensionality and high 

attribute correlation. A general survey on clustering analysis can be found in [15]. 

 

5.2.2 Related Work 

As it is mentioned earlier, the dimensionality curse has serious effects on the 

effectiveness of high-dimensional similarity search from the performance perspective. The 

most obvious solution for achieving scalable performance is to reduce the dimensionality of 

data. Aggarwal [3] provides a model of the effects of this reduction on high dimensional 

problems for the purpose of improving the quality of similarity search.   

Most of the research is focused on reducing the dimensionality of data in order to 

apply an effective multidimensional indexing structure. Chakrabarti and Mehrotra [25] 

propose to discover correlated clusters in the dataset and reduce the corresponding 

dimensionalities by applying Principal Component Analysis to each one of them. They also 

provide a technique to individually index these clusters that guarantees no false positive or 
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false negative answers to be returned to the user. This approach applies local dimensionality 

reduction assuming that there are subsets of locally correlated data.  

Bennett et al. [13] propose to apply an EM (Expectation Maximization) algorithm to 

cluster data using a mixture-of-Gaussians pdf (probability density function) model. Each 

cluster corresponds to a specific Gaussian pdf, which is parameterized with a mean vector 

and a covariance matrix.  This approach (DBIN) utilizes the derived density model of the 

data in order to introduce an indexing scheme that produces a mapping between a query 

point and an ordering on the clustered index values. The authors provide stability conditions 

under which DBIN performs optimally and means of detecting when their indexing structure 

is unlikely to be useful.  

Ferhatosmanoglou et al. [47] introduce a new technique based on clustering that 

reduces the size of dataset and the dimensionality of each data object. The authors propose to 

transform the original d-dimensional data by using the Karhunen-Loève Transformation 

(KLT). The derived dataset has the same dimensionality with the original one; however, 

most of the information is accumulated in the first few dimensions. After dimensionality 

reduction, a modified K-means clustering algorithm is applied in the low dimensional 

domain. The number of dimensions to be retained can be determined based on a statistical 

analysis of data. The procedure of approximate nearest neighbor searching starts with the 

transformation of the query object, the retention of the first r dimensions, and the 

identification of the cluster this query falls into. Then, similarity search is performed in this 

cluster and the k  nearest neighbors are retrieved. The authors propose a progressive 

refinement of the process by increasing the number of the retained dimensions and/or by 

searching neighboring points that fall in other clusters.  

Another cluster-based approach is introduced in [143]. The authors propose an 

indexing method called Clustering with Singular Value Decomposition (CSVD) that 

efficiently supports approximate nearest neighbor queries. The construction of a CSVD 

index involves three steps: partitioning the dataset using a clustering technique (i.e. K-

means), applying SVD separately on each cluster to reduce the dimensionality of data, and 

constructing an index for the transformed space. The authors provide a recursive extension 

of CSVD in order to deal with the expensive computation cost of constructing the proposed 

index. Similar approaches with CSVD are introduced in [139] [24].  

  Li et al. [99] provide a clustering and indexing paradigm (called CLINDEX) for 

high dimensional spaces. The CLINDEX partitions the dataset into clusters. Each cluster is 

represented by a separate file and all files are sequentially stored on disk. The authors 

introduce a new technique for constructing clusters of objects. In particular, the algorithm 
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starts by dividing each dimension of the d-dimensional vector space into 2
n 

segments, so 

every segment can be identified using an n-bit number. This process forms (2
n
)

d
 cells in the 

data space. The clustering algorithm aggregates these cells into clusters. Once the clusters 

are obtained, an indexing structure is built that is based on a simple encoding scheme which 

maps an object to a cell and a cell to its corresponding cluster. Approximate similarity search 

is processed by first identifying the cluster to which the query object belongs, and then by 

searching the corresponding file.  

Zezula et al. presents various approaches in developing index structures for 

searching complex data modeled as instances in a metric space [163].   

 

5.3 A Proposed Approach 

In this chapter, we examine the case of time series similarity search within the 

context of one nearest neighbor (1NN) classification. The objective of our work is to provide 

a method for the purpose of improving the efficiency of 1NN classification without 

sacrificing the quality of the results. We introduce an approach that integrates the 

dimensionality reduction of data and the reduction of the search space by applying clustering 

on the transformed data. We call this approach CLUREP (Clustering on Representation). In 

particular, the original data is represented in a compressed form by applying any 

dimensionality reduction technique, such as Discrete Fourier Transform, Singular Value 

Decomposition or Piecewise Aggregate Approximation. Then, the transformed dataset is 

partitioned by applying a clustering algorithm.  The similarity search proceeds at each cluster 

sequentially according to specific criteria. The idea is that we may reach the nearest neighbor 

without necessarily visiting all clusters. The proposed method consists of three phases that 

are analytically described hereafter. 

The first phase involves the application of a dimensionality reduction technique on 

the original data for two reasons. First, we expect to improve the quality (accuracy) of the 

classification results, as it has been experimentally shown in the previous chapter. Second, 

the subsequent clustering analysis becomes more effective, since the problem of high 

dimensional data is alleviated. Virtually, any technique can be selected at this step; however, 

this choice is application dependent, since different techniques may result into 

representations of higher quality in different applications. In our method, the quality of the 

representation of the original data affects the quality of the subsequent clustering analysis, 

which in turn affects the efficiency of similarity search. However, in this work we propose to 

apply the Piecewise Aggregate Approximation (PAA) because it is simple, fast to calculate, 
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and it has been shown empirically that it is as efficient as other more sophisticated 

approaches. 

The second phase involves the application of a clustering algorithm on the 

transformed data. In this work, we propose the application of K-means [109], which is one of 

the most researched and popular clustering methods [68]. Although there are many variations 

of this algorithm, it can be generally defined as follows. 

 

1. Decide the desired number of clusters k . 

2. Select k  points to be the seeds for the centroids of  the k  clusters.   

3. Assign each object to the cluster whose centroid is closest to the object,  

forming in this way k  exclusive clusters of objects. Most often, the distance 

measure that is utilized is the Euclidean distance.  

4. Recalculate the new centroids of the clusters.  

5. Repeat Steps 3 and 4 until convergence is achieved, that is until there are no new 

assignments.  

 

Note that the two previous phases constitute the pre-processing that is executed off-

line. The third phase involves the procedure of similarity search in the derived clusters. The 

input to this phase is the cluster membership of each object, the centroid of each cluster (
i

c ) 

and the corresponding radius (
i

r ). The radius of a cluster is defined as the distance of the 

farthest object of a cluster to the corresponding centroid. Given a query object ( q ), the 

method proceeds as follows: 

 

1. Calculate the distances of the query object to the centroids of the clusters  

( ( )i
d q,c ).  

2. Set the cluster with the closest centroid as the current cluster. Let denote this 

cluster 
( i )

C , where 1i = .  

3. Calculate the distance of the query object to each one of the other clusters. This 

distance is defined to be the difference between the distance of the query to the 

centroid and the corresponding radius. If the query object lies within the cluster, 

then this distance is set equal to zero (Eq. 5.1).  

 ( ) ( ){ }0    2 3
( i )

i i
d q,C max , d q,c r , i , ,...,k= − =   (5.1) 
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4. The clusters are sorted in an increasing order with respect to their distances from 

the query object. Ties may be broken according to the distances of the centroids 

of the clusters to the query object. Let denote these clusters 
( i )

C , where 

2 3i , ,...,k=  with k  corresponding to the cluster that is farthest from the query.  

5. Search the current cluster sequentially in order to locate the current nearest 

neighbor (nn) to the query object. Record the corresponding distance d( q,nn )  

6. If the distance of the query object to the current nearest neighbor is less than or 

equal to the distance of the query object to the next cluster (Eq. 5.2), then the 

actual nearest neighbor is found and the algorithm stops.  

 ( ) ( )( )1i

d q,nn d q,C
+

≤  (Eq 5.2) 

Otherwise, let 1i i= +  and move to the next step. 

7. Calculate the difference between the distance of the query object to the centroid 

of 
( i )

C and the distance of the query object to the current nearest neighbor. If this 

difference is positive, then search the objects of 
( i )

C that their distance to 
i

c  is 

greater than this difference. Otherwise, search the whole cluster. After this, the 

current nearest neighbor (nn) has been changed. If  i k= , the algorithm stops. In 

this step, we determine a lower bound on the distances of objects from the 

centroid in order to reduce the search space in the current cluster (Eq. 5.3). In 

other words, we search the nearest neighbor among the objects that lie within the 

current cluster and their distances from the corresponding centroid are greater 

than the lower bound. 

 ( ) ( ){ }0 , 
i

lower _bound max d q,nn d q,c= −  (Eq. 5.3) 

8. Go to step 6. 

 

An example of this procedure is presented in Figures 5.1-5.3. We consider 17 time 

series of 2 dimensions (two time instances). For presentation purposes, there are two special 

cases in this example. First, the resulting clustering derives three clusters that do not overlap 

to each other. In other words, the distance between the centroids is greater than the sum of 

the corresponding radii, for any pair of clusters. Second, the query object lies outside of the 

clusters. In general, we do not expect to have such kind of placement of the clusters and the 

query, especially when the dimensionality is high and the size of the dataset is large. The 

proposed method works for any placement of clusters and queries. 
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Our work is very similar to the work of Thomasian et al. [143] that is briefly 

presented in Section 5.2.2. Nevertheless, we examine the case of time series data, which 

differ from other domains because they exhibit high dimensionality, high feature correlation 

and high levels of noise. Also, we investigate the effectiveness of our approach with respect 

to sequential searching, since the required dimensionality reduction in order to ensure 

desired quality performance may require a multidimensional indexing that is not essentially 

faster than sequential scanning. The selection of the specific technique for dimensionality 

reduction is an open choice; however, its application precedes the clustering task. Finally, 

the search of the clusters (except from the primary one) is restricted only to that space where 

the nearest neighbor (if exist) lies.   
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Figure 5.1 The determination of the primary cluster and the location of the current nearest neighbor  
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Figure 5.2 The determination of the next closest cluster, the check of whether a better nearest 

neighbor may exist (in this case, it exists) and the determination of the corresponding search space 
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Figure 5.3 The location of a better nearest neighbor and the check of whether a better nearest neighbor 

may exist (in this case, it does not exist and the algorithm ends without searching the next cluster) 
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5.4 Framework of Experimentation 

In order to evaluate the performance of the proposed approach, we perform one-

nearest neighbor classification (1-NN) and validate it with the leave-one-out procedure. Each 

series of a dataset is considered as the query object and is classified according to the class of 

its nearest neighbor. We record the classification accuracy and the percentage of the volume 

of data that is searched. The corresponding average values are calculated over the total 

number of series in the dataset.  

The experiments are conducted on 12 real world and synthetic datasets, which are 

available upon request in [64]. They are utilized extensively as benchmark datasets for 

testing classification algorithms and for this reason, they are separated in training and testing 

sets. In this work, we merge these two sets in order to increase the size of each dataset. All 

datasets consist of normalized time series, that is, time series of mean equal to zero and 

standard deviation equal to one. All series are labeled according to the class they belong to. 

A description of these datasets is presented in Table 5.1.      

As it is stated in the previous section, our method involves reducing the 

dimensionality of data by applying an appropriate technique. We apply Piecewise Aggregate 

Approximation (PAA), which segments a time series into a number of sections and records 

the corresponding means. The number of sections is set equal to multiples of 2, ranging from 

4 to 16. In this work, we do not experiment with other dimensionality reduction techniques, 

since there is not a single technique that outperforms all the others in every application. The 

dimensionality reduction technique affects the quality of clustering, and consequently, the 

quality of clustering affects the performance of our method. However, this method aims at 

improving the efficiency of 1-NN classification rather than the quality of clustering.  

We compare our method (CLUREP) with the complete sequential search and the 

method that does not restrict the search space of the visited clusters [143]. According to the 

latter method, the whole clusters are scanned once visited. We call this method 

CLUREP_all. We do not provide any comparison with index-based methods because the 

required dimensionality for achieving the best accuracy rate is experimentally shown that is 

greater than 10 for the majority of the selected datasets (11 out of 12). This observation 

implies that a multidimensional indexing may not be essentially faster than sequential 

scanning.  

Finally, the algorithm of K-means is applied with a number of clusters that ranges 

from 2 to 20 in increments of 2. Intuitively, the more the number of clusters, the less the 

fraction of dataset that need to be searched.  
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All the necessary codes and experiments are developed in MATLAB. 

 

Table 5.10 Description of Datasets 

ID DATASET 

 

CLASSES 

 

SIZE 

(# of time series)
 

DIMENSIONALITY 

(length of time series)  

1 50words 50 905 270 

2 CBF 3 930 128 

3 ECG200 2 200 96 

4 FaceAll 14 2250 131 

5 GunPoint 2 200 150 

6 OSULeaf 6 442 427 

7 SwedishLeaf 15 1125 128 

8 SyntheticControl 6 600 60 

9 Trace 4 200 275 

10 TwoPatterns 4 5000 128 

11 Wafer 2 7164 152 

12 Yoga 2 3300 426 
 

5.5 Results 

In the first part of the results, we provide the classification error rates and the 

percentage of the volume of data that is searched for a constant number of clusters ( 10k = ). 

The objective is to examine their relation under varying dimensionalities.  

Table 5.2 presents the classification error rates for varying dimensionalities when the 

number of the generated clusters is set equal to 10. The main observation is that the lowest 

error rate is achieved at high dimensionalities.  In 8 out of 12 datasets, the required 

dimensionality is the highest (16). The lowest dimensionality is 8 and it is observed in only 

one dataset. The minimum error rate ranges from 0.00% to 35.75%.  

Table 5.3 presents the percentages of the volume of data that is searched when the 

number of the generated clusters is set equal to 10. In 8 out of 12 datasets, there is an 

increasing trend in the volume of data searched as the dimensionality increases. On the other 

hand, there are 4 datasets (GunPoint, Trace, Wafer, Yoga) where the corresponding volume 

of data remains fairly stable across the dimensionalities.  The minimum volume of data 

ranges from 12.5% to 19.2%. 

The key observation that arises by combining both tables (Table 5.2 and Table 5.3) 

is that as the dimensionality increases, the classification error rate decreases with the cost of 

an increasing percentage of the volume of data that need to be searched. We also observe 

that when the dimensionality is set equal to 16, the corresponding volume of data ranges 

from 13% to 58.3%. In addition to that, the three datasets with the “worst” error rates also 
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present poor results in the volume of data that need to be searched (50words, OSULeaf, 

SwedishLeaf). Similar observations can be made, if we generate fewer or more clusters than 

10. For brevity, results for other values of k  are not presented.  

 

Table 5.2 1-NN classification error rates (%) ( 10k = ) 

  Dimensionality 

ID Dataset 4 6 8 10 12 14 16 

1 50words 65.30 43.87 34.92 31.05 29.61 29.28 27.85 

2 CBF 10.54 0.43 0.00 0.11 0.00 0.00 0.00 

3 ECG200 25.00 16.50 12.50 12.50 10.50 9.00 10.00 

4 FaceAll 59.82 31.73 24.04 13.38 10.00 9.56 7.42 

5 GunPoint 17.50 10.50 13.50 7.50 8.00 6.00 5.50 

6 OSULeaf 71.95 53.85 44.12 40.27 36.65 36.65 35.75 

7 SwedishLeaf 63.38 41.42 27.47 23.73 18.84 18.84 17.33 

8 SyntheticControl 14.67 9.00 5.00 1.17 1.17 1.17 0.67 

9 Trace 20.00 20.00 22.00 22.50 15.00 20.50 18.50 

10 TwoPatterns 45.40 16.84 8.00 3.50 2.82 2.32 0.78 

11 Wafer 0.38 0.43 0.18 0.20 0.17 0.14 0.15 

12 Yoga 24.36 11.30 9.12 8.30 6.70 7.03 6.58 
*Gray areas correspond to the minimum error rate of the corresponding dataset 

 

 

Table 5.3 Percentages of the volume of data that is searched ( 10k = ) 

  Dimensionality 

ID Dataset 4 6 8 10 12 14 16 

1 50words 16.4 21.0 25.6 30.1 33.8 36.7 40.0 

2 CBF 14.2 15.6 16.3 17.3 18.8 18.3 20.4 

3 ECG200 17.7 20.9 21.9 22.9 24.3 25.8 25.2 

4 FaceAll 17.3 26.2 31.8 28.8 28.9 29.5 31.0 

5 GunPoint 16.7 16.0 17.5 16.7 17.6 17.1 17.4 

6 OSULeaf 19.2 28.8 33.6 43.9 48.5 53.2 58.3 

7 SwedishLeaf 19.1 23.7 29.6 32.0 35.3 35.7 39.0 

8 SyntheticControl 16.8 19.6 21.3 21.5 25.0 24.6 28.4 

9 Trace 14.1 13.4 13.5 12.5 13.7 13.8 13.0 

10 TwoPatterns 19.2 19.1 25.1 32.5 37.4 40.9 46.2 

11 Wafer 14.5 15.2 14.9 15.2 15.5 15.3 15.5 

12 Yoga 15.3 15.1 16.4 16.6 16.9 16.8 17.1 
*Gray areas correspond to the minimum volume of data of the corresponding dataset 

 

 

In the second part of the results, we provide the percentage of the volume of data 

that is searched for varying number of clusters. The dimensionality is set equal to that 
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number for which the lowest error rate is achieved (Table 5.2). In general, this number varies 

across different datasets. 

In this set of experiments, we provide results for two methods, namely the CLUREP 

and the CLUREP_all. Note that the latter differs from the first in that it searches the whole 

cluster once visited. By definition, CLUREP is expected to provide better results than 

CLUREP_all. However, one of our objectives is to experimentally quantify the expected 

improvement.  

In Table 5.4 and Table 5.5, the performances of CLUREP and CLUREP_all are 

presented with respect to the percentage of volume of data that is searched. The first 

observation is that when the number of the generated clusters ( k ) increases, the 

corresponding volume decreases. In general, the rate of decrease is higher when the value of 

k  increases from 2 to 10 than when k  increases from 10 to 20 (Fig. 5.4, Fig. 5.5).  

The second observation is that both methods perform better than sequential scan. 

However, CLUREP performs consistently better than CLUREP_all across datasets for every 

number of clusters. The only excemption is the TRACE dataset, where the two methods 

seem to perform similarly (Fig. 5.5).  

More specifically, when the number of clusters is equal to 20, CLUREP requires 

searching a fraction of the original datasets that ranges from 7.2% to 45.3% whereas the 

corresponding fraction of CLUREP_all ranges from 8.0% to 69.9%. On the average across 

datasets, CLUREP requires searching the 19.6% of the original data volume, whereas the 

corresponding percentage for CLUREP_all is 39.5%.  

 

Table 5.4 Percentage of the volume of data that is searched (CLUREP) 

  Number of Clusters 

ID Dataset 2 4 6 8 10 12 14 16 18 20 

1 50words 87.1 67.3 53.9 45.7 40.1 35.9 32.9 30.4 28.5 26.7 

2 CBF 57.9 34.5 25.4 19.4 16.1 13.7 12.0 10.4 9.6 9.0 

3 ECG200 68.8 43.1 32.8 29.2 25.5 23.5 21.2 20.1 18.7 17.4 

4 FaceAll 67.4 48.2 39.3 34.2 30.9 28.4 26.4 24.9 23.5 22.2 

5 GunPoint 61.3 36.0 26.8 20.5 17.3 15.5 14.3 11.6 10.9 10.6 

6 OSULeaf 85.7 74.6 67.5 62.9 58.5 55.2 52.1 49.5 47.5 45.3 

7 SwedishLeaf 77.6 58.9 49.6 43.5 39.0 35.7 33.3 31.1 29.3 27.8 

8 SyntheticControl 59.2 42.3 35.6 31.8 28.5 25.8 24.1 22.7 21.5 20.3 

9 Trace 51.2 31.1 21.2 17.2 14.2 12.1 10.3 9.0 8.3 7.2 

10 TwoPatterns 86.4 68.2 58.2 51.3 46.1 42.0 38.7 35.7 33.2 31.1 

11 Wafer 55.9 33.7 24.3 18.6 15.2 12.9 11.1 9.8 8.8 8.0 

12 Yoga 61.1 34.1 25.2 20.2 17.0 14.8 13.1 11.7 10.5 9.8 
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Table 5.5 Percentage of the volume of data that is searched (CLUREP_all) 

  Number of Clusters 

ID Dataset 2 4 6 8 10 12 14 16 18 20 

1 50words 99.0 94.4 86.5 79.1 72.9 67.7 63.3 60.0 56.1 53.8 

2 CBF 79.5 54.8 43.9 34.1 27.3 22.8 18.9 16.8 14.6 13.0 

3 ECG200 97.0 75.4 60.8 49.8 44.5 39.4 35.2 31.4 28.9 27.4 

4 FaceAll 98.7 93.6 88.9 84.2 80.7 77.7 74.2 71.1 68.0 65.3 

5 GunPoint 82.7 60.1 43.0 30.3 25.7 22.0 18.2 16.6 15.5 13.6 

6 OSULeaf 96.9 94.3 90.6 86.9 83.9 80.7 77.5 74.6 72.4 69.9 

7 SwedishLeaf 99.7 97.6 94.5 90.3 85.4 81.6 77.7 74.6 71.7 69.3 

8 SyntheticControl 66.5 59.5 53.6 47.7 43.7 40.1 37.6 35.0 33.2 32.0 

9 Trace 49.7 34.7 23.7 19.0 15.5 13.4 10.8 9.6 8.9 8.0 

10 TwoPatterns 99.8 97.2 93.3 89.6 85.5 81.5 77.3 73.6 69.8 66.3 

11 Wafer 58.3 55.6 49.2 43.1 39.1 35.8 33.1 30.4 28.2 26.0 

12 Yoga 85.0 59.5 53.9 48.0 43.5 39.6 36.7 34.1 31.6 29.3 

 

 

5.6 Conclusions 

In this chapter, we propose a cluster-based method (CLUREP) for similarity search 

for the purpose of 1NN classification. Part of this method can be utilized in conjunction with 

a multidimensional indexing structure. However, we examine the effectiveness of this 

approach in sequential searching because the dimensionality reduction technique that is 

applied on data may not be adequate for providing a multidimensional indexing the means 

for outperforming sequential scanning.  

The main conclusion is that, when compared to sequential searching, CLUREP is at 

least 5 times faster in the majority of the datasets considered in the experiments. In addition 

to that, CLUREP substantially improves the performance of a similar approach 

(CLUREP_all) by a factor of 2. A secondary conclusion is that when the number of 

generated clusters increases, the performance of CLUREP improves. However, experiments 

show that the rate of improvement “slows down” after the generation of approximately 8 to 

12 clusters. 

A more general conclusion is that, as the dimensionality of the transformed data 

increases, the classification error rate decreases with the cost of an increasing percentage of 

the volume of data that need to be searched. In the data mining context, one can trade-off 

between accuracy and efficiency with respect to the requirements of the application under 

consideration. 



  100 

 

50words

0

10

20

30

40

50

60

70

80

90

100

2 4 6 8 10 12 14 16 18 20

Number of c lus ters

F
ra

c
ti
o
n
 o

f 
d
a
ta

s
e
t 

s
c
a
n
n
e
d

CLURE P

CLURE P_al l

SEQSCAN

CBF

0

10

20

30

40

50

60

70

80

90

100

2 4 6 8 10 12 14 16 18 20

Number of c lus ters

F
ra

c
ti
o
n
 o

f 
d
a
ta

s
e
t 

s
c
a
n
n
e
d

CLURE P

CLURE P_al l

SEQSCAN

ECG200

0

10

20

30

40

50

60

70

80

90

100

2 4 6 8 10 12 14 16 18 20

Number of c lus ters

F
ra

c
ti
o
n
 o

f 
d
a
ta

s
e
t 

s
c
a
n
n
e
d

CLURE P

CLURE P_al l

SEQSCAN

FaceAll

0

10

20

30

40

50

60

70

80

90

100

2 4 6 8 10 12 14 16 18 20

Number of c lus ters

F
ra

c
ti
o
n
 o

f 
d
a
ta

s
e
t 

s
c
a
n
n
e
d

CLURE P

CLURE P_al l

SEQSCAN

GunPoint

0

10

20

30

40

50

60

70

80

90

100

2 4 6 8 10 12 14 16 18 20

Number of c lus ters

F
ra

c
ti
o
n
 o

f 
d
a
ta

s
e
t 

s
c
a
n
n
e
d

CLURE P

CLURE P_al l

SEQSCAN

OSULeaf

0

10

20

30

40

50

60

70

80

90

100

2 4 6 8 10 12 14 16 18 20

Number of clusters

F
ra

c
ti

o
n

 o
f 

d
a

ta
s

e
t 

s
c

a
n

n
e

d

CLUREP

CLUREP _al l

SE QSCAN

 
Figure 5.4 Percentage of the volume of data that is searched across varying number of clusters 

(datasets 1-6) (d = 10) 
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Figure 5.5 Percentage of the volume of data that is searched across varying number of clusters 

(datasets 7-12) (d = 10) 
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CHAPTER 6  

 

 

Issues on Multivariate Time Series Data Mining – PCA 

 

 

6.1 Introduction 

Multivariate time series appear frequently in several diverse applications. Examples 

include human motion capture [113], geographical information systems [28], statistical 

process monitoring [75], or   intelligent surveillance systems [146]. Time Series Data Mining 

(TSDM) techniques have been investigated for the purpose of analyzing efficiently this type 

of data. As it was stated in previous chapters, the notion of similarity is of great importance 

in almost every TSDM task. For instance, it is of interest to form clusters of objects that 

move similarly by analyzing data from surveillance systems or classify current operating 

conditions in a manufacturing process into one of several operational states. In the field of 

computer graphics, an animator needs to search efficiently a motion database for similar 

motions to a desired one [48]. 

A multivariate time series is generated by recording the values of p  attributes that 

co-evolve through time ( 1p > ). These attributes are also called variables. For example, 

suppose that we analyze stock market data. If we record the closing prices of a particular 

stock within a month, we generate a univariate time series ( 1p = ). On the other hand, if we 

additionally record the volume exchanged and the P/E index within the same month, we 

generate a multivariate time series ( 3p = ). Another application that generates multivariate 

time series is the monitoring of a human motion, where there are several sensors that record 

the position of various body joints. Several researchers refer to this type of series as multi-

dimensional or multi-attribute. These terms may be used interchangeably through this 

chapter. Note that the notion of dimensionality is different than the one encountered in 

univariate time series. In the latter case, the dimensionality is defined as the length of the 

series, whereas in the multivariate case, most often, it refers to the number of individual time 

series (variables). Within Data Mining context, it is important to reduce the dimensionality 

of a series not only by reducing its length but also the number of the individual series.       

Although there is a vast literature in univariate time series similarity search, mainly 

focused on the interrelated issues of representation, distance/similarity measure and indexing 

(Chapter 2), the case of multivariate time series has not been extensively explored with 
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respect to these issues. Most of the papers concentrate on indexing multidimensional time 

series and provide appropriate extensions of already known representations and/or similarity 

measures.  In addition to that, most of the research interest lays on trajectories, which usually 

consist of 2 or 3 dimensional time series. A different direction in research is based on the 

dimensionality reduction of a series with respect to the number of individual time series 

(variables). The driving tools in this approach are the interrelated techniques of Principal 

Component Analysis (PCA) and Singular Value Decomposition (SVD). The main idea is to 

condense a large number of interrelated variables into a smaller set of variates, while 

retaining as much as possible of the variation present in the original data. These two 

techniques act as representations with special features that allow the definition of different 

kind of similarity measures than the ones proposed in the univariate case. 

The main contributions of this chapter are the following: 

• We provide an extensive literature review with respect to multivariate time series data 

mining. 

• We thoroughly explore the implications of applying PCA on multivariate time series in 

the context of similarity search. 

In section 6.2, a formal definition of Multivariate Time Series is provided along with 

the special issues that arise with respect to representation and similarity measure. In Section 

6.3, we present an extensive literature review of multivariate time series data mining. PCA is 

presented in Section 6.4, and the corresponding assumptions with respect to time series are 

discussed in Section 6.5. The implications of applying PCA on time series similarity search 

are investigated in Section 6.6. Finally, conclusions are included in Section 6.7. 

  

6.2 Multivariate Time Series: Representations & Similarity Measures 

A Multivariate Time Series (MTS) can be represented as a matrix
n p

X × , where p  is 

the number of individual time series and n  is their length (Eq. 6.1).  
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Each column corresponds to the values of a time series, which can be considered as 

the values of a variable. Each row corresponds to the values of all variables at a particular 
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time instance. We assume that each time series has the same length n , since they are 

generated by the same procedure within the same time interval. 

As it was stated in previous chapters, the notion of similarity is of great importance 

in almost every TSDM task. Regarding similarity search, the first issue is the representation 

of a multivariate time series for the purpose of reducing the dimensionality. Contrary to the 

univariate case, the notion of dimensionality does not refer only to the length of the series 

but also to the number of variables. One could approach this issue by considering X  as a 

univariate series that consists of the concatenation of the corresponding individual series (Eq. 

6.2). Then, any representation technique could be applied, such as DFT or PAA. 

 

 
11 21 1 12 22 2 1 2n n p p np

X x ,x ,...,x ,x ,x ,...,x ,...,x ,x ,...,x ′ =    ( 6.2) 

 

A different approach is to reduce the length n  of each one of the individual time 

series (Eq. 6.3), and then concatenate them into a univariate time series (Eq. 6.4). 
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where N n� .  

The second issue, with respect to similarity search, is the definition of a distance 

measure between two MTS. The most commonly applied measure is the Euclidean distance, 

which is defined between two MTS ( X ,Y ) as in Eq. 6.5. 
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= − 
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p
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− = − 

 
∑  ( 6.5) 

 

Similarly, several researchers extend other distance measures for multivariate time 

series, such as the Dynamic Time Warping [150]. 

   

6.3 Literature Review of Multivariate Time Series Data Mining 

There is a vast literature in univariate time series Data Mining with respect to the 

interrelated issues of representation, similarity measure and indexing (Chapter 2). However, 

the case of multivariate time series has not been extensively explored with respect to these 

issues. In addition to that, most of the research interest lays on trajectories, which usually 

consist of 2 or 3 dimensional time series. The literature review has indicated that there are 

three main classes of papers. The first one concentrates on indexing multidimensional time 

series and provides an appropriate representation scheme and/or a similarity measure, 

whereas the second one is driven by specific data mining applications, such as clustering or 

novelty detection. A third class of papers focuses on mining streaming multiple time series. 

This case is different than the multivariate case because there is only one MTS under 

consideration that evolves through time, whereas in the multivariate case there is a large 

number of MTS that need to be compared to each other. Nevertheless, we have included a 

brief review of papers from this class, since particular tasks may require treating time series 

in a multivariate way.  

Regarding the first class of papers, the authors of [147] introduce the problem of 

similarity search on multi-dimensional time series, such as trajectories, under different 

orientations. They propose a novel method of mapping trajectories into a space that is 

invariant of translation, scaling and rotation.  In addition to that, they define a DTW-based 

(Dynamic Time Warping) similarity measure on this new space. More specifically, their 

approach involves transforming the spatial coordinates of a trajectory into a sequence of 

angle / arc-length pairs and normalizing the transformed series by applying a novel iterative 

modulo normalization technique, which deals with the possible problem of vertical shifts. 

The proposed similarity measure allows elastic matches and can be efficiently lower 

bounded.  

Vlachos et. al [148] propose an indexing framework that supports multiple distance 

functions, without the need to rebuild the index. Although the primary measure is based on 

the Longest Common Subsequence (LCSS) model, the proposed framework is able to 
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support other measures, such as the Euclidean distance and the Dynamic Time Warping. 

Their work is mainly focused on trajectories. 

In [22], an extension of LCSS is provided for the purpose of clustering motion 

trajectories. The authors define a LCSS-based distance between two 2-dimensional 

trajectories as a pair of numbers. Each number represents the similarity between the 

projections of the trajectories on the coordinate axes. The clustering is performed by 

applying an agglomerative algorithm. 

The authors of [30] introduce a novel distance function, namely the Edit Distance for 

Real sequence (EDR), for the purpose of similarity search of moving object trajectories. 

EDR is robust to noise, shifts and scaling of this type of data and is accompanied by three 

pruning techniques in order to improve the retrieval efficiency. 

Kahveci et al. [73] extend the Euclidean distance to handle shift and scale invariance 

and propose a novel index structure called CS-index. The authors investigate separately the 

cases of dealing with dependent and independent variables. In the first case, they propose to 

convert a p -dimensional time series of length n  to a univariate time series of length np  by 

concatenating the individual series, and then apply a representation for the purpose of 

dimensionality reduction. In the latter case, they propose to reduce the dimensionality of 

each individual time series separately, and then to concatenate the resulting series.  

On the other hand, Lee et al. [97] propose a scheme for searching a database, which, 

in the pre-processing phase includes the representation (e.g. DFT) of each one of the 

individual time series separately. They provide distance measures between two series along 

with appropriate lower bounds and extend the similarity search method on univariate time 

series in order to support multidimensional time series. 

Cai & Ng [23] approximate and index multidimensional time series with Chebyshev 

polynomials and prove the Lower Bounding Lemma for this representation. That is, that the 

true distance between two time series is lower-bounded by the distance in the space of 

Chebyshev coefficients. In the previous three papers, the Euclidean distance is applied as a 

distance measure.  

Bakalov et al. [10] extend the Symbolic Aggregate Approximation (SAX) [104] and 

the corresponding distance measure for moving objects. They provide an indexing scheme 

for efficiently and accurately discovering similarities among trajectories. Their work is 

focused on the specific problem of identifying all pairs of similar trajectories between two 

datasets.  

Regarding the second class of papers that are driven by Data Mining applications, 

Fujimaki et al. [50] present a novel anomaly detection method for spacecrafts, based on 
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Kernel Feature Space and directional distribution. Part of their work is to define an anomaly 

metric. Although this is an application-oriented method, the fact that it requires little a priori 

knowledge makes it potentially useful to other applications too.  

In [69] a dimensionality reduction technique is proposed for the purpose of revealing 

spatio-temporal structures from human motion streams and therefore deriving primitive 

behaviors (vocabulary). They propose an extension of ISOMAP, a non-linear dimensionality 

reduction technique, which incorporates not only the extraction of spatial structures but also 

the corresponding temporal dependencies. This is a PCA-based method (Principal 

Component Analysis) that performs the decomposition on a feature space similarity matrix 

instead of an input space covariance matrix. The extended technique takes into account the 

temporal dependencies by adjusting the similarity matrix through Weighted Temporal 

Neighbours. The combination of this type of dimensionality reduction with clustering is 

proposed in order to determine a human motion vocabulary.  

The work of Tanaka et. al. [141] introduces a new method for identifying motifs 

from multi-dimensional time series. It applies Principal Component Analysis to reduce 

dimensionality and perform a symbolic representation. Then, the motif discovery procedure 

starts by calculating a description length of a pattern based on the “Minimum Description 

Length” principle.  

A different approach, which is mainly motivated from research on human genome 

sequences, is introduced in [54]. However, this approach is more general and involves 

multivariate time series. The notion behind their approach is that, the high variability that 

some time series very often exhibit may be explained by the existence of several different 

sources that affect different segments of this series. More specifically, the task is to find a 

proper way to segment a time series into k segments, each of which comes from one of h 

different sources (k >>h). This task is analogous to clustering the points of a time series in h 

clusters with the additional constraint that a cluster may change at most k-1 times. 

Finally, Geurts [53] presents formally the problem of multivariate time series 

classification and presents a novel tool that is based on a piecewise constant modeling of 

temporal signals by regression tress. The main objective is to generate interpretable results 

while retaining classification accuracy at a high level.   

The third class of papers aims at identifying patterns among streaming multiple time 

series. Although each one of the time series is univariate, the fact that they are being 

generated concurrently results in recording multiple measurements at each time point. 

Depending on the task, this fact may require treating time series in a multivariate way. 

SPIRIT is introduced in [122] as a new approach to discovering patterns from streaming 
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multiple time series. This approach identifies correlations and hidden variables among time 

series by applying Principal Component Analysis, in order to summarize the entire set of 

streams and provide useful means in efficient forecasting. The SPIRIT also satisfies the 

important requirements of an efficient streaming pattern discovery procedure, that is, it is 

streaming, it scales linearly with the number of time series, it is adaptive to changes and it is 

automatic.  

In [33] the task of discovering correlated windows of time series (synchronously or 

with lags) over streaming data is addressed. The authors concentrate on the case where the 

time series are “uncooperative”, meaning that there does not exist a fundamental degree of 

regularity that would allow an efficient implementation of DFT or DWT transformations. 

The proposed method involves a combination of several techniques – sketches (random 

projections), convolution, structured random vectors, grid structures, and combinatorial 

design – in order to achieve high performance.  

In [133] a novel method for extracting time-correlations among multiple time-series 

is introduced. The time-correlations are expressed in the form of correlation rules such as: if 

A increases more than 5% then B decreases more than 10% on the next day. In order to 

reduce the search space, the proposed method includes summarization of the original data by 

aggregation at different time granularities and detection of the change points upon which the 

desirable comparisons will be based. For the latter task, CUSUM, a well known statistical 

method, is used in order to convert continuous time series data to discrete data. The resulting 

representation includes the change points along with a label (UP or DOWN) that indicates 

the direction of the change and the amount of change. 

 

6.4 Review of Principal Component Analysis 

Principal Component Analysis (PCA) is a well-known statistical method for 

multivariate data analysis. It is applied on a set of interrelated quantitative variables in order 

to derive a new set of variables, which are called components.  Each one of these 

components represents a group of the initial variables that share common features. In 

addition to that, these components are determined to be uncorrelated to each other and 

ordered in a way that the first few of them will account for the largest variance present in the 

original dataset.   

The PCA technique serves two objectives. First, it identifies the underlying patterns 

or relationships for a large number of variables and determines whether this information can 

be condensed or summarized in a smaller set of components. Second, it can be utilized in 
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order to reduce the dimensionality of a dataset for subsequent analysis. The latter objective is 

of great importance when there is a huge amount of data that requires efficient analysis. 

6.4.1 Preliminaries 

Prior of presenting the PCA method, we provide definitions of the main concepts of 

eigenvalues, eigenvectors variance, covariance, correlation coefficient. 

 

Definition 6.1. The eigenvalue of a square matrix 
p p

A ×  is a scalar value λ , which satisfies 

the following property: 

 

λA u = u⋅ ⋅  

 

where u  is a unit vector. The vector u  that corresponds to an eigenvalue is called 

eigenvector. 

 

Definition 6.2. The variance of a variable X  is a dispersion measure that is based on the 

deviations of each value 
i

x  of the variable from their mean, and it is defined by the 

following equations:  
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where µ and x are the population and sample means respectively. 

 

Definition 6.3. The standard deviation of a variable is defined as the square root of the 

variance and is denoted by the symbols σ  (population standard deviation) or s  (sample 

standard deviation). 

  

Definition 6.4. The covariance of two variables 
i

X and 
j

X  indicates the degree of linear 

association between two variables and it is defined by the following equations 
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Definition 6.5. The Pearson product-moment coefficient of correlation is a measure that 

indicates the strength of the linear relationship between two variables that is independent of 

their respective scales of measurement. In the case that the corresponding population means 

are unknown, the coefficient of correlation is defined by the following equation: 

 

i j

i j

X X

cov( X ,X )
r

s s
=

⋅
 

 

where 
iX

s  and 
jX

s  are the standard deviations of  
i

X  and  
j

X  respectively. 

 

6.4.2 Mathematical Formulation of PCA 

Table 6.1 provides a list of symbols and definitions that will be used throughout this 

chapter. 

 

Table 6.1 Symbols and Definitions 

X  the n p×  data matrix 

T
X  the transpose of X  

i
X  

the i
th

  variable  

ij
x  the i

th
 value of the j

th
 variable 

( i )
Y  

the ith principal component 

A  the p p×  matrix of component weights 

j
a⋅  

the j
th

 column vector of A   

ij
a  the weight of 

i
X  in 

( j )
Y  

Σ  the variance – covariance matrix  

S  the sample variance – covariance matrix 

1p×Λ  the matrix of the eigenvalues (variances) in decreasing order 
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Y  the n p×  matrix the matrix of the coordinates of data on the new set of axes 

 

Principal Component Analysis is applied on a multivariate dataset, which can be 

represented as a matrix 
n p

X × (Eq. 6.6), where p  is the number of variables 
i

X  and n  is 

number of observations that have been recorded for each variable. 
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The objective of PCA is to determine a new set of orthogonal and uncorrelated 

composite variates 
( i )

Y  (Eq. 6.7), which are called principal components: 

 

 
1 1 2 2( i ) i i pi p

Y a X a X ... a X= + + +  ( 6.7) 

 

where i = 1, 2, …, p and 
i

X  denotes the i
th variable. The coefficients 

ij
a  are also called 

component weights.  

The first step is the determination of the first component 
1( )

Y , which is a linear 

combination of the original variables (Eq. 6.7 ) and will account for the maximum portion of 

their variance. In other words, we must determine those values for 
1i

a  for which the variance 

of 
1( )

Y  (Eq. 6.8) will be maximized. This can be achieved by utilizing the variance – 

covariance matrix Σ , where the element (i , j) corresponds to the covariance between the 

variables 
i

X and 
j

X  when i  ≠  j, and to the variance of the variable 
i

X  when i = j.   In the 

case that the matrix Σ is unknown, the variances and covariances are estimated from the 

sample and the resulting matrix is denoted by S . 

 

 1 11 1 21 2 1( ) p pY a X a X ... a X= + + +   (6.7 ) 

 

 1 1 1

T

( )var(Y ) α Σ α⋅ ⋅= ⋅ ⋅   ( 6.8) 
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Apparently, the determination of the coefficients 
1i

a  is not feasible, since the 

variance always increases for greater values of 
1i

a . This fact necessitates the restriction of 

the allowable values that these coefficients can take. Most often we impose the following 

restriction: 

 

1 1
α α 1

T

⋅ ⋅⋅ = .  

 

It can be proved that the vector of the required coefficients is the eigenvector of Σ  

that corresponds to the largest eigenvalue 
1
λ . This eigenvalue represents the (maximum) 

variance of the first component (Eq. 6.9). 

 

 
1 1 1 1

T

( )
var(Y ) α Σ α λ⋅ ⋅= ⋅ ⋅ =   ( 6.9) 

 

The next step is the determination of the second component 
2( )

Y , which will account 

for the maximum portion of the remaining variance subject to being orthogonal to the first 

one. 

Generally, it can be proved that the k
th
 component has variance equal to λ

k
, where 

λ
k

 is the kth largest eigenvalue of Σ  and 
k

a⋅  is the corresponding eigenvector.  

The number of the components is equal to the number of the original variables ( p ). 

The original data are transformed by utilizing the derived components 
( k )

Y . When the total 

number of components is retained, the transformed data can be represented as a matrix Y  

(Eq. 6.10), which has the same dimensions with X  and holds the initial information. The 

objective of PCA is to retain the first m  components, which retain most of the variation 

present in all of the original variables ( p ). Thus, an essential dimensionality reduction may 

be achieved by projecting the original data on the new m -dimensional space, as long as, 

m p� .  
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As it is obvious from the above analysis,  PCA generates two matrices, namely the 

matrix of the component weights 
p p

A × and the matrix of the corresponding variances 
1p×Λ  in 

decreasing order. The matrix Y  that holds the transformed values can be easily obtained as 

follows: 

 

Y X A= ⋅  

 

As it was mentioned earlier, Principal Component Analysis is based on the variance-

covariance matrix Σ . Alternatively, the determination of the components can be based on 

the correlation matrix S , where the element (i , j)  is the correlation coefficient of the 

variables 
i

X  and  
j

X  when i  ≠  j, and the standard deviation of the variable 
i

X  when i = j. 

The final result is different than the one obtained when Σ  is utilized. These two approaches 

are equivalent when PCA is applied on the normalized values (
ij

z ) of the original data  

(Eq. 6.11).  

 

 
ij j

ij

j

x x
z

s

⋅

⋅

−
=   ( 6.11) 

 

where jx⋅  και js⋅  are the mean value and the standard deviation of the variable 
j

X . These 

transformed values have a mean value equal to zero and standard deviation equal to one. 

This approach is very popular because the normalized values are independent of the scale of 

measurement, which is usually different among variables.   

 

6.4.3 Intuition behind PCA 

Suppose that we have two variables 
1

X  and  
2

X  ( 2p = ) and their corresponding 

values at ten instances ( 10n = ). Figure 6.1 presents this dataset as a set of points on a 2-
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dimensional space. We observe that there is considerable variation in both variables, though 

rather more in the direction of 
2

X  than 
1

X .  Intuitively, PCA transforms the dataset X  by 

rotating the original axes and deriving a new set of axes 
1( )

Y  and 
2( )

Y  (components). It is 

clear that under this rotation there is greater variation in the direction of 
1( )

Y  than in either of 

the original variables, but very little variation in the direction of 
2( )

Y . If only 
1( )

Y  is retained 

and data is projected on it, there will be little loss of information, whereas a dimensionality 

reduction will be achieved by retaining only one of the two dimensions. 

As it was shown in the previous section, PCA generates the matrices 
p p

A × and 
1p×Λ . 

The component weights 
ij

a  provide the directions of the components [55], whereas the 

variances λ
i
 provide their corresponding strengths.  In addition to that, the matrix   X A⋅  

provides the coordinates of the original data on the new set of axes.  

  

X1

X2
Y(1)

Y(2)

 

Figure 6.1 A multivariate time series consisting of two 

variables (X1 and X2) and ten instances. Dots represent the 

instances, while solid lines represent the principal 

components that have been derived by PCA. A 

dimensionality reduction can be achieved, if only the first 

component Y(1) is retained and data is projected on it. 

 

 

6.4.4 PCA & SVD 

Singular Value Decomposition (SVD) is of great importance to PCA, since it 

provides a computationally efficient method of determining the principal components. This 

technique is presented analytically in Section 2.5.2. The SVD theorem states that an n p×  

real matrix X  can be expressed in the following form: 

 

 
T

n p n n n p p pX U S V× × × ×= ⋅ ⋅  ( 6.12) 
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where S  is a diagonal matrix that contains the singular values; the matrices U  and V  are 

orthonormal and their columns are the left and right singular vectors respectively. 

There is a direct relation between PCA and SVD in the case where principal 

components are calculated from the variance-covariance matrix. Suppose that the matrix X  

consists of the deviations of the original values from their corresponding mean. In other 

words, suppose that for each column of X  we subtract its mean from every element. Under 

this condition, the matrix 1 1
T

( / ( n )) X X− ⋅ ⋅  is the variance –covariance matrix of X . 

When X  is decomposed according to Eq. 6.12, the matrix V  provides the eigenvectors of  

T
X X⋅ , meaning that V  is equal to A . The matrix S  provides the eigenvalues of 

T
X X⋅ , 

which are the square roots of the eigenvalues that represent (proportional) the variances of 

the principal components. Finally, U S⋅  provides the coordinates of the observations in the 

new space. 

Conclusivelly, SVD provides all the necessary information for the determination of 

the principal components. In addition to that, it provides the matrix U , which plays the same 

role with V  when we reverse the roles of variables and observations.  

 

6.5 Principal Component Analysis for Time Series 

In Section 6.4, we reviewed Principal Component Analysis without referring 

explicitly to the type of data under consideration. In case of time series, PCA is applied on a 

multivariate dataset n pX × , where n  represents their length (number of time instances) and 

p  is the number of variables being measured (number of individual time series).  As it was 

mentioned in Section 6.4, the first objective of PCA is the identification of the underlying 

patterns or relationships for a large number of variables. However, there are two assumptions 

that should be met in order to provide statistical inferences from this analysis, specifically, 

the independence and the multivariate normality of the values of variables. When the 

variables are time series the first assumption does not hold, since each value of a series 

cannot be considered as independent to the value that was observed in the previous time 

instance. On the other hand, these assumptions are not required when the objective is to 

reduce the dimensionality of a dataset. The PCA method, as it was described in the previous 

section, does not take into consideration the dependencies that might exist among the values 

of a series.  

In Time Series Analysis, the notion of stationarity plays a central role. Intuitively, a 

time series is said to be stationary if there is no systematic change in mean, if there is no 
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systematic change in variance and if periodic variations are not present. In other words, the 

properties of one section of the series are much like those of any other section [29].  More 

formally, a time series 
t

X  is called stationary when the following equations hold. 

 

 µ    t T
t

( X ),= Ε ∀ ∈  (6.13) 

 

 ( )( ) ( )γ µ µ    t T
k t t k t t k

X X cov X ,X ,+ +
 = Ε − − = ∀ ∈   (6.14) 

 

where Τ  is a time interval. 

These two equations (Eq. 6.13) (Eq. 6.14) imply that the mean value and the 

covariance are independent of the time instance. On the other hand, the covariance between 

two terms of the series depends on their lag (k).   

The above definition can be generalized for a multivariate time series, which 

consists of p  variables (Eq. 6.15) (Eq. 6.16). 

 

 µ    t T
t

( X ),= Ε ∀ ∈  (6.15) 

 

 ( )( )µ µ ,   t T
T

k t t k
X X +

 Γ = Ε − − ∀ ∈  
 (6.16) 

 

where µ is the vector of the mean values of the p  variables, and 
k

Γ  is a matrix p p×  that 

holds the covariances of the variables with lag equal to k.  

According to the previous section, PCA is applied on the variance – covariance 

matrix, which in this section is denoted by 
0

Γ . However, in the case of time series PCA can 

be applied to variance-covariance matrices 
k

Γ  between variables that their values are 

recorded with lag 0k ≠ . 

Literature provides several modified versions of PCA that take into consideration the 

dependencies among the values of one series and/or more series, even in the presence of lag 

[71]. The main objective of these versions is the identification of patterns for the purpose of 

interpreting specific phenomena (e.g. in meteorology). However, the fact that these methods 

take into consideration the lag of the values results into a substantial increase in the number 

of variables. This means that the application of PCA becomes computationally expensive, 

and not appropriate within Data Mining context.  
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6.6 Implications of PCA in Similarity Search 

Similarity search is based on shapes, meaning that two time series are considered 

similar when their shapes are considered to be “close enough”. Apparently, the notion of 

“close enough” depends heavily on the application itself, a fact that affects the decision of 

the pre-processing phase steps to be followed, the similarity measure to be utilized and the 

representation to be applied on the raw data. 

Two MTS can be considered similar when the corresponding individual time series 

are similar. The application of PCA on two similar MTS will provide similar results. More 

specifically, the corresponding principal components will be close enough, that is, the 

corresponding angles will be close to zero degrees, and the corresponding variances will be 

almost equal. When these two requirements are fulfilled, the transformed values will be also 

close to each other. In addition to that observation, two MTS with dissimilar analysis in 

principal components, they are expected to be dissimilar. However, this does not hold vice 

versa. When two MTS have similar analysis in principal components, they may be similar or 

dissimilar. The reason is that PCA takes into consideration the covariances among variables. 

Nevertheless, two covariances may be equal while corresponding to different patterns 

(shapes). Figure 6.2 presents two dissimilar 2-dimensional MTS, which have exactly the 

same analysis in principal components. This observation implies that PCA-based similarity 

search requires a further filtering step in order to discard this kind of false hits.   
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Figure 6.2 Two dissimilar 2-dimensional time series that have the same 

analysis in principal components   

 

A second implication of applying PCA on MTS is that the temporal nature of data is 

not taken into account while deriving the principal components, since this procedure is based 

on the covariances among variables. Note that the order of the time instances of two 

variables does not affect the value of their covariance. In order to further clarify this 
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comment, let take the extreme case of two 2-dimensional MTS that consist of exactly the 

same values in reverse order (Figure 6.3). Their corresponding variance-covariance matrices 

are exactly the same and thus the analysis in principal components is the same. The only 

difference that may appear is the direction of the principal components. The corresponding 

principal components lay on the same axes but their direction may be opposite.     

When PCA is utilized for the purpose of similarity search, the definition of similarity 

should be fully clarified. For example, it should be clarified whether the MTS in Figure 6.3 

can be considered similar or not in order to appropriately evaluate the application of PCA.    

 

0 20 40 60 80 100 120 140-1000

0

1000

775

780

785

790

795

800

805

810

815

820

 

Figure 6.3 Two 2-dimensional time series evolving in reverse order 

 

 

Regarding the pre-processing phase (Section 2.3), there are four main distortions that 

may be existed in raw data, namely, offset translation, amplitude scaling, time warping and 

noise. Distance measures may be affected seriously by the presence of any of these 

distortions, resulting most of the times in missing similar shapes.  

Offset translation refers to the case where there are differences in the magnitude of 

the values of two time series, while the general shape remains similar. This distortion is 

inherently handled by PCA, since it is based on covariances, which are not affected by the 

magnitude of the values. It can be proved that the covariance of two variables is not affected 

by the addition of a constant on each value (Eq. 6.17). Therefore, if we transform each value 

by subtracting the corresponding mean, the covariance will remain the same (Eq. 6.18). This 

is a potential disadvantage of PCA, if similarity search is to be based also on the magnitude 

of the values. 
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   a,b 

i j i j
cov( X ,X ) cov( X a,X b ),= + + ∈�

 (6.17) 

 

 
  a,b 

i j i i j j
cov( X ,X ) cov( X x ,X x ),= − − ∈�

 (6.18) 

 

Amplitude scaling refers to the case where there are differences in the scaling of the 

values of two time series, while the general shape remains similar. In this case, PCA 

representation can be based on the correlations among variables, instead of the covariances. 

This is an alternative way of deriving the principal components, which produce slightly 

different results, but not essentially different in the context of dimensionality reduction.  

Time warping, which may be global or local, refers to the acceleration or 

deceleration of the evolvement of a time series through time.  In the case of global time 

warping (i.e. two multivariate time series evolve in different rates), PCA representation is 

expected to be similar, since the  shorter time series can be considered as a systematic 

random sample of the longer one, resulting to similar covariance matrix. On the other hand, 

the existence of local time warping distortions may be captured by the covariances of the 

corresponding variables.  

Finally, noise is intrinsically handled by PCA, since the discarded principal 

components account mainly for variations due to noise. 

Another issue in the pre-processing phase is analyzing time series of different 

lengths. PCA requires variables (time series) of equal length for the same object; therefore, 

this is a limitation of this technique. However, similarity search is performed on objects, and 

thus, it is based on the produced matrices 
p p

A × and 
1p×Λ , which are independent of the 

corresponding lengths. 

Similarity search also requires a measure that quantifies the similarity or 

dissimilarity between two objects. Under PCA transformation, this measure should be based 

on at least one of the produced matrices, mentioned in the previous paragraph, 
p p

A × , 
1p×Λ , 

and 
n p

Y × . The central concept is that, if two multivariate time series are similar, their PCA 

representation will be similar, that is, the produced matrices will be close enough. Searching 

similarity based on 
p p

A × , means to compare the angles of principal components derived 

from two multivariate time series, whereas searching based solely on 
n p

Y ×  is useless, since 

these values are coordinates in different spaces. The matrix 
1p×Λ  contains information about 
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the shape of the time series and it may be used in conjunction with 
p p

A ×  for further 

distinguishing power.  

The PCA representation of a dataset 
n p

X ×  consists of the component weight matrix 

p p
A ×  and the variances matrix 

1p×Λ . The data reduction may be substantial, as long as, the 

number of time instances n is much greater than the number of variables p . More 

specifically, the original matrix X  comprises n p⋅  data elements, whereas the PCA 

representation comprises p p⋅  data elements for the component weight matrix and p  data 

elements for the corresponding variances. Thus, the ratio of the required space for the PCA 

representation to the original space is equal to 

 

1p p p p

n p n

⋅ + +
=

⋅
 

 

Moreover, a further data reduction can be achieved, if only m  components are 

retained, where m p≤ . In this case, the corresponding ratio of the required space is equal to 

 

1p m m p m p m

n p n p n

⋅ + ⋅ + +
≤ =

⋅ ⋅
 

 

There are several criteria for determining the number of components to retain, such 

as the scree graph or the cumulative percentage of total variation [71].  According to the 

latter criterion, one could select that value for m, for which the first m  components retain 

more than 90% of the total variation present in the original data. 

Although PCA-based similarity search is complicated and usually requires expensive 

computations, it may improve the quality of similarity search providing at the same time 

useful information for post hoc analysis. 

 

6.7 Conclusion 

In this chapter, we discussed the various issues that arise in Data Mining when data 

is in the form of multivariate time series. We provided a literature review of Multivariate 

Time Series Data Mining with respect to similarity search and relative applications. Principal 

Component Analysis was described and the corresponding implications in similarity search 

were presented and discussed in detail.  
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There are four key observations. First, there is a trend to adjust existed techniques to 

data mining tasks performed on multivariate time series. Nevertheless, most of the research 

is focused on trajectories, which consist of 2 or 3 dimensional time series. Second, there is an 

increasing demand for analyzing streaming data, which also results into modifying existing 

methods and providing new algorithms. Third, there has been a lot of work in exploiting 

Time Series Data Mining techniques from diverse application areas, besides computing 

science. This fact suggests a closer, interdisciplinary cooperation among research 

communities. A final observation is that Principal Component Analysis has not been 

extensively explored in the context of similarity search in multivariate time series and hence, 

it has the potential to offer more in the Data Mining field. 
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CHAPTER 7  

 

 

PCA-based Measures for Similarity Search 

 

 

7.1 Introduction 

The problem of similarity search in multivariate time series has attracted the interest 

of many researchers from diverse scientific fields. As it was noted in the previous chapter, 

one direction in research is based on the dimensionality reduction of a series with respect to 

the number of individual time series (variables). The driving tools in this approach are the 

interrelated techniques of Principal Component Analysis (PCA) and Singular Value 

Decomposition (SVD). The central concept is that, if two Multivariate Time Series (MTS) 

are similar, their PCA representation will be similar. There are several PCA-based measures 

that have been proposed in order to quantify similarity between two MTS. Most of them take 

into consideration the angles between the principal components of two MTS and/or their 

corresponding variances.  

In this chapter, a novel PCA-based approach is introduced for the purpose of 

similarity search. This approach utilizes as a distance measure an extension of the Squared 

Prediction Error (SPE), a well-known statistic in the Statistical Process Control community. 

Contrary to other PCA-based measures proposed in the literature, SPE does not require 

applying the computationally expensive PCA technique on the query. In addition to that, we 

provide a method that further speeds up the calculation of SPE without affecting 

substantially the quality of similarity search. This method involves the application of 

Piecewise Aggregate Approximation (PAA) on the query object during the pre-processing 

phase, for the purpose of reducing its dimensionality.  

In order to evaluate this approach, we conducted experiments on four datasets, 

which have been used extensively in the literature. More specifically, we performed one-

nearest neighbor classification (1-NN) and evaluate it by means of classification error rate.  

In addition to that, we performed leave-one-out k-NN similarity search and evaluate it by 

plotting the recall-precision graph [34]. Finally, we evaluated the trade-off between 

classification accuracy and speed of calculating the proposed measure by applying 1-NN 

classification. Several measures have also been tested for comparison reasons. 

The main contributions of this chapter are the following: 
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• the introduction of a novel approach in multivariate time series similarity search that 

is based on Principal Component Analysis, 

• a thorough review of several PCA-based similarity/distance measures that have been 

proposed by researchers from diverse scientific fields, not necessarily within data 

mining context. 

In Section 7.2, we provide related work. Section 7.3 introduces our novel approach 

and provides a distance measure that is based on Multivariate Statistical Process Control. In 

Section 7.4, we describe the experimental settings with respect to the datasets, the methods 

and the rival measures. The results of these experiments are presented and discussed in 

Section 7.5. Finally, conclusions are provided in Section 7.6. 

 

7.2 Related work 

There are several PCA-based measures that have been proposed in order to compare 

two objects, which are in the form of multivariate time series. The main idea is to derive the 

principal components for each one and then to compare the produced matrices.   

Suppose that we have two multivariate time series denoted 
n p

X ×  and 
n p

Q × . 

Applying PCA on each one results in the matrices of component weights 
X

A  and 
Q

A , and 

variances 
X

Λ  and 
Q

Λ  respectively. All the following measures assume that the number of 

variables p  is the same for all series. This is a rational assumption, since these series are 

usually generated by the same process within a specific application.  

One of the earliest measures has been proposed by Krzanowski [96]. This measure 

(Eq. 7.1) is applicable to time series, although originally it was not applied on such type of 

data. The proposed approach is to retain m  principal components ( m p� ) and compare the 

angles between all the combinations of the first m  components of the two objects. 

 

 
2

1 1

θ    0
m m

PCA Q Q ij PCA
i j

Sim ( X ,Q ) trace( A A A A ) cos , Sim m
Τ Τ
Χ Χ

= =
= ⋅ ⋅ ⋅ = ≤ ≤∑∑  (7.1) 

 

where θ
ij

 is the angle between the i
th
 principal component of X  and the j

th
 principal 

component of Q . 

Johannesmeyer [70] modified the previous measure by weighting the angles with the 

corresponding variances as in Eq. 7.2. 

 



  125 

 �
λ 2 λ

1 1 1

λ λ θ λ λ    0 1
i j i j

m m m

PCA X Q ij X Q PCA
i j i

S ( X ,Q ) ( cos ) / , S
= = =

= ⋅ ⋅ ⋅ ≤ ≤∑∑ ∑  (7.2) 

 

Singhal & Seborg [138] extend the previous measure by incorporating an extra term 

in Eq. 7.2, which expresses the distance between the original values of the two objects. This 

distance factor (
dist

S ) can be particularly useful in case the two objects have similar principal 

components but the values of their variables are essentially different. In order to find the 

distance between the two objects, it is required to set one of them as the reference dataset. 

Then, the Mahalanobis distance of a dataset from the reference is computed as in Eq. 7.3. Q  

is assumed to be the reference dataset. 

 

 
1T *

Q
( x q ) ( x q )

−
Φ = − ⋅Σ ⋅ −  (7.3) 

 

where x and q  are vectors that contain the mean values of the variables that consist the 

datasets X  and Q , whereas, 
1*

Q

−
Σ  is the pseudo-inverse of  the covariance matrix of Q . 

Assuming Gaussian distribution, the authors propose as a distance factor the 

probability that the distance is at least Φ  units (Eq. 7.4). 

 

 
2

22
   0 1

π

z /

dist dist
S ( X ,Q ) e dz, S

∞ −

Φ
= ≤ ≤∫   (7.4) 

 

Note that, although 
dist

S  represents distance between two objects, it is a similarity 

measure. As the distance Φ  increases, the corresponding probability decreases. 

Finally, the proposed measure (Eq. 7.5) is the weighted summation of two similarity 

measures.   

 

 
λ

1 2 1 2
   0 1 1

PCA dist
SF w S w S , SF and w w= + ≤ ≤ + =  (7.5) 

 

Yang & Shahabi [159] propose a similarity measure, Eros, which is based on the 

acute angles between the corresponding components from two objects X  and Q  (Eq. 7.6). 

Contrary to the previous measures, all components are retained from each object and their 

variances form a weight vector w . More specifically, the variances obtained from all the 

objects in a database are aggregated into one weight vector, which is updated when objects 
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are inserted or removed from the database.  Finally, the authors provide lower and upper 

bounds for this measure. 

 

 
1

θ    0 1
p

i
i

Eros( X ,Q,w ) w( i ) cos , Eros
=

= ⋅ ≤ ≤∑  (7.6) 

 

Otey & Parthasarathy [121] define a distance measure in terms of three dissimilarity 

functions that take into account the differences among the original values, the angles 

between the corresponding components and the difference in variances. For the first term, 

authors propose to use either the Euclidean (Eq. 7.7) or the Mahalanobis distance (Eq. 7.8). 

 

 µ µ µ µ
d Q Q

D ( X ,Q ) ( ) ( )
Τ

Χ Χ= − ⋅ −  (7.7) 

 

 
1

µ µ µ µ
d Q Q Q

D ( X ,Q ) ( ) ( )
− Τ

Χ Χ Χ= − ⋅ Σ ⋅ −  (7.8) 

 

where µ
X

 and µ
Q

 are the vectors that contain the mean values of the variables that consist 

the datasets X  and Q , whereas 
XQ

Σ  is the covariance matrix of the combination of datasets 

X  and Q . 

The second term is defined as the summation of the acute angles between the 

corresponding components, given that all components are retained (Eq. 7.9).   

 

 
1

r
   0 D π 2

T

r X Q
D ( X ,Q ) trace(cos ( A A )), p /

−
= ⋅ ≤ ≤  (7.9) 

 

The third term accounts for the differences in the distributions of the variance over 

the derived components. Consider the random variable 
X

V  having the probability mass 

function )(/)( ΧΛ=== traceiVPp
X

iXX λ , where ( )X
P V i=  represents the proportion of the 

variance in the direction of the ith principal component.  

The difference between the distributions 
X

V  and 
Y

V  is defined as the symmetric 

relative entropy (Eq. 7.10). 

 

 
1

2
v X Q Q X

D ( X ,Q ) ( H( p p ) H( p p ))= +  (7.10) 
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The proposed distance measure can be defined in the following two forms: 

   

 
d r v

D ( X ,Q ) D D DΠ = ⋅ ⋅  (7.11) 

 

 
0

β β β β
d d r r v v

D ( X ,Q ) D D DΣ = + ⋅ + ⋅ + ⋅ .  (7.12) 

 

Otey & Parthasarathy refer to Eq. 7.11 as their basic formulation, and to Eq. 7.12 as 

a more flexible form that allows the terms to be weighted differently according to the needs 

of a given application.  

Li & Prabhakaran [100] propose a similarity measure for recognizing distinct motion 

patterns in motion streams in real time. This measure, which is called k Weighted Angular 

Similarity (kWAS), can be obtained by applying singular value decomposition on the 

transformed datasets, 
T

X X⋅  and 
T

Q Q⋅ , and retaining the first m  components. kWAS is 

based on the acute angles between the corresponding components weighted by the 

corresponding eigenvalues (Eq. 7.13).  

 

 
1 1 1

1 2 σ σ λ λ    0 1
m n n

i i i i i i
i i i

( X ,Q ) ( / ) (( / / ) u v ), ( X ,Q )
= = =

Ψ = + ⋅ ≤ Ψ ≤∑ ∑ ∑  (7.13) 

 

where σ
i
 and λ

i
 are the i

th
 eigenvalues corresponding to i

th
 eigenvectors 

i
u and 

i
v  of the 

matrices  
T

X X⋅  and 
T

Q Q⋅ .  

When the original datasets are mean centered, the above procedure is equivalent to 

applying PCA on the original data. The eigenvectors 
i

u  and 
i

v  are the corresponding 

principal components, while the eigenvalue-based weight in Eq. 7.13 is equal to the one 

obtained, if σ
i
 and λ

i
 are replaced by the variances of the corresponding components. The 

absolute value implies that the cosine of the acute angles is computed. 

In the context of Statistical Process Control, Kano et al. [75] propose a distance 

measure for the purpose of monitoring process and identifying deviations from normal 

operating conditions. This measure is based on the Karhunen-Loeve expansion, which is 

mathematically equivalent to PCA. According to their approach, there is one multivariate 

time series 
1n p

X ×  that is defined as the reference dataset and represents a process under 

normal operating conditions. When data arrives from this process that corresponds to a 
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different time interval 
2n p

Q × , the objective is to identify whether there is any substantial 

deviation from the normal operating conditions. The authors propose a dissimilarity measure 

between X  and Q  that requires applying eigenvalue decomposition on a new matrix C  that 

comprises both X  and Q  (Eq. 7.14). 

 

 
X

C
Q

 
=  

 
 (7.14) 

 

Moreover, their measure requires applying eigenvalue decomposition for second 

time at a subsequent step. Although this measure may be appropriate for monitoring 

processes, it involves applying eigenvalue decomposition twice during its calculation, which 

is the most computationally expensive part. 

 

7.3 Proposed Approach 

In this chapter, we propose a novel approach in multivariate time series similarity 

search that is based on Principal Component Analysis. The main difference with other 

proposed methods is that it does not require applying PCA on the query object. More 

specifically, PCA is applied on each object 
n p

X ×  of a database and the derived matrix of 

component weights 
p m

A ×  is stored (where m  is the number of the retained components and 

( m p< ). Each time instance 
i

q  of a query object 
n p

Q ×  is projected on the plane derived by 

PCA and its new coordinates (
i

q′ ) are obtained (Eq. 7.15). 

 

      = 1  2   i iq q A, i , , ... n′ = ⋅  (7.15) 

 

In order to determine the error that this projection introduces to the new values, first 

we calculate the predicted values ( iq̂ ) of 
i

q  (Eq. 7.16), and then we compute the Squared 

Prediction Error (SPE) (Eq. 7.17). 

 

       1  2   
T

i iq̂ q A , i , , ... n′= ⋅ =  (7.16) 

 

 
2

1

      1  2   
p

i ij ij
j

ˆSPE ( q q ) , i , , ... n
=

= − =∑  (7.17) 



  129 

SPE or Q is a well-known statistic in Multivariate Statistical Process Control [95] 

representing the squared perpendicular distance of a time instance from the plane. In this 

chapter, we propose the summation of these errors (over all time instances) to be used as a 

distance measure between X and Q (Eq. 7.18). 

 

 
2

1 1

pn

dist ij ij
i j

ˆSPE ( X ,Q ) ( q q )
= =

= −∑∑  (7.18) 

 

The main concept is that, the most similar object in a database is defined to be the 

one, whose principal components describe more adequately the query object with respect to 

reconstruction error. A similar approach can be found in the work of Barbic et al. [11], who 

propose a technique for the purpose of segmenting motion capture data into distinct motions. 

However, the authors utilize the squared error of the projected values and not the predicted 

values, as we propose in our work. Moreover, they focus on an application that involves one 

multivariate time series, which should be segmented.  

As it was mentioned earlier, the proposed approach does not apply the 

computationally expensive PCA technique on the query object. Moreover, we provide a 

method that further speeds up the calculation of SPEdist, hopefully, without affecting 

substantially the quality of similarity search. This method involves applying a dimensionality 

reduction technique on each one of the time series that form the query object, as a pre-

processing step. The proposed technique is the Piecewise Aggregate Approximation (PAA) 

that was introduced independently by Keogh et al. [77] and, Yi and Faloutsos [161].  PAA is 

a well-known representation in the data mining community that can be extremely fast to 

compute. This technique segments a time series of length n  into N  consecutive sections of 

equal-width and calculates the corresponding mean for each one. The series of these means 

is the new representation of the original series. According to this approach, a query object 

that consists of p  time series of length n  is transformed to an object of p  time series of 

length N . Under this transformation, we only need a fraction ( N / n ) of the required 

calculations in order to compute SPEdist. Equivalently, the required calculations will be 

executed n / N time faster than the original ones. The consequence of this method in the 

quality of similarity search depends mainly on the quality of PAA representation within a 

specific dataset. Intuitively, SPEdist is computed on a set of time instances, which may be 

considered as representatives of the original ones.    
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Example 7.1 

 

Table 7.1 presents three MTS objects ( 1  2  O , O , Q ) of two dimensions (
1 2

X ,X ). 

Suppose that Q  is the query object and the objective is to determine which one of 1O  and 

2O  is the most similar object to Q . Figure 7.1 presents the graphs of these objects with 

respect to time. 

 

Table 7.1 An example of three 2-dimensional MTS objects  

 1O  2O  Q  

Time 1
X  

2
X  1

X  
2

X  1
X  

2
X  

1 1 2 6 -3 4 2 

2 3 3 8 -5 5 3 

3 3 5 5 -3 4 4 

4 2 7 7 -6 5 7 

5 2 4 6 -4 6 4 
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Figure 7.1 The 3-d graph of the three 2-dimensional MTS objects 

with respect to time. Dotted line corresponds to the query object, 

whereas solid lines correspond to two objects from the database. 

 

 

 The first step is to transform the original values of these objects by subtracting the 

corresponding (column) means from each one of them (Table 7.2).  Then, Principal 

Component Analysis is applied only on 1O and 2O and the corresponding component weight 

matrices 
1O

A and 
2O

A  (Table 7.3) are derived. The first columns of 
1O

A and 
2O

A determine 

the first principal components, 
1O

PC and 
2O

PC , of 1O and 2O respectively. In Figure 7.2, we 

O1 

O2 

Q 
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see the scatter diagram of 1O and 2O along with their first principal components. Black color 

corresponds to object 1O and gray color corresponds to object 2O . 

 

Table 7.2 The MTS objects centered about the corresponding means 

 1O  2O  Q  

Time 1
X  

2
X  1

X  
2

X  1
X  

2
X  

1 -1.2 -2.2 -0.4 1.2 -0.8 -2 

2 0.8 -1.2 1.6 -0.8 0.2 -1 

3 0.8 0.8 -1.4 1.2 -0.8 0 

4 -0.2 2.8 0.6 -1.8 0.2 3 

5 -0.2 -0.2 -0.4 0.2 1.2 0 

 

 

Table 7.3 The component weight matrices of 1O  and 2O . 

The i
th
 column corresponds to the i

th
 component. 

1O
A  2O

A  

0.1452 -0.9894 0.6437 -0.7653 

0.9894 0.1452 -0.7653 -0.6437 

 

 

X2

X1

 

Figure 7.2 The scatter graph of the 2-dimensional MTS objects from the database along 

with their corresponding first principal components. Black color indicates object O1 and 

gray color indicates object O2.  

 

 

According to the proposed approach, m components should be retained ( m p< ). In 

this example, m is set equal to one. The objects 1O and 2O  are represented by the 

PCO1 
PCO2 
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component weight matrices, where only the first column is retained. Let denote these two 

matrices 
1O

A′  and 
2O

A′ .  

First, we will find the distance of Q  from 1O  as follows. Each time instance 
i

q  of 

Q  is projected on the plane derived by 
1O

PC  and its new coordinates (
i

q′ ) are obtained by 

applying Eq. 7.15. The projected object Q′  is given in Eq. 7.19. 

 

 
1

0 8 2 2 0950

0 2 1 0 9604
0 1452

0 8 0 0 1162
0 9894

0 2 3 2 9972

1 2 0 0 1743

O

. .

. .
.

Q Q A . .
.

. .

. .

− − −   
   − −       ′ ′= × = × =− − 
    
   
   
   

 (7.19) 

 

In order to determine the error that this projection introduces to the new values, we 

calculate the predicted values of 
i

q  (Eq. 7.16). The predicted object Q̂  with respect to object 

1O is given in Eq. 7.20. 

 

 ( )1

2 0950 0 3042 2 0738

0 9604 0 1395 0 9502

0 1452 0 98940 1162 0 0169 0 1149

2 9972 0 4352 2 9655

0 1743 0 0253 0 1724

T

O

. . .

. . .

Q̂ Q A . .. . .

. . .

. . .

− − −   
   − − −   
   ′ ′= × = × =− − −
   
   
   
   

 (7.20) 

 

Finally, the computation of the proposed measure SPEdist involves the summation of 

the squared errors, that is, the squared differences between the actual values ( Q ) and the 

predicted values ( Q̂ ) :  

 

 
5 2

2

1 1

1 2 4615dist ij ij
i j

ˆSPE ( O ,Q ) ( q q ) .
= =

= − =∑∑  (7.21) 

 

Similarly, the distance of Q  from 2O is found to be: 

  

 2 9 4109distSPE ( O ,Q ) .=  (7.22) 
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According to Eq. 7.21 and Eq. 7.22, the object 1O  is more similar to Q  than the 

object 2O . This conclusion is justified also from Figure 7.1. Intuitively, the proposed 

measure represents the sum of the perpendicular distances of each time instance of the query 

object from the first principal component of the corresponding object. Figure 7.3 shows the 

scatter graph of Q  and the first principal components of 1O  and 2O . The most similar 

object to Q  is the one whose principal component is “closer” to the time instances of Q .  

 

 

 
Figure 7.3 The scatter graph of the query object along with its corresponding distances 

from the first principal components of the 2-dimensional MTS objects. 

 

7.4 Experimental Methodology 

The experiments have been conducted on three real-world datasets and one 

synthetically created dataset that have been used extensively in the literature and are 

described in Section 7.4.1. Section 7.4.2 presents the evaluation methods and Section 7.4.3 

discusses the rival measures along with their corresponding settings. 

 

7.4.1 Datasets 

Table 7.4 provides a summary of the main characteristics of the utilized datasets in 

the experiments. The first dataset relates to Australian Sign Language (AUSLAN), which 

contains sensor data gathered from 22 sensors placed on the hands (gloves) of a native 

AUSLAN speaker. The objective is the identification of a distinct sign. There are 95 distinct 

X2

X1

PCO2 

PCO1 
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signs, each one performed 27 times. In total, there are 2,565 signs in the dataset. More 

technical information can be found in [72].  

The second dataset, HUMAN GAIT, involves the task of identifying a person at a 

distance. Data are captured using a Vicon 3D motion capture system, which generates 66 

values at each time instance. 15 persons participated in this experiment and were required to 

walk in 3 sessions, at 4 different speeds, 3 times for each speed. In total, there are 540 walk 

sequences. More technical information can be found in [142].  

The third dataset relates to EEG data that arises from a large study to examine EEG 

correlates of genetic predisposition to alcoholism [12]. It contains measurements from 64 

electrodes placed on the scalp and sampled at 256 Hz (3.9-msec epoch) for 1 second. The 

experiments were conducted on 10 alcoholic and 10 control subjects. Each subject was 

exposed to 3 different stimuli, 10 times for each one. This dataset is provided in the form of 

a train and a test set, both consisting of 600 EEG’s. The test data was gathered from the same 

subjects as with the training data, but with 10 out-of-sample runs per subject per paradigm.  

Finally, the transient classification benchmark (TRACE) is a synthetic dataset 

designed to simulate instrumentation failures in a nuclear power plant [130].  There are 4 

process variables, which generate 16 different operating states, according to their co-

evolvement through time. There is an additional variable, which initially takes on the value 

of 0, until the start of the transient occurs and its value changes to 1. We retain only that part 

of data, where the transient is present. For each state, there are 100 examples. The dataset is 

separated into train and test sets each consisting of 50 examples per state. 

 

Table 7.4 Description of datasets 

DATASET 
# of 

variables 

mean 

length 

# of 

classes 

size of 

class 

size of 

dataset 

AUSLAN 22 57 95 27 2565 

HUMAN GAIT 66 133 15 36 540 

EEG 64 256 2 600 1200 

TRACE 4 250 16 100 1600 

 

7.4.2 Evaluation Methods  

In order to evaluate the performance of the proposed approach in similarity search, 

we conducted several experiments in three phases. 

First, we perform one-nearest neighbor classification (1-NN) and evaluate it by 

means of classification error rate. We use 9-fold cross validation for AUSLAN and HUMAN 

GAIT datasets taking into account all the characteristics of the experiments, while creating 

the subsets. The observed differences in the error rates among the various methods were 
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statistically tested. Due to the small number of subsets and to the violation of normality 

assumption in some cases, Wilcoxon Signed-Rank tests were performed at 5% significance 

level. For the EEG and TRACE datasets, we use the existing train and test sets.  

Second, we perform leave-one-out k-NN similarity search and evaluate it by plotting 

the recall-precision graph [34].  In particular, every object in the dataset is considered as a 

query. Then the r  most similar objects are retrieved, where r  is the smallest number of 

objects that should be retrieved in order to obtain k  objects of the same class with the query 

(1 1k size _ of _ class≤ ≤ − ). The precision and recall pairs corresponding to the values of k  

are calculated. Finally, the average values of precision and recall are computed for the whole 

dataset. Precision is defined as the proportion of retrieved objects that are relevant to the 

query, whereas Recall is defined as the proportion of relevant objects that are retrieved 

relative to the total number of relevant objects in the dataset. In these experiments, the 

training and testing datasets of EEG and TRACE are merged. 

Third, we evaluate the trade-off between classification accuracy and speed of 

calculating the proposed measure SPEdist by applying 1-NN classification on objects that 

have been pre-processed as described in Section 7.3.  

All the necessary codes and experiments were developed in MATLAB, whereas the 

statistical analysis was performed in SPSS.  

 

7.4.3 Rival Measures 

 The similarity measures that were tested on our experiments are SimPCA, Sλ
PCA, 

Eros, kWAS, and SPEdist. For comparison reasons, we also included in the experiments the 

Euclidean distance. Since this measure requires datasets of equal number of time instances, 

we decided to apply linear interpolation on the original datasets and set the length of the time 

series equal to the corresponding mean length (Table 7.4). The transformed datasets were 

utilized only when Euclidean distance was applied. The rest of the measures we reviewed in 

Section 7.2 are not included in these experiments because they take into consideration the 

differences among the original values, whereas in our experiments, the measures are 

calculated on the mean centered values.  

Regarding Eros, the weight vector w was computed by averaging the variances of 

each component across the objects of the training dataset and normalizing them so that 

1   for  1 2
i

w , i , ,..., p= =∑ . The authors propose alternative ways of computing the weight 

vector, which have not been tested here. 

All other measures require determining the number of components  m  to be 

retained. For AUSLAN, HUMAN GAIT and EEG, we have conducted classification for 
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consecutive values of m  between 1 and 20. For m  = 20, at least 99% of the total variation is 

retained for all objects in AUSLAN and HUMAN GAIT,  whereas at least 90% of the total 

variation is retained for all objects in EEG. For TRACE, we have conducted classification 

for all possible values of m  ( m  = 1, 2, 3, 4). Precision-Recall graphs are plotted for the 

“best” value of m  that it was observed in the classification experiments. In general, this 

value is different for each measure.  

Principal Component Analysis is performed on the covariance matrices. For 

comparison reasons, the similarity measures kWAS, and SPEdist were computed on the mean 

centered values.  

 

7.5 Results 

We provide and discuss the results of 1-NN classification for each dataset separately 

in Section 7.5.1. In particular, we present the classification error rates that the tested 

measures achieved across various values of  m  (the number of components retained), and 

we also report the m  that corresponds to the lowest error rate for each measure. In Section 

7.5.2, the results of performing leave-one-out k-NN similarity search are presented in 

precision-recall graphs for each dataset. Finally, in Section 7.5.3, we provide and discuss the 

effect SPEdist with PAA has on the classification accuracy for various degrees of speed up. 

 

7.5.1 1-NN Classification 

In the following figures, the classification error rates are presented graphically for 

various values of m  (the number of components retained) for each dataset. For the first three 

datasets, we show the error rates up to that value of m  beyond which the behavior of 

similarity measures does not change significantly. For the TRACE dataset, which has only 

four variables, we show error rates for values of m  up to three. Note that Euclidean Distance 

(ED) and Eros do not require this parameter, thus their corresponding rates are constants 

across m .  

Regarding the first three datasets (Figure 7.4, Figure 7.5, Figure 7.6), we observe 

that all measures seem to achieve the lowest error rate, when only a few components are 

retained. Moreover, as the number of components is further increased, the improvement in 

error rates seems to be negligible.  In AUSLAN dataset (Figure 7.4), the performance of 

SPEdist and SimPCA deteriorates with the increase of m. Note that these two measures do not 

take into account the variance that each component explains, contrary to the other three 

PCA-based measures. A second observation is that the performance of SPEdist is comparable, 
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if not better, to the “best” measure in each one of the three datasets. Regarding TRACE, 

which consist of only 4 variables, ED achieves considerably lower error rates than any other 

measure (Figure 7.7).  
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Figure 7.4 1-NN classification error rates (AUSLAN dataset) 
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Figure 7.5 1-NN classification error rates (HUMAN GAIT dataset) 

 

 
In Table 7.5, the lowest classification error rates are presented along with the corresponding 

number of the retained components. First, we will compare similarity/distance measures with 

respect to each dataset separately. For the AUSLAN dataset, it seems that SPEdist produces at 

least similar results to Eros and kWAS. Statistically testing their differences across the 

specific subsets, SPEdist produces better results than all (p < 0.01), except from kWAS (p = 

0.066). 
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Regarding the HUMAN GAIT dataset, SimPCA, Eros, kWAS and SPEdist seems to 

provide the best results.  Statistically testing their differences across the specific subsets, 

SimPCA produces better results than all (p < 0.05), whereas the performance of Eros, kWAS 

and SPEdist is statistically similar (p > 0.05).  

For the EEG dataset, SimPCA and SPEdist seem to provide considerably better 

results than other measures, with classification error rates of 0.00% and 1.50% respectively, 

when the next best performing measure, Eros, presents a classification error rate of 14.83%. 

Finally, for the TRACE dataset that consists of only 4 variables, Euclidean distance, 

a non-PCA-based measure, performs essentially better than all measures with 3.9% 

classification error rate. The next best performing measures are Eros and kWAS with 

classification error rates of 21.38% and 21.88% respectively. 
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Figure 7.6 1-NN classification error rates (EEG dataset) 
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Figure 7.7 1-NN classification error rates (TRACE dataset) 
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Table 7.5 1-NN classification error rates (%) 

           Dataset 

Measure 

AUSLAN HUMAN 

GAIT 

EEG TRACE 

ED 13.76 5.74 30.17 3.88 

SimPCA  (1)   12.05 (8)     0.00  (14)      0.00 (1)    50.25 

S
λ

PCA   (4)   11.46 (3)   17.78  (10)    16.50 (3)    31.38 

Eros 9.71 2.96 14.83 21.38 

kWAS (6)    9.24 (12)    2.59 (17)    25.33 (4)    21.88 

SPEdist (4)    7.95 (6)    2.59 (14)      1.50 (2)    48.25 
Numbers in parentheses indicate the number of principal components retained. Lack of 

number indicates measures that exploit all components. 

 

 

7.5.2 k-NN Similarity Search 

In the following figures, the precision-recall graphs are presented for each dataset separately. 

The number of retained components is set equal to the one for which the corresponding 

measure provided the lowest classification error rates ( 

Table 7.5).   Regarding the AUSLAN dataset (Figure 7.8), all measures seem to 

perform similarly to each other and better than the Euclidean distance. In HUMAN GAIT 

(Figure 7.9) and EEG (Figure 7.10), however, SimPCA and SPEdist perform better than all. As 

mentioned in the previous section, these two measures do not take into consideration the 

explained variance of the retained components. This fact may imply that for these specific 

datasets, the “variance” information may not be significant. On the other hand, in AUSLAN 

dataset, where this information may be important, SPEdist provides comparable results to 

other measures. In the final dataset, TRACE, Euclidean distance performs better for recall 

values up to 0.3, whereas kWAS performs better for greater recall values (Figure 7.11).    
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Figure 7.8 Precision-Recall graph for various measures (AUSLAN dataset)  
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HUMAN GAIT DATASET
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Figure 7.9 Precision-Recall graph for various measures (HUMAN GAIT dataset)  
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Figure 7.10 Precision-Recall graph for various measures (EEG dataset)  
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Figure 7.11 Precision-Recall graph for various measures (TRACE dataset)  
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7.5.3 Speeding up Calculation of SPEdist 

The idea is to apply PAA on each one of the time series that comprise the query 

object (Section 7.3), in order to speed up the calculations of SPEdist. We experimented with 

various degrees of dimensionality reduction by using PAA to retain 10%, 20%, and 30% of 

the original dimensions of the query object, thus, expecting a 10x, 5x, and 3.33x speed up of 

the calculations, respectively. 

Table 7.6 presents the effect the speed up has on the classification error rate. The number of 

the retained components is different among datasets and is set equal to the optimal value 

obtained in Section 7.5.1 (Table 7.5). 

As it was expected, the classification error rate increases as the speed up increases. 

Nevertheless, in all datasets, we are able to achieve similar classification error rates by doing 

at most 20% of the required calculations (a 5x speed up). More specifically, for the 

AUSLAN dataset, even a 5x speed up provides better results than rival measures (Table 7.6). 

Regarding HUMAN GAIT, a 10x speed up results into exactly the same classification error 

rate as the one observed when full calculations were applied. In the EEG dataset, although 

the error rates differ significantly for the various degrees of speed up, the 10x speed up 

provides lower error rate than rival measures (except from SimPCA). Regarding TRACE, a 

5x speed up results into almost the same classification error rate as the one observed when 

full calculations were applied. 

 

Table 7.6 1-NN classification error rates for various degrees of 

dimensionality reduction on the query object 

Percentage of retained dimensions 

Speed up 

10% 

10× 

20% 

5× 

30% 

3.33× 

100% 

1× 

AUSLAN 12.48 8.58 8.03 7.95 

HUMAN GAIT 2.59 2.59 2.59 2.59 

EEG 8.17 3.17 1.67 1.50 

TRACE 59.63 50.13 49.38 48.25 

Numbers in parentheses indicate the reduced length of the time series that form an 

object under classification. 

 

7.6 Conclusion 

The main contribution of this chapter is the introduction of a novel PCA-based 

approach in multivariate time series similarity search, which does not require for the query 

object to be analyzed in principal components. The calculation of the proposed distance 

measure can be further sped up by reducing the dimensionality of each one of the time series 
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that form the query object. Experiments were conducted on four widely utilized datasets and 

various measures were tested with respect to 1-NN classification and precision/recall.  

There are three key observations with respect to the results of these experiments. 

First, there is no measure that that can be clearly considered as the most appropriate one for 

any dataset. Second, in three datasets, our approach provided significantly better results than 

Euclidean distance, whereas its performance was at least comparable to the other four PCA-

based measures that they were tested. Third, there is strong evidence that the application of 

the proposed approach can be accelerated with little cost in the quality of similarity search. 

In all datasets, one tenth up to one third of the required calculations was adequate in order to 

achieve similar results to the full computation case.  
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CHAPTER 8 

 

 

Conclusions – Future Work 

 

 

In this dissertation, we propose several enhancements in the various aspects of 

similarity search within the Data Mining context. The objective of our work is to improve 

the efficiency of data mining techniques without substantially affecting the quality of the 

obtained results. All the proposed methods can be virtually applied on other types of data. 

However, we focus on time series data because it is generated in huge amounts by several 

procedures in almost every domain, such as in business, industry, medicine, meteorology etc. 

Time series data differs from other domains because it exhibits high dimensionality, high 

correlation feature and high levels of noise.   

Similarity search is central to the majority of Time Series Data Mining tasks, since 

these tasks often require identifying series with similar shape or pattern. However, this 

identification requires the definition of a similarity/distance measure that is takes into 

consideration the distortions, such as noise and local misplacements in time, which are 

frequently present in data. In addition to that, when we encounter data of such high 

dimensionality, we inevitably have to consider the problem of scalability, that is, the way of 

applying data mining methods efficiently. This problem is often approached by representing 

original data in a domain of lower dimensionality and analyzing it in this domain. 

In Chapter 3, we propose a Data Mining approach to control chart pattern 

recognition and we demonstrate that fairly simple representations and data mining methods 

produce comparable results to other more complex approaches such as Neural Networks. In 

addition to that, experimental results show the importance of the decision that we have to 

take with respect to the representation. Different representation schemes may affect 

substantially the quality of the results. 

In Chapter 4, we propose a novel representation scheme for univariate time series, 

named D-PAA, along with an appropriate distance measure that lower bounds the Euclidean 

distance. D-PAA representation takes into consideration the local central tendencies and the 

corresponding dispersions of a time series. There are four main conclusions that are drawn 

from this work. The first conclusion is that the local dispersion present in a time series 

possesses a further discriminating power in conjunction with the corresponding central 

tendency. Moreover, in almost half of the datasets that are utilized in the experiments, the 
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information of local dispersions has greater power than the information of local central 

tendencies in identifying similar time series. The third conclusion is D-PAA performs 

consistently better than other popular representations with respect to classification accuracy. 

The minimum error rate is consistently similar or better throughout the majority of datasets. 

In addition to that, D-PAA performance is comparable to DTW, which constitutes a state of 

the art approach in measuring similarity among time series. Finally, an expected conclusion 

that can be drawn is that there is no representation scheme that outperforms all the others in 

every dataset. This conclusion refers mainly to their capability of capturing the most 

essential features of a time series, that is, to minimize the loss of important information 

inherent in a time series, while reducing dimensionality.  

In Chapter 5, we introduce an improved method, named CLUREP, for performing 

one-nearest neighbor similarity search with respect to efficiency. Although this method can 

be applied in conjunction with a multidimensional indexing structure, we investigate its 

effectiveness the general case of sequential searching. The main conclusion is that CLUREP  

is considerably faster than sequential searching. More specifically, when the number of the 

generated clusters is equal to 20, CLUREP is at least 5 times faster in the majority of the 

datasets considered in the experiments. The fraction of the searched space ranges from 7% to 

45% with an average value of 20%. A secondary conclusion is that when the number of the 

generated clusters increases, the performance of CLUREP improves. However, experiments 

show that the rate of improvement “slows down” after the generation of approximately 8 to 

12 clusters. A final conclusion is that one can trade-off between accuracy and efficiency with 

respect to the requirements of the application under consideration.  

In Chapter 6, we discuss several aspects of multivariate time series in the context of 

Data Mining and we provide a literature review of Multivariate Time Series Data Mining 

with respect to similarity search and relative applications. In addition to that, we investigate 

the implications of Principal Component Analysis in similarity search. The main conclusion 

is that there is an increasing interest on adjusting existed techniques to multivariate time 

series. However, the majority of the research papers focus on trajectories, which constitute at 

most four-dimensional time series. A second conclusion is that there has been a lot of work 

in exploiting Time Series Data Mining techniques from diverse application areas. This fact 

suggests a closer, interdisciplinary cooperation among research communities. A final 

conclusion is that Principal Component Analysis has not been extensively explored in the 

context of similarity search in multivariate time series and hence, it has the potential to offer 

more in the Data Mining field. 
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In Chapter 7, we propose a novel distance measure, named SPEdist, between 

multivariate time series, which requires a representation that is based on Principal 

Component Analysis. The main conclusion is that SPEdist provides significantly better 

results than Euclidean distance in three out of four datasets utilized in the experiments, 

whereas its performance is at least comparable to the best of the four other PCA-based 

measures that they are tested. The novelty of our approach is that it does not require the 

application of Principal Component Analysis on the query object. There is strong evidence 

that the application of the proposed approach can be further accelerated with little cost in the 

quality of similarity search. In all datasets, one tenth up to one third of the required 

calculations is adequate in order to achieve similar results to the full computation case. 

There are two directions for our future research. The first direction is the 

improvement of the methods that are proposed in this dissertation. Regarding the distance 

measure that is based on D-PAA representation, we will focus on providing tighter lower 

bounds on the Euclidean distance and we will further investigate the weight of means and 

standard deviations for the purpose of providing a distance measure that is free of 

parameters. We will further examine the CLUREP method for the purpose of improving its 

efficiency. Regarding the Principal Component Analysis, we will develop a framework for 

the pre-processing phase with respect to similarity search. We will also focus on improving 

the speed up of the SPEdist distance measure during the pre-processing stage by exploiting the 

features of other dimensionality reduction techniques.   

The second direction for our future research is “applications”. There is an increasing 

demand for demonstrating the effectiveness of Time Series Data Mining techniques through 

real-world situations in order to validate their importance. Although there are a lot of real-

world datasets that have been utilized as benchmarks datasets, the number of publications 

that describe and analyze thoroughly the corresponding applications is extremely limited. 
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APPENDICES 

 

APPENDIX A. MATLAB codes– univariate time series 
 

 

 
% Discrete Fourier Transform Representation 

% x: m*(n+1) array of m time series of length n. The first column contains 

the class label of each time series  

% coefficients: the number of Fourier coefficients to be retained. Note that 

the dimensionality of the resulting time series is 2*coefficients 

  

function [y] = dft(x,coefficients) 

xf = (1/sqrt(size(x,2)-1)) * fft(x(:,2:end),[],2); 

% ignore the first coefficient (=0) 

xfc = xf(:,2:coefficients+1);  

y = [x(:,1) real(xfc) imag(xfc)]; 

end 

Figure A1.  Discrete Fourier Transform  

 

 

 

% Piecewise Aggregate Approximation 

% x: m*(n+1) array of m time series of length n. The first column contains 

the class label of each time series  

% seg: the number of segments that will be generated 

% When (n/seg) is not an integer, the time series is augmented by adding 

zeros and then represented by PAA  

  

function [y] = paa(x,seg) 

% create a vector of the class labels  

x_label = x(:,1); 

% pull out the class labels from the dataset 

x(:,1) = [];  

% find the number of points that will consist each segment 

points = size(x,2)/seg; 

% if (n/segments) is an integer 

if mod(size(x,2),seg) == 0  

    for j= 1:size(x,1)   

        % PAA representation 

        y(j,:) = mean(reshape(x(j,:),points,seg));  

    end 

% if (n/seg) is not an integer      

else     

    for j= 1:size(x,1) 

        % create a temporarily 

        a = x(j,:);   

        % find the number of zeros to be added 

        pad_points = (ceil(points) * seg) - length(a);  

        % create the augmented time series 

        a = [a zeros(1,pad_points)];  

        % PAA representation 

        y(j,:) = mean(reshape(a,ceil(points),seg));     

    end 

end 

% add the class labels to the tranformed dataset 

y = [x_label y];     

end 

Figure A2.  Piecewise Aggregate Approximation  
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% Feature Based Representation 

% x: m*(n+1) array of m time series of length n. The first column contains 

the class label of each time series 

% The parameter "lag" determines the time position of the values to be 

subtracted in order to compute the second order features   

% The code assumes that the values of the time series are normalizized 

  

function [y] = fb(x,lag) 

for i=1:size(x,1) 

    y(i,1:7) = [x(i,1) , 

skewness(x(i,2:size(x,2))),kurtosis(x(i,2:size(x,2))) 

,mean(diff(x(i,2:size(x,2)),lag)),std(diff(x(i,2:size(x,2)),l

ag)),skewness(diff(x(i,2:size(x,2)),lag)),kurtosis(diff(x(i,2

:size(x,2)),lag))]; 

end 

end 

Figure A3.  Feature-based representation 

 

% Piecewise Aggregate Approximation with Dispersion 
% x: m*(n+1) array of m time series of length n. The first column contains 

the class labels of each time series  

% The parameter "segments" determines the number of sections that a time 

series is segmented into.   

% When (n/segments) is not an integer, the time series is augmented by 

adding zeros and then represented by DPAA  

 

function [y] = dpaa(x,segments) 

% create a vector of the class labels  

x_label = x(:,1);                

% pull out the class labels from the dataset 

x(:,1) = [];                     

% find the number of points that consist each segment 

points = size(x,2)/segments;    

% if (n/segments) is an integer 

if mod(size(x,2),segments) == 0  

    for j= 1:size(x,1)   

        % calculate the means of the derived segments 

        y(j,1:segments) = mean(reshape(x(j,:),points,segments));  

        % calculate the standard deviations of the derived segments 

        y(j,segments+1:2*segments) = std(reshape(x(j,:),points,segments));   

    end 

% if (n/segments) is not an integer     

else    

    for j= 1:size(x,1)      

        % create a temporary vector 

        a = x(j,:);          

        % find the number of zeros to be added 

        pad_points = (ceil(points) * segments) - length(a);   

        % create the augmented time series 

        a = [a zeros(1,pad_points)];                        

        % calculate the means of the derived segments 

        y(j,1:segments) = mean(reshape(a,ceil(points),segments)); 

        % calculate the standard deviations of the derived segments 

        y(j,segments+1:2*segments) = std(reshape(a,ceil(points),segments));      

    end     

end 

% add the class labels to the tranformed dataset 

y = [x_label y];     

end 

Figure A4.  Dispersion-based Piecewise Aggregate Approximation  
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% ONE NEAREST NEIGHBOR CLASSIFICATION 

% train: m1*(n+1) array of m1 time series of length n. The first column 

contains the class labels of each time series  

% test: m2*(n+1) array of m2 time series of length n. The first column 

contains the class labels of each time series  

  

function [error_rate] = nn1(train,test) 

  

% Pull out the class labels. 

train_lab = train(:,1); 

% Remove class labels from training set. 

train(:,1) = []; 

% Pull out the class labels. 

test_lab = test(:,1); 

% Remove class labels from testing set.  

test(:,1) = [];          

%%%%%%%%%%%%%% LOOP OVER EVERY INSTANCE IN THE TEST SET %%%%% 

correct = 0; 

for i = 1 : length(test_lab)  

    object = test(i,:); 

    object_class = test_lab(i); 

    pred_class = classify(train,train_lab,object); 

    if pred_class == object_class 

        correct = correct + 1; 

    end; 

end;  

error_rate = (length(test_lab)-correct )/length(test_lab); 

  

end 

%%%%%%%%%%%%%% END %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  

%%%%%%%%%%%%%% CLASSIFICATION ALGORITHM %%%%%%%%%%%%%%%%%%%%% 

function pred_class = classify(train, train_lab, obj) 

  

best_so_far = inf; 

% Loop over every instance in the train set 

for i = 1 : length(train_lab)     

    % Euclidean distance 

    distance = sqrt(sum((train(i,:) - obj).^2));  

    if distance < best_so_far 

        pred_class = train_lab(i); 

        best_so_far = distance; 

    end 

end 

  

end 

%%%%%%%%%%%%%% END CLASSIFICATION %%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

Figure A5.  1-NN classification (univariate time series)  
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% ONE NEAREST NEIGHBOR CLASSIFICATION - DPAA REPRESENTATION 

% train: m1*(n+1) array of m1 time series of length n. The first column 

contains the class labels of each time series  

% test: m2*(n+1) array of m2 time series of length n. The first column 

contains the class labels of each time series  

% The parameter "seg" determines the number of sections that a time series 

is segmented into. Note that the dimensionality of the resulting series is 

2*segments.   

% The parameter "w" is the weight assigned to the means while (1-w) is  the 

weight assigned to standard deviations (w is assumed to be within [0,1]). 

  

function [error_rate] = nn1_dpaa(train,test,seg,w) 

%%%%%%%%%%%%%% DPAA REPRESENTATION %%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

train = dpaa(train,seg); 

test = dpaa(test,seg); 

%%%%%%%%%%%%%% END REPRESENTATION %%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

% Pull out the class labels. 

train_lab = train(:,1);      

% Remove class labels from training set. 

train(:,1) = [];             

% Pull out the class labels. 

test_lab = test(:,1);         

% Remove class labels from testing set.  

test(:,1) = [];               

%%%%%%%%%%%%%% LOOP OVER EVERY INSTANCE IN THE TEST SET %%%%%%%%%%%% 

correct = 0; 

for i = 1 : length(test_lab)  

    object = test(i,:); 

    object_class = test_lab(i); 

% Add the following 4 lines and make the appropriate change to the next 

line, if the object needs to be standardized along with the train set    

% train_test = [object ; train];        %augment train set by the 

% train_test_z = zscore(train_test);    % standardize variables (columns)  

% object = train_test_z(1,:);           % standardized object 

% train_z = train_test_z(2:end,:);      % standardized train set 

    % change "train" to "train_z" 

    pred_class = classify(train, train_lab, object, seg, w);  

    if pred_class == object_class 

        correct = correct + 1; 

    end; 

end;  

error_rate = (length(test_lab)-correct )/length(test_lab); 

  

end 

%%%%%%%%%%%%%% END %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

%%%%%%%%%%%%%% CLASSIFICATION ALGORITHM %%%%%%%%%%%%%%%%%%%%% 

function pred_class = classify(train, train_lab, obj, seg, w) 

best_so_far = inf; 

% Loop over every instance in the train set 

for i = 1 : length(train_lab)     

    distance = sqrt((w/seg)*(sum((train(i,1:seg)-obj(1:seg)).^2))+((1-w) 

/seg)*(sum((train(i,seg+1:end) - obj(seg+1:end)).^2))); 

    if distance < best_so_far 

        pred_class = train_lab(i); 

        best_so_far = distance; 

    end 

end 

end 

%%%%%%%%%%%%%% END CLASSIFICATION %%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

Figure A6.  1-NN classification under DPAA representation 
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% ONE NEAREST NEIGHBOR - SVD REPRESENTATION 

% train: m1*(n+1) array of m1 time series of length n. The first column 

contains the class labels of each time series  

% test: m2*(n+1) array of m2 time series of length n. The first column 

contains the class labels of each time series  

% The parameter "comp" determines the number of components to be retained. 

  

function [error_rate] = nn1_svd(train,test,comp) 

  

% Pull out the class labels. 

train_lab = train(:,1);       

% Remove class labels from training set. 

train(:,1) = [];              

 % Pull out the class labels. 

test_lab = test(:,1);        

% Remove class labels from testing set.  

test(:,1) = [];               

%%%%%%%%%%%%%% LOOP OVER EVERY INSTANCE IN THE TEST SET %%%%%%%%%%%% 

correct = 0; 

for i = 1 : length(test_lab)  

         

    %%%%%%%%%%%%%% SVD REPRESENTATION %%%%%%%%%%%%%%% 

    % Perform SVD on augmented train dataset 

    [U S] = svd([train ; test(i,:)],'econ');     

    % Dimensionality reduction 

    train_svd = U(:,1:comp) * S(1:comp,1:comp);  

    % Test object 

    object = train_svd (size(train_svd,1),:);    

    % Test object's class 

    object_class = test_lab(i);                  

    % Train dataset 

    train_svd = train_svd (1:size(train_svd,1)-1,:);         

    %%%%%%%%%%%%%% END PRE-PROCESSING %%%%%%%%%%%%%%%% 

    

    pred_class = classify(train_svd, train_lab, object);  

    if pred_class == object_class 

        correct = correct + 1; 

    end; 

end;  

error_rate = (length(test_lab)-correct )/length(test_lab); 

end 

%%%%%%%%%%%%%% END %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  

%%%%%%%%%%%%%% CLASSIFICATION ALGORITHM %%%%%%%%%%%%%%%%%%%%% 

function pred_class = classify(train_svd, train_lab, obj) 

best_so_far = inf; 

% Loop over every instance in the train set 

for i = 1 : length(train_lab)     

    distance = sqrt(sum((train_svd(i,:) - obj).^2)); 

    if distance < best_so_far 

        pred_class = train_lab(i); 

        best_so_far = distance; 

    end 

end 

end 

%%%%%%%%%%%%%% END CLASSIFICATION %%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

Figure A7.  1-NN classification under SVD representation 
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% kNN search  

% k is set equal to the actual size of each class 

  

function [mean_error_rate] = knn(dataset) 

  

% find all distinct classes and their corresponding frequencies 

size_of_classes = tabulate(dataset(:,1));  

% the (i,j) element is the Euclidean distance between the ith and jth time 

series   

all_distances = squareform(pdist(dataset(:,2:end)));       

% Loop over every query in the dataset 

for i=1:size(dataset,1)                          

    % Select the query 

    query = dataset(i,:);                        

    % Obtain query's class 

    query_label = query(1);                          

    % Find total number of instances of the same class with the query 

    size_query_label = size_of_classes (find(size_of_classes(:,1)== 

query_label),2);   

    % exclude query from the count 

    size_query_label = size_query_label - 1;         

    % distances of the query from each series of the database along with the 

      corresponding labels 

    distances = [dataset(:,1) all_distances(i,:)'];  

    % Sort distances in ascending order 

    distances = sortrows(distances,2);               

    % Keep the k closest instances (labels) - exclude the first instance 

    % because it is the distance of the query from itself 

    distances = distances(2:1+size_query_label,1);   

    correct = 0; 

    for k = 1:length(distances) 

        if distances(k) == query_label 

            correct = correct + 1; 

        end 

    end 

    % error rate for the specific query 

    error_rate(i) = 1 - (correct/length(distances));  

end 

% mean error rate across all queries 

mean_error_rate = mean(error_rate);  

  

end 

Figure A8.  k-NN similarity search (univariate time series) 
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% kNN search - It requires data to be transformed by DPAA  

% k is set equal to the actual size of each class 

% w is the weight for the distances among means, whereas (1-w) is the weight 

for the distances among standard deviations 

% the distance function is the weighted distance of means and standard 

deviations 

  

function [mean_error_rate] = knn_dpaa(dataset,w) 

% Add the following line, if the query needs to be standardized along with 

the dataset 

% dataset = [dataset(:,1) zscore(dataset(:,2:end))]; 

  

% find all distinct classes and their corresponding frequencies 

size_of_classes = tabulate(dataset(:,1));  

% half the number of elements of the transformed series 

c = ( size(dataset,2) - 1 ) / 2;    

% table of means 

m = dataset( : , 2:c+1 )   ; 

% table of std's 

s = dataset( : , c+2:end )   ;  

distances_of_means = pdist(m); 

distances_of_stds =  pdist(s); 

all_distances = sqrt((w* distances_of_means.^2 + (1-

w)*distances_of_stds.^2)); 

% the (i,j) element is the distance between the ith and jth time series 

all_distances = squareform(all_distances);         

% Loop over every query in the dataset 

for i=1:size(dataset,1)       

    % Select the query 

    query = dataset(i,:); 

    % Obtain query's class 

    query_label = query(1);  

    % Find total number of instances of the same class with the query 

    size_query_label = size_of_classes(find(size_of_classes(:,1)== 

query_label),2); 

    % exclude query from the count 

    size_query_label = size_query_label - 1;   

    % distances of the query from each series of the database along with the 

      corresponding labels 

    distances = [dataset(:,1) all_distances(i,:)'];  

    % Sort distances in ascending order 

    distances = sortrows(distances,2); 

    % Keep the k closest instances (labels) - exclude the first instance 

      because it is the distance of the query from itself 

    distances = distances(2:1+size_query_label,1);  

    correct = 0; 

    for k = 1:length(distances) 

        if distances(k) == query_label 

            correct = correct + 1; 

        end 

    end 

    % error rate for the specific query 

    error_rate(i) = 1 - (correct/length(distances)); 

end 

% mean error rate across all queries 

mean_error_rate = mean(error_rate);  

end 

Figure A9.  k-NN similarity search under DPAA representation 
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APPENDIX B. MATLAB codes – Cluster-based 1-NN search 
 

 

% The function "nn1_clurep_all" applies the algorithm k-means in order to 

partition 

% the dataset into clusters, and then similarity search proceeds at each 

cluster sequentially.  

% The algorithm searches the whole cluster, when it reaches it. 

% k-means: k is the number of clusters. 

  

  

function [error, average_space , bsf] = nn1_clurep_all(dataset,k) 

  

correct = 0; 

for j = 1 : size(dataset,1)     

    query = dataset(j,:); 

    % Pull-out label from the query 

    query_label = query(1);     

    % Remove label from the query 

    query(1) = [];               

    train = dataset; 

    % Remove the query from the dataset 

    train(j,:) = [];              

    % Pull-out labels from the training set 

    train_labels = train(:,1);   

    % Remove labels from the training set 

    train(:,1) = [];             

    [cluster_id centroids sumd distances] = kmeans(train,k) 

    distances = sqrt(distances); 

    % insert 1) cluster_id, 2) distances fron centroids and 3) class_labels 

to 

      the training set 

    temp = [cluster_id distances train_labels train];  

    % sort training set with respect to cluster_id 

    temp = sortrows(temp,1); 

    for i = 1 : k 

       first = find(temp(:,1) == i , 1 , 'first'); 

       last  = find(temp(:,1) == i , 1 , 'last'); 

       cluster(i).id       = i; 

       cluster(i).dist     = temp (first:last , 1+i); 

       cluster(i).class    = temp (first:last , 2+k); 

       cluster(i).data     = temp (first:last , 3+k:end); 

       cluster(i).radius   = max( cluster(i).dist ); 

       cluster(i).mean     = mean( cluster(i).dist ); 

       cluster(i).std      = std( cluster(i).dist ); 

       cluster(i).ub       = cluster(i).mean + 3 * cluster(i).std; 

    end 

  

   %%%% calculate distances of the query from each centroid and sort them%%% 

   for i=1:k         

        dqc(i,1) = i;         

        dqc(i,2) = sqrt(sum((query-centroids(i,:)).^2));     

   end 

   dqc = sortrows(dqc,2); 

   primary_cluster = dqc(1,1); 

   % sort by cluster id (1,2,3,...k) 

   dqc = sortrows(dqc,1); 

   %%%%%%%%%%%%%%%%%%%%%%%% 

end%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

    

(continues)    
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(continued) 

 

    %%%% calculate distances of the query from each cluster and sort them 

%%%%     

    for i=1:k         

        dqcl(i,1) = i;         

        dqcl(i,2) = max( 0 , dqc(i,2)-cluster(i).radius );         

    end     

    dqcl(primary_cluster,:) = []; 

    % sort by distance from cluster 

    dqcl = sortrows(dqcl,2);   

    %%%%%%%%%%%%%%%%%%%%%%%%%%%% end 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

     

    %%%%%%%% 1-NN Classification for the Primary Cluster %%%%%%%%%%%% 

    vis = 0; 

    best_so_far = inf; 

    for i =  1 : size (cluster(primary_cluster).data , 1) 

        vis = vis +1; 

        d = sqrt( sum ( (query - cluster(primary_cluster).data(i,:) ).^2)); 

        if d < best_so_far 

            best_so_far = d;            

            predicted_class = cluster(primary_cluster).class(i);             

        end         

    end 

    %%%%%%%% 1-NN Classification for the Rest Clusters %%%%%%%%%%%% 

    for s = 1 : k-1 

        if dqcl(s,2) < best_so_far 

            for i = 1 : size (cluster(dqcl(s,1)).data , 1)                

                vis = vis +1;                 

                d = sqrt( sum ((query - cluster(dqcl(s,1)).data(i,:)).^2));                 

                if d < best_so_far                     

                    best_so_far = d;                     

                    predicted_class = cluster(dqcl(s,1)).class(i);                     

                end                 

            end            

        end         

    end      

    if predicted_class == query_label         

        correct = correct+1;     

    end 

    visited(j) = vis * 100 / size (train , 1);     

    bsf(j) = best_so_far; 

end 

accuracy = correct / size(dataset,1); 

error = (1 - accuracy); 

average_space = mean (visited) ; 

  

end 

Figure B1.  Cluster-based 1-NN similarity search (whole cluster search) 
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% The function "nn1_clurep" applies the algorithm k-means in order to 

partition 

% the dataset into clusters, and then similarity search proceeds at each 

% cluster sequentially.  

% The algorithm reduces the search space for each cluster.  

% k-means: k is the number of clusters 

  

function [error, average_space ] = nn1_clurep(dataset,k) 

  

correct = 0; 

for j = 1 : size(dataset,1) 

    query = dataset(j,:); 

    % Pull-out label from the query 

    query_label = query(1);      

    % Remove label from the query 

    query(1) = [];    

    train = dataset; 

    % Remove the query from the dataset 

    train(j,:) = [];              

    % Pull-out labels from the training set 

    train_labels = train(:,1);   

    % Remove labels from the training set 

    train(:,1) = []; 

    [cluster_id centroids sumd distances] = kmeans(train,k); 

    distances = sqrt(distances); 

    % insert 1) cluster_id, 2) distances fron centroids and 3) class_labels 

to 

      the training set 

    temp = [cluster_id distances train_labels train]; 

    % sort training set with respect to cluster_id 

    temp = sortrows(temp,1); 

    for i = 1 : k 

       first = find(temp(:,1) == i , 1 , 'first'); 

       last  = find(temp(:,1) == i , 1 , 'last'); 

       cluster(i).id       = i; 

       cluster(i).dist     = temp (first:last , 1+i); 

       cluster(i).class    = temp (first:last , 2+k); 

       cluster(i).data     = temp (first:last , 3+k:end); 

       cluster(i).radius   = max( cluster(i).dist ); 

       cluster(i).mean     = mean( cluster(i).dist ); 

       cluster(i).std      = std( cluster(i).dist ); 

       cluster(i).ub       = cluster(i).mean + 3 * cluster(i).std; 

    end 

  

    %%%%%%%% calculate distances of the query from each centroid and sort 

them% 

    for i=1:k         

        dqc(i,1) = i;         

        dqc(i,2) = sqrt(sum((query-centroids(i,:)).^2));     

    end 

    dqc = sortrows(dqc,2);     

    primary_cluster = dqc(1,1); 

    % sort by cluster id (1,2,3,...k) 

    dqc = sortrows(dqc,1);  

    %%%%%%% end 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%  

     

    %%% calculate distances of the query from each cluster and sort them 

%%%%%%     

    for i=1:k         

        dqcl(i,1) = i;         

        dqcl(i,2) = max( 0 , dqc(i,2)-cluster(i).radius );         

    end     

 

(continues)     
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(continued)    

     

    dqcl(primary_cluster,:) = []; 

    % sort by distance from cluster 

    dqcl = sortrows(dqcl,2);   

    %%%%% %%%%%%%%%%%%%%%%%%%%%%%%% end 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

     

    %%%%%%%% 1-NN Classification for the Primary Cluster %%%%%%%%%%%% 

    vis = 0; 

    best_so_far = inf; 

    for i =  1 : size (cluster(primary_cluster).data , 1) 

        vis = vis +1; 

        d = sqrt( sum ((query - cluster(primary_cluster).data(i,:)).^2)); 

        if d < best_so_far 

            best_so_far = d; 

            predicted_class = cluster(primary_cluster).class(i); 

        end 

    end 

    %%%%%%%% 1-NN Classification for the Rest Clusters %%%%%%%%%%%% 

    for s = 1 : k-1 

        if dqcl(s,2) < best_so_far 

            if dqcl(s,2) > 0 

                x = best_so_far - dqcl(s,2); 

                upperb = max (cluster(dqcl(s,1)).radius - x , 0); 

            else 

                x = best_so_far - dqcl(s,2); 

                upperb = max (  dqc(dqcl(s,1),2) - x , 0); 

            end; 

            for i = 1 : size (cluster(dqcl(s,1)).data , 1) 

                if cluster(dqcl(s,1)).dist(i) >= upperb 

                    vis = vis +1; 

                    d = sqrt(sum((query - 

cluster(dqcl(s,1)).data(i,:)).^2)); 

                    if d < best_so_far 

                        best_so_far = d; 

                        predicted_class = cluster(dqcl(s,1)).class(i); 

                    end 

                end 

            end 

        end 

    end 

    if predicted_class == query_label 

        correct = correct+1; 

    end 

    visited(j) = vis * 100 / size (train , 1)  ; 

end 

accuracy = correct / size(dataset,1); 

error = (1 - accuracy)*100; 

average_space = mean (visited); 

  

end 

Figure B2.  Cluster-based 1-NN similarity search (partial cluster search) 
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APPENDIX C. MATLAB codes – Multivariate time series 
 

 

 
% The function shift subtracts from each element of a matrix (data) the mean 

of the corresponding column 

% db (dataset) should be a structured array comprised by at least 1 field: 

data 

  

function  new_db = shift(db) 

  

new_db = db; 

for j = 1:size(db,2) 

    new_db(j).data = db(j).data - 

repmat(mean(db(j).data),size(db(j).data,1),1); 

end 

end 

Figure C1.  Center time series about their corresponding means 

 

 

% ONE NEAREST NEIGHBOR CLASSIFICATION 

% train and test should be structured arrays comprised by at least 2 fields: 

data & class  

  

function [error_rate] = nn1_ed(train,test)  

%Use [] if class is numeric 

train_lab = {train.class};  

% Use [] if class is numeric 

test_lab = {test.class};    

  

%%%%%%%%%%%%%% LOOP OVER EVERY INSTANCE IN THE TEST SET %%%%%%%%%%%% 

correct = 0;  

for i = 1 : length(test_lab)  

    object = [test(i).data]; 

    object_class = test_lab(i); 

    pred_class = classify(train,train_lab, object); 

    % write - (pred_class == object_class) - if class is string 

    if strcmp(pred_class,object_class)  

       correct = correct + 1; 

   end; 

end; 

error_rate = (length(test_lab)-correct )/length(test_lab); 

%%%%%%%%%%%%%%%%% END %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  

%%%%%%%%%%%%%% CLASSIFICATION ALGORITHM %%%%%%%%%%%%%%%%%%%%% 

function pred_class = classify(train, train_lab, obj) 

  

best_so_far = inf;  

% Loop over every instance in the train set 

for i = 1 : length(train_lab) 

    % Euclidean distance  

    distance = sqrt(sum(sum(([train(i).data] - obj).^2,2)));      

    % change to: distance > best_so_far, in case the measure represents 

similarity 

    if distance < best_so_far  

         pred_class = train_lab(i); 

         best_so_far = distance; 

     end 

end; 

%%%%%%%%%%%%%% END CLASSIFICATION %%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

Figure C2.  1-NN classification - Euclidean Distance (multivariate time series) 
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% ONE NEAREST NEIGHBOR CLASSIFICATION 

% train and test should be structured arrays comprised by at least 2 fields: 

data & class  

 

function [error_rate] = nn1_eros(train,test) 

% PCA representation  

pca_train = train; 

pca_train = rmfield(pca_train,'data'); 

for k = 1:size(train,2) 

    data = [train(k).data]; 

    [coef scores latent] = princomp(data); 

    pca_train(k).data = [coef]; 

    w(:,k) = latent; 

end  

% the weight vector may be computed on raw or normalized eigenvalues  

% if it is desired to compute w from normalized eigenvalues, then add the 

following line: % w = w ./ repmat(sum(w),size(w,1),1) 

%using "mean" as an aggregating function of raw eigenvalues 

w = mean(w,2)/sum(mean(w,2));  

pca_test = test; 

pca_test = rmfield(pca_test,'data'); 

for k = 1:size(test,2) 

    data = [test(k).data]; 

    [coef scores latent] = princomp(data); 

    pca_test(k).data = [coef]; 

end  

train = pca_train; 

test = pca_test;  

%use {} if class is numeric 

train_lab = {train.class};    

%use {} if class is numeric 

test_lab = {test.class};  

%%%%%%%%%%%%%% LOOP OVER EVERY INSTANCE IN THE TEST SET %%%%%%%%%%%% 

correct = 0;  

for i = 1 : length(test_lab)  

    object = [test(i).data]; 

    object_class = test_lab(i); 

    pred_class = classify(train,train_lab, object,w); 

    % write - (pred_class == obj_class) - if class is string 

    if strcmp(pred_class,object_class)  

       correct = correct + 1; 

   end; 

end; 

error_rate = (length(test_lab)-correct )/length(test_lab); 

 

function pred_class = classify(train, train_lab, obj, w) 

%Similarity Measure 

best_so_far = 0;  

% Loop over every instance in the train set 

 for i = 1 : length(train_lab) 

     distance = sum(abs(diag([train(i).data]'* obj)).*w); 

     % change to: distance< best_so_far, in case the measure represents 

distance 

     if distance > best_so_far  

         pred_class = train_lab(i); 

         best_so_far = distance; 

     end 

end; 

%%%%%%%%%%%%%% END CLASSIFICATION %%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

Figure C3.  1-NN classification – Eros similarity measure  (Yang & Shahabi 2004) 
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% ONE NEAREST NEIGHBOR CLASSIFICATION 

% train and test should be structured arrays comprised by at least 2 fields: 

data & class  

 

function [error_rate] = nn1_kwas(train,test,components) 

% SVD representation  

svd_train = train; 

svd_train = rmfield(svd_train,'data');  

for k = 1:size(train,2) 

    data = [train(k).data]; 

    [UTRAIN STRAIN VTRAIN] = svd(data'*data); 

    STRAIN = diag(STRAIN); 

    svd_train(k).data = VTRAIN(:,1:components); 

    svd_train(k).lat = STRAIN(1:components)/sum(STRAIN); 

end 

svd_test = test; 

svd_test = rmfield(svd_test,'data');  

for k = 1:size(test,2) 

    data = [test(k).data]; 

    [UTEST STEST VTEST] = svd(data'*data); 

    STEST = diag(STEST); 

    svd_test(k).data = VTEST(:,1:components); 

    svd_test(k).lat = STEST(1:components)/sum(STEST); 

end  

train = svd_train; 

test = svd_test;  

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

%use {} if class is numeric 

train_lab = {train.class};  

 %use {} if class is numeric 

test_lab = {test.class};      

%%%%%%%%%%%%%% LOOP OVER EVERY INSTANCE IN THE TEST SET %%%%%%%%%%%% 

correct = 0;  

for i = 1 : length(test_lab)  

    object = [test(i).data]; 

    object_class = test_lab(i); 

    object_lat = test(i).lat; 

    pred_class = classify(train,train_lab, object,object_lat); 

    % write - (pred_class == object_class) - if class is string 

    if strcmp(pred_class,object_class)  

       correct = correct + 1; 

   end; 

end; 

error_rate = (length(test_lab)-correct )/length(test_lab); 

%%%%%%%%%%%%%%%%% END %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%  

function pred_class = classify(train, train_lab, obj, object_lat) 

%Similarity Measure 

best_so_far = 0;  

% Loop over every instance in the train set 

 for i = 1 : length(train_lab) 

     distance = 

(1/2)*abs(diag(train(i).data'*obj))'*(train(i).lat+object_lat); 

     % change to: distance< best_so_far, in case the measure represents 

distance 

     if distance > best_so_far  

         pred_class = train_lab(i); 

         best_so_far = distance; 

     end 

end; 

%%%%%%%%%%%%%% END CLASSIFICATION %%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

Figure C4.  1-NN classification – kWAS similarity measure (Li & Prabhakaran  2005) 
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% ONE NEAREST NEIGHBOR CLASSIFICATION 

% train and test should be structured arrays comprised by at least 2 fields: 

data & class  

 

function [error_rate] = nn1_sim(train,test,components) 

% PCA representation 

pca_train = train; 

pca_train = rmfield(pca_train,'data'); 

for k = 1:size(train,2) 

    data = [train(k).data]; 

    [coef scores latent] = princomp(data); 

    pca_train(k).data = [coef(:,1:components)]; 

end 

pca_test = test; 

pca_test = rmfield(pca_test,'data'); 

  

for k = 1:size(test,2) 

    data = [test(k).data]; 

    [UTEST STEST VTEST] = svd(data'*data); 

    [coef scores latent] = princomp(data); 

    pca_test(k).data = [coef(:,1:components)]; 

end 

train = pca_train; 

test = pca_test; 

%use {} if class is numeric 

train_lab = {train.class}; 

%use {} if class is numeric 

test_lab = {test.class};       

%%%%%%%%%%%%%% LOOP OVER EVERY INSTANCE IN THE TEST SET %%%%%%%%%%%% 

correct = 0;  

for i = 1 : length(test_lab)  

    object = [test(i).data]; 

    object_class = test_lab(i); 

    pred_class = classify(train,train_lab, object); 

    % write - (pred_class == object_class) - if class is string 

    if strcmp(pred_class,object_class)  

       correct = correct + 1; 

   end; 

end; 

error_rate = (length(test_lab)-correct )/length(test_lab); 

%%%%%%%%%%%%%%%%% END %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  

function pred_class = classify(train, train_lab, obj) 

% Similarity Measure 

best_so_far = 0;  

% Loop over every instance in the train set 

 for i = 1 : length(train_lab) 

     distance = trace(train(i).data'* obj * obj' * train(i).data);  

     % change to: distance< best_so_far, in case the measure represents 

distance 

     if distance > best_so_far  

         pred_class = train_lab(i); 

         best_so_far = distance; 

     end 

end; 

Figure C5.  1-NN classification – PCA similarity measure (Krzanowski 1999) 
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% ONE NEAREST NEIGHBOR CLASSIFICATION 

% train and test should be structured arrays comprised by at least 2 fields: 

data & class  

 

function [error_rate] = nn1_sim_vars(train,test,components) 

% PCA representation 

lattrain = []; 

pca_train = train; 

pca_train = rmfield(pca_train,'data');  

for k = 1:size(train,2) 

    data = [train(k).data]; 

    [coef scores latenttrain] = princomp(data); 

    pca_train(k).data = [coef(:,1:components)]* 

sqrt(diag(latenttrain(1:components))); 

    lattrain = [lattrain latenttrain(1:components)]; 

end  

lattest = []; 

pca_test = test; 

pca_test = rmfield(pca_test,'data'); 

  

for k = 1:size(test,2) 

    data = [test(k).data]; 

    [coef scores latenttest] = princomp(data); 

    pca_test(k).data = [coef(:,1:components)]* 

sqrt(diag(latenttest(1:components))); 

    lattest = [lattest latenttest(1:components)]; 

end  

train = pca_train; 

test = pca_test; 

%the element (i,j) is the sum of the products of the variances of the 

%corresponding components, for train_i and test_j datasets 

lat = lattrain'*lattest;   

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

%use {} if class is numeric 

train_lab = {train.class};  

%use {} if class is numeric 

test_lab = {test.class};  

  

%%%%%%%%%%%%%% LOOP OVER EVERY INSTANCE IN THE TEST SET %%%%%%%%%%%% 

correct = 0;  

for i = 1 : length(test_lab)  

    object = [test(i).data]; 

    object_class = test_lab(i); 

    %the element (i,j) is the sum of the products of the variances of the 

    %corresponding components, for train_i and the specific test_j datasets 

    object_lat = lat(:,i);  

    pred_class = classify(train,train_lab, object, object_lat); 

    % write - (pred_class == object_class) - if class is string 

    if strcmp(pred_class,object_class)  

       correct = correct + 1; 

   end; 

end; 

error_rate = (length(test_lab)-correct )/length(test_lab); 

%%%%%%%%%%%%%%%%% END %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

 

 

 

 

 

(continues) 
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(continued)    

  

function pred_class = classify(train, train_lab, obj, object_lat) 

% Similarity Measure 

best_so_far = 0;  

% Loop over every instance in the train set 

 for i = 1 : length(train_lab) 

      distance = 

(trace(train(i).data'*obj*obj'*train(i).data))/object_lat(i); 

      % change to: distance< best_so_far, in case the measure represents 

        distance 

     if distance > best_so_far  

         pred_class = train_lab(i); 

         best_so_far = distance; 

     end 

end; 

%%%%%%%%%%%%%% END CLASSIFICATION %%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

Figure C6.  1-NN classification – PCA similarity measure (Johannesmeyer 1999) 
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% ONE NEAREST NEIGHBOR CLASSIFICATION 

% train and test should be structured arrays comprised by at least 2 fields: 

data & class  

  

function [error_rate] = nn1_spe(train,test,components) 

  

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

% PCA representation  

  

pca_train = train; 

pca_train = rmfield(pca_train,'data'); 

for k = 1:size(train,2) 

    data = [train(k).data]; 

    [coef scores latent] = princomp(data); 

    pca_train(k).data = [coef(:,1:components)]; 

end 

  

  

train = pca_train; 

  

  

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

%use {} if class is numeric 

train_lab = {train.class};  

%use {} if class is numeric 

test_lab = {test.class};       

%%%%%%%%%%%%%% LOOP OVER EVERY INSTANCE IN THE TEST SET %%%%%%%%%%%% 

correct = 0;  

for i = 1 : length(test_lab)  

    object = [test(i).data]; 

    object_class = test_lab(i); 

    pred_class = classify(train,train_lab, object); 

    % write - (pred_class == obj_class) - if class is string 

    if strcmp(pred_class,object_class)  

       correct = correct + 1; 

   end; 

end; 

error_rate = (length(test_lab)-correct )/length(test_lab); 

%%%%%%%%%%%%%%%%% END %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  

function pred_class = classify(train, train_lab, obj) 

% distance Measure 

best_so_far = inf;  

% Loop over every instance in the train set 

 for i = 1 : length(train_lab) 

     distance = sum(sum((obj*train(i).data*train(i).data' - obj).^2));    

     % change to: distance> best_so_far, in case the measure represents 

       similarity 

     if distance < best_so_far  

         pred_class = train_lab(i); 

         best_so_far = distance; 

     end 

end; 

%%%%%%%%%%%%%% END CLASSIFICATION %%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

Figure C7.  1-NN classification – SPE distance measure (Chapter 7) 
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% PRECISION - RECALL 

% The values of Precision are calculated for values of Recall that range 

from 0.1 to 1.0 in increments of 0.1 (approximately).   

% X (dataset) should be structured array comprised by at least 2 fields: 

data & class 

% The distance function is the Euclidean distance 

  

function [AP] = pr_ed(X,size_class) 

  

size_class = size_class - 1; 

  

for k=1:10  

    % Loop for each query 

    for i=1:size(X,2);  

        query = X(i); 

        dataset = X; 

        % Remove the query from the dataset 

        dataset(i) = [];     

        % Loop for every object in the dataset 

        for j=1:size(dataset,2); 

            % Record the class of each object in the dataset 

            distances(j,1) = dataset(j).class;  

            % Calculate the distance of each object in the dataset from the 

            % query object (Euclidean distance) 

            distances(j,2) = sqrt(sum(sum((dataset(j).data -

query(1).data).^2,2)));  

        end; 

        % sort the distances in increasing order 

        distances_sort = sortrows(distances,2);  

        retrieved = 0; 

        relevant = 0; 

        % Loop for a given recall 

        while (relevant < round(k*0.1*size_class)) && (retrieved < 

size(dataset,2))  

            retrieved = retrieved+1; 

            if distances_sort(retrieved,1) == query(1).class 

                relevant = relevant+1; 

            end 

        end 

        % Calculate the Precision for a given Recall 

        Precision(i) = round(k*0.1*size_class)/retrieved;         

    end 

    % Calculate the average precision across all queries 

    AP(k,1) = mean(Precision);  

    % Record the corresponding Recall 

    AP(k,2) = round(k*0.1*size_class)/size_class;      

end 

  

end 

Figure C8.  Precision-Recall  – Euclidean Distance  
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% PRECISION - RECALL: The values of Precision are calculated for values of 

Recall that range from 0.1 to 1.0 in increments of 0.1 (approximately).   

% X should be structured array comprised by at least 2 fields: data, class 

% Eros similarity measure (Yang & Shahabi 2004) 

  

function [AP] = pr_eros(X,size_class) 

% PCA representation 

pca_X = X; 

pca_X = rmfield(pca_X,'data'); 

for k = 1:size(X,2) 

    data = [X(k).data]; 

    [coef scores latent] = princomp(data); 

    pca_X(k).data = [coef]; 

    w(:,k) = latent; 

end 

X = pca_X; 

% the weight vector may be computed on raw or normalized eigenvalues  

% if it is desired to compute w from normalized eigenvalues, then add the 

following line: % w = w ./ repmat(sum(w),size(w,1),1) 

%using "mean" as an aggregating function of raw eigenvalues 

w = mean(w,2)/sum(mean(w,2));  

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%% 

  

size_class = size_class - 1; 

for k=1:10 

    % Loop for each query 

    for i=1:size(X,2);  

        query = X(i); 

        dataset = X; 

        % Remove the query from the dataset    

        dataset(i) = [];  

        % Loop for every object in the dataset 

        for j=1:size(dataset,2);  

            % Record the class of each object in the dataset 

            distances(j,1) = dataset(j).class;  

            distances(j,2) = sum(abs(diag(dataset(j).data'* 

query(1).data)).*w);  

        end; 

        % sort the distances (similarities) in decreasing order 

        distances_sort = sortrows(distances,-2);  

        retrieved = 0; 

        relevant = 0; 

        % Loop for a given recall 

        while (relevant < round(k*0.1*size_class)) && (retrieved < 

size(dataset,2))  

            retrieved = retrieved+1; 

            if distances_sort(retrieved,1) == query(1).class 

                relevant = relevant+1; 

            end 

        end 

        % Calculate the Precision for a given Recall 

        Precision(i) = round(k*0.1*size_class)/retrieved;  

    end 

    % Calculate the average precision across all queries 

    AP(k,1) = mean(Precision);  

    % Record the corresponding Recall 

    AP(k,2) = round(k*0.1*size_class)/size_class;      

end 

end 

Figure C9.  Precision-Recall  – Eros similarity measure (Yang & Shahabi 2004) 
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% PRECISION – RECALL: The values of Precision are calculated for values of 

Recall that range from 0.1 to 1.0 in increments of 0.1 (approximately).   

% X should be structured array comprised by at least 2 fields: data & class 

% size_class: the number of objects within a class. The code assumes that 

all classes have the same size.  

% components: the number of components to be retained under svd 

representation  

 

function [AP] = pr_kwas(X,size_class,components) 

% SVD representation 

svd_X = X; 

svd_X = rmfield(svd_X,'data'); 

  

for k = 1:size(X,2) 

    data = [X(k).data]; 

    [UX SX VX] = svd(data'*data); 

    SX = diag(SX); 

    svd_X(k).data = VX(:,1:components); 

    svd_X(k).lat = SX(1:components)/sum(SX); 

end 

X = svd_X; 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% 

  

size_class = size_class - 1; 

  

for k=1:10 

    % Loop for each query 

    for i=1:size(X,2);  

        query = X(i); 

        dataset = X; 

        % Remove the query from the dataset  

        dataset(i) = [];    

        % Loop for every object in the dataset 

        for j=1:size(dataset,2);  

            % Record the class of each object in the dataset 

            distances(j,1) = dataset(j).class;  

            distances(j,2) = (1/2)*abs(diag(dataset(j).data'* 

query(1).data))' 

*(dataset(j).lat+query(1).lat);  

        end; 

        % sort the distances (similarities) in decreasing order 

        distances_sort = sortrows(distances,-2);  

        retrieved = 0; 

        relevant = 0; 

        % Loop for a given recall 

        while (relevant < round(k*0.1*size_class)) && (retrieved < 

size(dataset,2))  

            retrieved = retrieved+1; 

            if distances_sort(retrieved,1) == query(1).class 

                relevant = relevant+1; 

            end 

        end 

        % Calculate the Precision for a given Recall 

        Precision(i) = round(k*0.1*size_class)/retrieved;  

    end 

    % Calculate the average precision across all queries 

    AP(k,1) = mean(Precision);  

    % Record the corresponding Recall 

    AP(k,2) = round(k*0.1*size_class)/size_class;      

end 

end 

Figure C10.  Precision - Recall – kWAS similarity measure (Li & Prabhakaran  2005) 



  178 

% PRECISION – RECALL: The values of Precision are calculated for values of 

Recall that range from 0.1 to 1.0 in increments of 0.1 (approximately).   

% X should be structured array comprised by at least 2 fields: data & class 

% size_class: the number of objects within a class. The code assumes that 

all classes have the same size.  

% components: the number of components to be retained under pca 

representation  

 

function [AP] = pr_sim(X,size_class,components) 

% PCA representation 

pca_X = X; 

pca_X = rmfield(pca_X,'data'); 

  

for k = 1:size(X,2) 

    data = [X(k).data]; 

    [coef scores latent] = princomp(data); 

    pca_X(k).data = [coef(:,1:components)]; 

     

end 

X = pca_X; 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

  

size_class = size_class - 1; 

for k=1:10 

    % Loop for each query 

    for i=1:size(X,2);  

        query = X(i); 

        dataset = X; 

        % Remove the query from the dataset 

        dataset(i) = [];     

        % Loop for every object in the dataset 

        for j=1:size(dataset,2);  

            % Record the class of each object in the dataset 

            distances(j,1) = dataset(j).class;  

            distances(j,2) = trace(dataset(j).data' * query(1).data * 

query(1).data' * dataset(j).data);  

        end; 

        % sort the distances (similarities) in decreasing order 

        distances_sort = sortrows(distances,-2);  

        retrieved = 0; 

        relevant = 0; 

        % Loop for a given recall 

        while (relevant < round(k*0.1*size_class)) && (retrieved < 

size(dataset,2))  

            retrieved = retrieved+1; 

            if distances_sort(retrieved,1) == query(1).class 

                relevant = relevant+1; 

            end 

        end 

        % Calculate the Precision for a given Recall 

        Precision(i) = round(k*0.1*size_class)/retrieved;  

    end 

    % Calculate the average precision across all queries 

    AP(k,1) = mean(Precision);  

    % Record the corresponding Recall 

    AP(k,2) = round(k*0.1*size_class)/size_class;      

end 

  

end 

Figure C11.  Precision - Recall – PCA similarity measure (Krzanowski 1999) 
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% PRECISION – RECALL: The values of Precision are calculated for values of 

Recall that range from 0.1 to 1.0 in increments of 0.1 (approximately).   

% X should be structured array comprised by at least 2 fields: data & class 

% size_class: the number of objects within a class. The code assumes that 

all classes have the same size.  

% components: the number of components to be retained under PCA 

representation  

  

function [AP] = pr_sim_vars(X,size_class,components) 

% PCA representation  

latX = []; 

pca_X = X; 

pca_X = rmfield(pca_X,'data'); 

for k = 1:size(X,2) 

    data = [X(k).data]; 

    [coefX scoresX latentX] = princomp(data); 

    pca_X(k).data = 

[coefX(:,1:components)]*sqrt(diag(latentX(1:components))); 

    latX = [latX latentX(1:components)]; 

end 

lat = latX'*latX; 

X = pca_X; 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

size_class = size_class - 1; 

for k=1:10 

    % Loop for each query 

    for i=1:size(X,2);  

        query = X(i); 

        dataset = X; 

        % Remove the query from the dataset 

        dataset(i) = [];   

        query_lat = lat(:,i); 

        query_lat(i) = []; 

        % Loop for every object in the dataset 

        for j=1:size(dataset,2);  

            % Record the class of each object in the dataset 

            distances(j,1) = dataset(j).class;  

            distances(j,2) = trace(dataset(j).data'* query(1).data * 

query(1).data'*dataset(j).data) / 

query_lat(j);  

        end; 

        % sort the distances (similarities) in decreasing order 

        distances_sort = sortrows(distances,-2);  

        retrieved = 0; 

        relevant = 0; 

        % Loop for a given recall 

        while (relevant < round(k*0.1*size_class)) && (retrieved < 

size(dataset,2))  

            retrieved = retrieved+1; 

            if distances_sort(retrieved,1) == query(1).class 

                relevant = relevant+1; 

            end 

        end 

        % Calculate the Precision for a given Recall 

        Precision(i) = round(k*0.1*size_class)/retrieved;  

    end 

    % Calculate the average precision across all queries 

    AP(k,1) = mean(Precision);  

    % Record the corresponding Recall 

    AP(k,2) = round(k*0.1*size_class)/size_class;      

end 

end 

Figure C12.  Precision – Recall – PCA similarity measure (Johannesmeyer 1999) 
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% PRECISION – RECALL: The values of Precision are calculated for values of 

Recall that range from 0.1 to 1.0 in increments of 0.1 (approximatelly).   

% X (dataset) should be structured array comprised by at least 2 fields: 

data & class 

% size_class: the number of objects within a class. The code assumes that 

all classes have the same size.  

% components: the number of components to be retained under pca 

representation  

   

function [AP] = pr_spe(X,size_class,components) 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

% PCA representation  

pca_X = X; 

pca_X = rmfield(pca_X,'data'); 

  

for k = 1:size(X,2) 

    data = [X(k).data]; 

    [coef scores latent] = princomp(data); 

    pca_X(k).data = [coef(:,1:components)]; 

     

end 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%%  

size_class = size_class - 1; 

  

for k=1:10 

    % Loop for each query 

    for i=1:size(X,2);  

        query = X(i); 

        dataset = pca_X; 

        % Remove the query from the dataset    

        dataset(i) = [];  

        % Loop for every object in the dataset 

        for j=1:size(dataset,2);  

            % Record the class of each object in the dataset 

            distances(j,1) = dataset(j).class;  

            distances(j,2) = sum(sum((query(1).data * dataset(j).data * 

dataset(j).data' - query(1).data).^2));  

        end; 

        % sort the distances in increasing order 

        distances_sort = sortrows(distances,2);  

        retrieved = 0; 

        relevant = 0; 

        % Loop for a given recall 

        while (relevant < round(k*0.1*size_class)) && (retrieved < 

size(dataset,2))  

            retrieved = retrieved+1; 

            if distances_sort(retrieved,1) == query(1).class 

                relevant = relevant+1; 

            end 

        end 

        % Calculate the Precision for a given Recall 

        Precision(i) = round(k*0.1*size_class)/retrieved;  

    end 

    % Calculate the average precision across all queries 

    AP(k,1) = mean(Precision);  

    % Record the corresponding Recall 

    AP(k,2) = round(k*0.1*size_class)/size_class;      

end 

  

end 

Figure C13.  Precision – Recall – SPE distance measure (Chapter 7) 
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% db (dataset) should be a structured array comprised by at least 1 field: 

data 

% segments: the desired number of segments 

  

function [paa_db,db_zeros] = paa_m(db,segments) 

paa_db = rmfield(db,'data'); 

db_zeros = rmfield(db,'data'); 

% add zeros to make each data-piece of length that is divided by the number 

of segments  

for j=1:size(db,2)     

    points = ceil(size([db(j).data],1)/segments);     

    db_zeros(j).data = [db(j).data ; zeros(abs(size(db(j).data,1)-

(segments*points)) , size(db(j).data,2))];  

end  

% apply PAA on extended dataset  

for m = 1:size(db_zeros,2) 

    k = 1; 

    points_new = size([db_zeros(m).data],1)/segments; 

    for i =1 : size([db_zeros(m).data],1)/segments : 

size([db_zeros(m).data],1) 

        paa_db(m).data(k,:) = mean(db_zeros(m).data(i:i+points_new-1,:),1); 

        k = k+1; 

    end 

end 

end 

Figure C14.  Piecewise Aggregate Approximation (multivariate time series) 
 

 

 

% The function linerp performs linear interpolation on a time series to 

change its length 

% The function interp1 does not guarantee that the new time series will have 

the desired length 

% The following code enforces the desired length 

% db (dataset) should be a structured array comprised by at least 1 field: 

data 

  

function  new_db = linerp(db,new_length) 

  

new_db = rmfield(db,'data'); 

for j = 1:size(db,2) 

    step = size(db(j).data,1)/new_length; 

    a = [1:step:size(db(j).data,1)]; 

    if (length(a) < new_length) 

        while (length(a) < new_length) 

            step = step-0.0001; 

            a = [1:step:size(db(j).data,1)]; 

        end 

    else 

        while (length(a) > new_length) 

            step = step+0.0001; 

            a = [1:step:size(db(j).data,1)]; 

        end 

    end 

    for i=1:size(db(j).data,2) 

        new_db(j).data(:,i) = interp1(db(j).data(:,i),a)'; 

    end 

end 

end 

Figure C15.  Linear interpolation for transforming a time series to a given length  
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APPENDIX D. FEATURE-BASED REPRESENTATION RESULTS 
 
Table D1. 1-NN classification error rates for feature-based representation (gray 

areas indicate the minimum error rate across various values of lag)  

 
 LAG 

DATASET 
1 2 3 4 5 6 7 8 9 10 

Adiac 0.47 0.51 0.61 0.63 0.64 0.63 0.67 0.64 0.64 0.66 

50words 0.69 0.74 0.75 0.75 0.70 0.75 0.73 0.75 0.78 0.75 

CBF 0.17 0.37 0.31 0.38 0.35 0.39 0.38 0.40 0.44 0.43 

ECG200 0.23 0.29 0.31 0.30 0.32 0.30 0.31 0.27 0.36 0.27 

FaceAll 0.40 0.45 0.52 0.60 0.69 0.64 0.73 0.70 0.73 0.71 

FaceFour 0.38 0.49 0.56 0.47 0.47 0.64 0.50 0.65 0.59 0.69 

Fish 0.39 0.64 0.70 0.69 0.69 0.70 0.67 0.67 0.62 0.65 

GunPoint 0.22 0.24 0.35 0.32 0.32 0.40 0.36 0.37 0.36 0.37 

Lighting2 0.34 0.39 0.39 0.41 0.46 0.43 0.46 0.39 0.49 0.43 

Lighting7 0.64 0.58 0.71 0.67 0.67 0.63 0.70 0.66 0.68 0.62 

OSULeaf 0.45 0.19 0.44 0.35 0.50 0.41 0.48 0.44 0.52 0.48 

SwedishLeaf 0.23 0.19 0.37 0.29 0.36 0.33 0.39 0.36 0.40 0.37 

SyntheticContro 0.13 0.50 0.47 0.55 0.53 0.52 0.51 0.53 0.55 0.59 

Trace 0.11 0.35 0.28 0.26 0.33 0.30 0.30 0.33 0.23 0.32 

TwoPatterns 0.29 0.74 0.32 0.74 0.35 0.74 0.38 0.74 0.46 0.74 

Wafer 0.03 0.01 0.00 0.01 0.01 0.03 0.02 0.04 0.02 0.04 

Yoga 0.26 0.22 0.25 0.27 0.27 0.27 0.27 0.30 0.28 0.29 

Beef 0.43 0.40 0.33 0.47 0.37 0.50 0.37 0.47 0.37 0.47 

Coffee 0.04 0.29 0.50 0.54 0.61 0.54 0.46 0.54 0.32 0.46 

OliveOil 0.33 0.47 0.73 0.60 0.60 0.53 0.67 0.53 0.63 0.60 

 LAG 
DATASET 

11 12 13 14 15 16 17 18 19 20 

Adiac 0.62 0.64 0.65 0.67 0.66 0.67 0.68 0.64 0.70 0.69 

50words 0.79 0.78 0.81 0.79 0.81 0.82 0.82 0.83 0.82 0.82 

CBF 0.41 0.44 0.43 0.46 0.42 0.44 0.43 0.43 0.44 0.42 

ECG200 0.36 0.33 0.31 0.33 0.30 0.34 0.28 0.32 0.29 0.35 

FaceAll 0.71 0.72 0.72 0.74 0.73 0.74 0.75 0.73 0.74 0.74 

FaceFour 0.63 0.66 0.66 0.67 0.63 0.58 0.53 0.58 0.51 0.59 

Fish 0.63 0.69 0.65 0.67 0.69 0.69 0.61 0.69 0.67 0.67 

GunPoint 0.39 0.38 0.36 0.34 0.40 0.34 0.37 0.40 0.37 0.37 

Lighting2 0.46 0.38 0.44 0.41 0.46 0.43 0.39 0.36 0.43 0.46 

Lighting7 0.59 0.60 0.67 0.60 0.64 0.64 0.63 0.67 0.62 0.59 

OSULeaf 0.51 0.48 0.54 0.53 0.56 0.52 0.51 0.49 0.56 0.56 

SwedishLeaf 0.37 0.38 0.42 0.41 0.42 0.42 0.42 0.42 0.43 0.44 

SyntheticContro 0.57 0.58 0.53 0.56 0.61 0.58 0.55 0.59 0.58 0.59 

Trace 0.25 0.35 0.30 0.31 0.37 0.39 0.29 0.40 0.36 0.43 

TwoPatterns 0.56 0.75 0.68 0.74 0.72 0.74 0.74 0.74 0.75 0.75 

Wafer 0.03 0.04 0.04 0.04 0.06 0.05 0.06 0.06 0.06 0.06 

Yoga 0.27 0.28 0.30 0.29 0.31 0.29 0.30 0.28 0.29 0.29 

Beef 0.33 0.50 0.27 0.53 0.27 0.50 0.37 0.43 0.40 0.50 

Coffee 0.43 0.39 0.43 0.36 0.39 0.32 0.39 0.39 0.36 0.36 

OliveOil 0.70 0.50 0.70 0.50 0.73 0.53 0.60 0.50 0.67 0.57 
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Table D2. k-NN similarity search error rates for feature-based representation 

(gray areas indicate the minimum error rate across various values of lag)  

 
 LAG 

DATASET 
1 2 3 4 5 6 7 8 9 10 

Adiac 0.65 0.67 0.78 0.78 0.77 0.78 0.79 0.78 0.79 0.79 

50words 0.80 0.83 0.84 0.80 0.82 0.82 0.83 0.83 0.84 0.84 

CBF 0.39 0.49 0.47 0.50 0.49 0.51 0.50 0.52 0.51 0.52 

ECG200 0.39 0.39 0.42 0.40 0.41 0.43 0.42 0.42 0.42 0.41 

FaceAll 0.69 0.70 0.72 0.76 0.78 0.81 0.82 0.83 0.83 0.83 

FaceFour 0.60 0.62 0.64 0.61 0.64 0.63 0.64 0.63 0.63 0.61 

Fish 0.80 0.79 0.82 0.82 0.82 0.82 0.82 0.82 0.82 0.82 

GunPoint 0.49 0.48 0.48 0.49 0.49 0.48 0.49 0.48 0.49 0.49 

Lighting2 0.49 0.50 0.49 0.50 0.49 0.50 0.50 0.49 0.49 0.48 

Lighting7 0.66 0.66 0.69 0.66 0.70 0.67 0.69 0.68 0.69 0.68 

OSULeaf 0.63 0.45 0.61 0.53 0.63 0.57 0.64 0.60 0.64 0.60 

SwedishLeaf 0.54 0.49 0.66 0.61 0.67 0.64 0.68 0.66 0.68 0.67 

SyntheticContro 0.43 0.66 0.67 0.68 0.68 0.69 0.69 0.69 0.70 0.69 

Trace 0.27 0.44 0.45 0.48 0.48 0.50 0.49 0.52 0.48 0.53 

TwoPatterns 0.62 0.75 0.63 0.75 0.64 0.75 0.65 0.75 0.67 0.75 

Wafer 0.16 0.14 0.13 0.14 0.14 0.17 0.17 0.17 0.18 0.18 

Yoga 0.49 0.48 0.48 0.48 0.48 0.48 0.47 0.47 0.47 0.47 

Beef 0.70 0.72 0.67 0.68 0.68 0.68 0.70 0.70 0.66 0.72 

Coffee 0.25 0.44 0.50 0.50 0.51 0.50 0.50 0.50 0.50 0.51 

OliveOil 0.50 0.62 0.62 0.62 0.64 0.63 0.62 0.62 0.62 0.60 

 LAG 
DATASET 

11 12 13 14 15 16 17 18 19 20 

Adiac 0.79 0.79 0.78 0.79 0.79 0.80 0.80 0.81 0.81 0.80 

50words 0.86 0.86 0.86 0.86 0.87 0.87 0.87 0.87 0.88 0.87 

CBF 0.51 0.52 0.52 0.52 0.52 0.52 0.53 0.53 0.53 0.53 

ECG200 0.41 0.40 0.41 0.41 0.42 0.42 0.42 0.42 0.42 0.42 

FaceAll 0.83 0.83 0.83 0.83 0.83 0.83 0.83 0.83 0.83 0.83 

FaceFour 0.63 0.62 0.63 0.62 0.63 0.61 0.62 0.60 0.62 0.61 

Fish 0.82 0.82 0.82 0.82 0.80 0.80 0.80 0.80 0.80 0.80 

GunPoint 0.49 0.49 0.49 0.48 0.49 0.49 0.49 0.49 0.49 0.49 

Lighting2 0.49 0.49 0.49 0.49 0.48 0.48 0.48 0.48 0.48 0.49 

Lighting7 0.69 0.68 0.68 0.67 0.67 0.66 0.68 0.67 0.67 0.67 

OSULeaf 0.65 0.63 0.65 0.64 0.65 0.64 0.65 0.64 0.65 0.64 

SwedishLeaf 0.68 0.68 0.69 0.70 0.69 0.70 0.69 0.69 0.69 0.69 

SyntheticContro 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 0.70 

Trace 0.49 0.53 0.51 0.53 0.52 0.53 0.51 0.52 0.51 0.53 

TwoPatterns 0.71 0.75 0.74 0.75 0.75 0.75 0.75 0.75 0.75 0.75 

Wafer 0.18 0.17 0.18 0.18 0.18 0.19 0.19 0.19 0.19 0.19 

Yoga 0.47 0.47 0.47 0.47 0.47 0.47 0.47 0.47 0.47 0.47 

Beef 0.65 0.71 0.66 0.71 0.66 0.72 0.67 0.72 0.70 0.72 

Coffee 0.51 0.51 0.51 0.51 0.51 0.51 0.51 0.51 0.51 0.51 

OliveOil 0.62 0.62 0.61 0.62 0.61 0.63 0.62 0.61 0.62 0.61 

 
 


