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Abstract

All too often, asset markets’ imperfections raisgrbwing constraints that young
people face when they contract loans. The distwstim the allocation of resources
that debt constraints cause have led to the iméore of the public sector in an
attempt to apply an intergenerational transferqgyothat will mitigate them. Social
security is such a policy which affects incentitessave and educate thus affecting
welfare and growth. However, in the presence sb@al security policy borrowing
constraints arise endogenously as an outcome iohadity constraints. In this thesis,
| examine the impact of a social security policy tbe long-run growth employing
two different pension schemes (unfunded and fullydied) and directly comparing
results that arise from exogenous and endogenauswing constraints setup. Under
parametric analysis some results are vague anthifreason a numerical analysis

becomes necessary.






1. Introduction

Since the emergence of New Growth Theory in 1B80’s human capital has
played a primal role to the development of macraeatc models, considered as a
source of growth. Human capital production requidsong others, investment in
human capital (education). However, asset marketperfections raise borrowing
constraints that young people face when they contoans. These constraints arise
due to the inalienability of human capital and linéted punishments that creditors
are able to impose on those who default. In generatlit constraints have been for a
long time concern for policy makers and economialysts as they crucially affect
individuals’ welfare and growth. More precisely rtmwing constraints are viewed as
an obstacle to an efficient allocation of resourteoughout the lifetime. The
deviation of the complete market allocation and tlesulted distortion of the
individual saving behavior affect aggregate savifgsysical capital accumulation)
and the incentives to educate (human capital aclation) which in turn affect
growth.

The distortions that debt constraints cause ted to the intervention of the public
sector in an attempt to apply an intergeneratiaraaisfer policy that will mitigate
them. Social security is such a policy which affectcentives to save and educate
thus affecting welfare and growth. However, in fresence of a social security
policy borrowing constraints arise endogenously aas outcome of rationality
constraints. In other words, creditors will lendtopthe point that agents do not have
incentive to default. This point is crucially detened by the social security tax rate.

To the best of my knowledge, there is no stdidgctly addressing the effects of a
social security program on growth when there afgt denstraints in human capital
investment. Consequently, in this thesis | focusaoneconomy with only human
capital production and examine the impact of aaa®curity policy on the long-run
growth. | employ two different pension schemegag-as-you-go (unfunded) and a
fully funded program both financed by a payroll podional tax. Under parametric
analysis some results are vague and for this reaspamerical analysis becomes
necessary.

The thesis is organized as follows. In secBphmake a brief literature review. In
section 3, | present the benchmark model usedearrgbt of my thesis. In the same

section | also present the setup of borrowing caimgs and the two social security



schemes. Section 4 describes the equilibrium ofuaconstrained economy and
economies with binding borrowing constraints. |nthmake comparative statics
analysis and examine the effects of unfunded aly flunded social security on the
equilibrium and long-run growth. In section 5,alibrate the model and derive more
explicit results through numerical analysis. Fipalh the last section | draw some

basic conclusions.

2. Literature Review

Romer (1986) and Lucas (1988) were among tfs o emphasize the role of
human capital investment as the engine of growiticeSthen many papers have been
written exploring the human capital effects on basionomic variables. However, as
mentioned before human capital investment is hedleby asset markets’
imperfections in the form of liquidity constraintsat young people face. Among the
first that introduced exogenous liquidity consttaiwere Hubbard and Judd (1987).
Aiyagari (1994) also built a growth model modifiedinclude uninsured idiosyncratic
risk and a “fixed” (exogenously determined) limp ©o which agents can borrow.
Exogenous debt constraints were then used for zinglyhe effects on growth. In the
seminal paper of Japelli and Pagano (1994) crogstop regressions showed that
liquidity constraints on households raise the sgwvate thus inducing physical capital
accumulation and increasing growth. However, whéerd is human capital
production the effects of liquidity constraints dot end with the effects on savings.
There is also a detrimental impact of debt constsaon human capital production
and thus on growth. Among the first to study thewabeffect were Buiter and Kletzer
(1995) who assumed that agents are self-financethér training costs. Assuming
that young individuals make a trade-off betweenkivay and studying, De Gregorio
(1996) concludes that the inability of the younghbmrrow against future income
reduces the incentives for human capital accunmrdtius reducing growth. Christou
(1993) develops a neoclassical growth model wittrdvang constraints and obtains
similar results by simulating the model. Henceaimodel with human capital there

are two opposite effects of debt constraints onvtrp the subsequent beneficial



increase in aggregate savings and the detrimentalrance of human capital
accumulation.

As noted before, a government policy could vadiee the harmful effects of
borrowing constraints on welfare and growth. Thdiqy would be ideal if the
allocation of resources in a debt-constrained eegnaeould be the same as the
allocation obtained with complete markets. Rang@@08) and Boldrin and Montes
(2005) show that a policy with joint provision afildic education and social security
can generate such a complete market allocation.edexy the borrowing constraints
are no longer exogenous if we deviate from theetafigire economy. The interaction
between borrowing constraints and economic polegnss to be more complicate
since borrowing constraints arise endogenously essalt of the economic policy.
For instance, the level of education or social sgctax affect the incentives for the
borrowers to default thus making debt constrainisd bmore or less tightly.
Endogenous constraints have been developed inugaways but the most prevalent
setup until now is that of Kehoe and Levine (1993he authors introduce
endogeneity in the form of individual rationalityrestraints assuming that upon
default agents are excluded from future asset rhdrkeing and their assets are
seized.

Following the above setup of endogenous conssrahat arise as a result of
government policy, Lochner and Monge-Naranjo (20€1#)ulate a model and study
the accumulation of human capital. They conclude thdividual default costs vary
(i) across the population, (ii) over the life cy@ad (iii) by the government policy.
Increasing education subsidies should be accomgbabye more extensive loan
programs. In contrast to exogenous debt constramgdels, their model predicts
greater human capital investment for any levellifesvable debt and smaller impact
from a wage tax on human capital investment.

Andolfatto and Gervais (2006) also employ Kehamed Levine's setup for
endogenous constraints and apply the governmentypsliggested by Boldrin and
Montes (2005). The authors conclude that endogermmumstraints can generate
multiple equilibria. Specifically, when endogendusman capital formation interacts
with endogenous debt constraints the constrainbesgdmes non-convex. This means
that for a given level of policy intervention thexgist more than one optimal levels of

human capital investment. Hence, ex ante ideniiwilviduals may exhibit ex post



heterogeneity. However, by assuming proportiongderathan lump-sum tax | show
that this result is not guaranteed.

So far, existing literature has studied thee@ of borrowing constraints in a
partial equilibrium framework. De la Croix and Malh(2007) extend to a general
equilibrium model assuming that endogenous comigraarise as a result of the
interest rate and they examine how debt limits dacation funding affect growth.
The authors show that too low and too high interatts increase the incentives to
default thus harming growth. They also conclude thaltiplicity of equilibria arises
and that the growth maximum may be attained inlguwm where debt constraints
bind. In other words, countries with relatively Wwefinancial market can exhibit
higher growth only if the elasticity of human capito education is sufficiently high.
This last result contradicts to former studies ddieg that financial deepening leads
monotonically to higher long-run growth. The resuh this thesis support the latter
studies.

As noted above, the state intervention is dbr especially when the attained
competitive equilibria are inefficient or they dotrachieve the maximum of certain
goals related to welfare and growth. However, thasality between government
policies and liquidity constraints is bidirection@eciprocal). Not only can a state
policy change the effects of borrowing constramis also credit constraints affect the
efficiency of such policies. A first attempt to exime the interaction between
liquidity constraints and social security was mageHubbard and Judd (1985) who
studied the welfare implications of a social segupsrogram in a life-cycle economy.
Andolfatto and Gervais (2008) investigate whethes tvelfare implications of a
social security policy are sensitive to the speation of the borrowing constraint.
For this reason the authors compare welfare effeztslting from models with
exogenous and endogenous constraints. They conttlatlexogenous constraints are
adequately appropriate for modeling such an econdmye focus only on the
aggregate impact of social security and not on hb&rogeneous effects at the
individual level.

Apart from welfare implications, social secyrpolicy can affect growth. For
instance, a pay-as-you-go (unfunded) pension scheage been criticized as
detrimental to growth since it discourages privatving and physical capital
accumulation (Feldstein (1974)). An extra chanhat such a policy affects growth is

through the decision for education and human dapitaumulation (Lambrecht,
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Michel and Vidal (2005), Docquier and Paddison @00 Since social security

benefits enjoyed by a generation depend on themieqbiuman capital) of the same or
the next generation, individuals are encouragedvest in human capital production.
However, their optimal choice for investment may bmdered by borrowing

constraints. A suboptimal level of human capitaestment not only reduces welfare
but also harms growth. In the next sections | shbat the interaction between
borrowing constraints and social security resuitsnon-trivial effects on human

capital accumulation and long-run growth.
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3. The Benchmark M odel

3.1 Preliminaries

Our model depicts a small open economy congjstf individuals, firms and the
government. Individuals invest time and resourcefiuman capital production in
order to accumulate wealth and consume it aftersvahdl our model there is no
physical capital production neither physical cdp#s input, since we focus on the
role of human capital as the engine of growth.

3.2 Individuals

We employ an overlapping generations framewuitk identical individuals who
live for three periods; youth, middle age and estient age. The generation born at t
period consists of Nindividuals and the population of generations éases at a
constant rate n. An agent born at t period drawgyuaccording to the following

utility function:

U(&,Cy.1,Copp) = INA-g) +Incy,, +IncC,,

The agents draw utility from consumption durithg middle and old age i(cc
respectively) and there is also a disutility teresulted from the time devoted to
education eduring the young age. For simplistic reasons, wip dhe utility term
regarding the consumption when young since it cd@éslter our qualitative results.

When young, individuals allocate their timevbe¢n education and leisure, and
borrow with the aid of a financial market. Undee iissumption of partial equilibrium
and a small open economy the interest rate r wikhichv individuals borrow is
exogenously determined. Finally, throughout ourysis we assume that the interest
rate is invariant to time and always higher thaa plopulation growth rate in order to
guarantee dynamic efficiency. When middle-aged, ividdals supply labor
inelastically and earn the return to human cap@taiording to a production process.
Middle-aged individuals have to pay off their loampsy a social security tax and
allocate the rest of their earnings between currensumption and savings for future

consumption. Finally, the old retire and consunertiavings and the social security

12



benefits. The pay-roll tax is proportional and tkecial security benefits are
distributed in a lump-sum way. Above all, the indivals face the following

constraints:

S =G @
(1_ T)Wt+1h[+l = Cl,t+l - (1+ r)%t + Sz,t+1 (2)
@+ r)s2,t+l + khz =Coti2 ©)

where

$1,$ = savings during the first and second stage of life
g = education expenditure (borrowing) when young
w = labor wage

T = social security tax rate

b = social security benefits

h = units of efficient labor (private human capital

Human capital is produced only if both time arebources are devoted to
investment in education. Individuals, when younfsoacan pick up a fraction
v e [0]] of the existing average level of human capitagl without effort, simply by
observing what the previous generation does. Thta human capital production is
described by the following function:

h,=v-H+¢-e-q , v,0>0 (4

3.3 Firms
There is a single good in the economy prodinefirms that employ only efficient
labor as an input. The production process is desdrby the following production
function
Y=AH;, A>0

13



where His the total units of efficient labor (aggregatef@ge human capital)

Profit maximizing implies that the wage per unitefficient labor is w=A Vt.

3.4 The Government

Household liquidity constraints are market imi@etions that justify state
intervention. In the present model the governmemnérvenes applying a social
security scheme under which the state levy pay-takes from middle-aged
individuals and allocate them to the old. We alssume that the tax rate is
proportional and constant in time, and the so@aligty benefits are distributed in a
lump-sum way. At first glance, the introductionsaicial security does not make sense
since people do have access to a financial markeirder to save and transfer
resources from the second to the third stage @flifreversely. Furthermore, there is
no physical capital in order for a social secut@yaffect savings and in turn growth.
However, in a model with human capital, a sociatusigy tax can modify the
incentives to invest in human capital thus affegtimowth? We focus on two basic
pension schemes; unfunded (pay-as-you-go) and fluliged scheme. By introducing
human capital, both schemes can affect capitalmagtation thus growth, in contrast

to models with only physical capital where a fuflipwded scheme is neutral.

3.4.1 Unfunded (Pay-As-You-Go) pension system
According to the unfunded program, the taxesetk from a generation (middle-
aged) are distributed to the previous generatitth-dged) at the same period so that

the government’s budget is always balanced evatggef time.
Gt:Tt:Nt—z'bt:Nt—1'T'Wth:>bt:(1+n)'T'Wth (5)
where

G = total government spending

T = total tax revenue

! We normalize the population to 1.
2 Social security is also analyzed in models wittet@geneous agents when the government aims at
distributional effects. (Kaganovich and Zilcha (8p0Docquier and Paddison (2003))

14



3.4.2 Fully funded pension system
In a fully funded system, the taxes levied franmgeneration (middle-aged) are
distributed to the same generation at the nexbgeso that the government’s budget

remains balanced:

Gu=@Q+r)T,=N_,-b=@Q+r)-N_,-z-w h,=>h=@aA+r)-z-wh, (6)

3.5 Debt constraints setup

Young people often do not have either own resggior parental financial aid for
their education funding and they resort to conteattan which they have to pay off
when making wealth. We assume an economy with alapiarket imperfections
which take the form of inability to borrow againiture wage income. Capital
market imperfections may arise due to two reasohs.first reason is the high costs
for enforcing loan repayment due to bankruptcy laawsl other legal protections
afforded to debtors. Secondly, adverse selectidactsf can prevent the regular
operation of credit markets. We focus on two ddfdrkinds of constraints depending
on the mechanism that can guarantee the loan regayexogenous and endogenous
constraints.

Quite interesting is also the case that thedheidged find themselves debt-
constrained. This is the case when social secingtyefits are extremely high in
contrast with the few resources left for consumptien middle-aged. In an attempt
to transfer resources back to their middle age smdoth their consumption in a
better way, agents may become debt-constrained eienthis scenario is out of our
scope and for this reason we assume that the sainnthe middle age are always

non-negative.

3.5.1 Exogenous constraints
Exogenous debt constraints are considered agpper limit that the young face
when borrowing. This limit is exogenously deterntinend taken as given in the

optimization problem.

15



We follow De Gregorio (1996) for the setup afexogenous debt constraint but in
a slightly different way. Since young do not woitkeir borrowing limit is considered
as a fraction of the current income (average l®fehuman capital) that previous
generation hold:
Q <6-wH, (7)
where 4 € [0]].

3.5.2 Endogenous constraints

Exogenous borrowing constraints though eadyatalle, they do not seem realistic
and cannot capture every aspect of a borrowingwehdn the real world, there is no
a mechanism that can guarantee the repayment adra For this reason, creditors
will lend up to the point that the act of defaudt dostly in terms of welfare. The
default penalties can affect the cost of defaultthgs preventing it. The most
prevalent penalties for a defaulter are her permiaoetemporary exclusion from the
financial market or/and the garnishment of fractodriner income. We follow Kehoe,
Levine (1993, 2000) in the setup of the endogencmsstraints, assuming that
defaulters are permanently excluded from the firdnmarket. That is, private
creditors are able to garnishee 100% of any fudakengs planned by individuals thus
making the act of default irrational. However, aical assumption is that creditors
cannot garnishee social security benefits. In getup, there are two individual
rationality constraints (IRC); constraint (8) diets that an individual will not default
if the welfare drawn by consumption allocation uglafault (right-hand side) is lower
than the welfare enjoyed by consumption allocatigiimout default (left-hand side).
Constraint (9) implies that the savings when midatied must be positive, that is
there is only possibility to transfer resourcesrfrthe middle age to the old and not

reversely.

In Cint In Copyp 2 In[(1- T)Vvt+1h+1] +In h+2 ©)
S2,t+1 20= CZ,t+2 - bt+2 >0 (9)

16



4. Equilibrium and growth effects

Firstly, we are going to define the competitigguilibrium that is the general

solution to the problems that individuals, firmslahe government face.

Definition 1
A competitive equilibrium for this economy is aiwsstpe of pricegw},, , a sequence
of allocations {g,q,,c,,C,}, and a sequence of human capital stock

{H.}:0,Hy, >0, such that given the population growth n, the tams and

internationally determined interest rate r, the stant tax rater , and the social
security benefits b, individuals’ utility is maxmead, firms’ profits are maximized and

the government’s budget is satisfieds

Secondly, since individuals are identical, quidbrium the average human capital

stock equals to the individual human capital stddiat is, we have:
h =H, (10)

At this point we can proceed to the solution ofreaase that can arise from the
combination of the debt constraints and the s@aalrity programs.

4.1 No (or not binding) debt constraints

Profits’ maximization problem requires that:
w,=A Vvt (11)

Substituting the human capital equation (4) and ({itb constraint (2) and combining
the constraints (1), (2) and (3) we take the fetibudget constraint that an individual
faces:

Ca | G :(1_T)A(VHt+¢efqt)—q+ .. (B.C)
1+r  (@+r1)? 1+r (L+r)*

17



To mention that we consider the budget constrairtiading throughout the thesis.

When there are no borrowing constraints or theypgirdo not bind, individuals find
optimal allocations ofe,q,,c,,C,},, SO as to maximize their utility subject to the

budget constraint.

1-7)A(VH, + L o, C
u=In(l—e>+lncm+lnc2,t+2m(( AL, ‘”‘”th’—qw(ltj;)z—lilr—(ﬁ;)z]

The first order conditions related to the above imé&ation problem are:

1 (1-7)Adq,

al _1—et+i‘ 1+r =0 (=)
. d-7)Age. . _
q A(—lﬂ =0 L2b)
o A
Cl,t+1 . Clyt+1 1+ r - O (12C)
G, A o (2d)

Cori2 B (L+r)? B
Directly from (12b) we obtain the optimal time sgesn education:

1+r

Combining (BC), (12c¢), (12d) and (13a) we take:
1
Cuin = 5[(1— D)AVH, +1bi—r} ()
Substituting (13b) in (12c) and then (12c) in (12&)take:

@L—17)AVH, +&
_ 1+r
2[(1-7)Ag-(1+71)]

! 1)

At this point we should discriminate two differesglutions according to the two
different social security programs.

18



4.1.1 Unfunded pension system
Making use of eq.(4), (5) and (10) in eq.(13c) wei\ce the optimal education
expenditure:

lr v
t(1+n) 1+r

G, = B(7)-q —Av(1- T)|: :| H, L4a)

where

_20-7)[(1-1)Ag—(A+1)] v
z(l+n)

B(z)
Having determined the optimal time and expenditleeoted to education, we can

derive the optimal consumption paths from the eqoatbelow:

Crn =[1-7)A¢-Q1+n]-q, (4b)
Corip = (L+T)Cy g (L4c)

Note that the optimal time spent on educafem13a) is a stationary allocation
chosen by every generation. The positive relatietwben the tax rate and the time
devoted to education is obvious; an increase iridheate depresses after-tax income
thus inducing agents to invest more in human chpitaduction increasing time
devoted to education. Obviously, the disutilityuisg from an increase in schooling
time is less than the extra utility derived frone thcrease in lifetime income resulting
from this increase in e.

On the contrary, the optimal level of expendit@eq.14a) change over time and

more importantly it carries recursive dynamics.

Effects on growth

At this point we are able to examine the effeat the social security tax on the
long-run growth of the economy. Let us first defthe stationary or balanced growth
path (BGP) which will characterize the long-runwgtio rate of our economy.

19



Definition 2
Consider a path{e,q,,c,,C,}., that satisfies equations (13a,14a,b,c). It is a
balanced growth path (BGP) if the growth rates@fc,,c, equal to the growth rate

of the human capital stocK, and the growth rate of schooling time is zeroother

words, the variablesqi,&,i,e[ are stationary on a BGP. m
t t t

Note that in this case the growth rate of schodlimg is zero in every period because
it is a stationary allocation. (eq.(13a))

Economy’s growth rate in period t is given by tb#dwing expression:

:hszﬁq% (15a)

In order to derive the balanced growth rate in aartcactable way we follow De la
Croix and Michel (2007) and we define the debtrtosime ratio Z This ratio shows
the degree of development of the financial markdtscan also be considered as a
transformed capital-to-labor ratio since educagapenditure g is the physical capital

(resources) that agents invest and H is the efffidadbor. We define it as:

G
= 16
4 AH (16)

t

Hence, the growth rate in eq.(15a) is transforneed a

H
Fa=pt=ve Ajez (15D)

t

Now dividing equation (14a) with A, and substituting equations (15b) and (16) in
(14a) we take:

3 We define the ratio in terms of current incomeause agents do not have income when young.
* Azariadis, Kaas (2004).

20



_B(7)-z-C(7)
B 1+r_Zt (172)

1-t

Zt+1

V+

where C(t)=v(1- T)L(ll-:n) + er}

The above first-order difference equation char@er the dynamic behavior of
g,/ AH, in time, which in turn dictates the dynamic behawéthe growth ratey,,,
according to eq.(15b). The dynamic behavior of debhcome ratio and growth
results from the intergenerational links that timfunded pension system generates;

that is, social security benefits depend on neregation’s income.

First, note that in order for.z to be always positive (q and H take only positive

values) z must be confined to values higher th%é% if B(t) > O or lower than
T

% if B(t) < 0. However, the latter restriction cannot holee since it implies that
T

z; IS negative. Hence, we restrict to the former tanst and we also assume from

now on that B{) is always positive. This assumption confinesgheameters to take

certain values.

In order to derive the balanced growth path we Hhavestimate the steady state of

z+1=f(z;) setting z1=z=z . We obtain two steady-state values for z:

;= 1—7)[(2- D)1+ -Ag(1-1)) + e 1+ n)|+/D
12 A+n)A+r1)7

(17b)

wherep = [2Ag@1-7) - @+1)]-[@+r)1A-7)+ @+ nvr]- (Ag)2(A-7)°
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Lemma 1.(Existence and uniqueness of steady state)
If [2Ap@A—7)— @+1)]-[@+r)A-7)+ @+ n)vzr]- (Ag)*(1-17)* =0for 7 € [01] then an
equilibrium z* exists and is unique.

Proof. It is straightforward from eq.(17bj

If the discriminant D is positive, two discrete alg states will exist. However, both
steady states are either positive or negative dbpgion the sign of the bracket
[A-7)(1+r-Ag(l-1))+Vvr(l+n)]

Lemma 2. Assume that
Q-79)(A+r-Ag(1l-1))+vt(l+n) <0;
then the steady state values for z are positive.

Proof. See Appendix A.

Notice that the condition in Lemma 2 also guaramtdeat Bf) will always be
positive.

Multiplicity of equilibria in unconstrained econoes is not common in literature.
However, here it is the nature of the unfunded jensystem (the intergenerational
dynamics) that generates the multiplicity.

We are going to approach the form that the diffeeeequation (17a) has in the space
of z. In appendix A it is proved that.zf(z) is an increasing and concave hyperbole

having asymptotes other than the axes.

|
P
P

Fig.1 The two steady states of the unconstrained economy
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We can easily verify from figure 1 thatis unstable andz, asymptotically stable

equilibrium. For Z there islocal determinacythat is any solution other tharg
generates a trajectory that monotonically diverffesn the steady state. In other

words, there is a unique initial condition z(0)c that leads to the equilibriuz). On
the other handgz, is locally indeterminatethat is a continuum of initial conditions

z(0) aroundz, that generate trajectories converging to the #myiim z,. Hence, we

conclude thaglobal indeterminacyor z(t) and thus for the BGP exists. This result
arises simply from the multiplicity of steady-statguilibria regardless of the stability
properties of these equilibria. However, as z jamp (non-predetermined) variable
there are no transitional dynamics. The varialjlengps immediately in a unique way
to take its long-run value and stay there untilghstem is disturbed in some way. Put
it differently, given the initial human capital stoH(0), the choice of investment in
education q immediately adjusts to keep the delmt¢ome ratio constant over time
ensuring a balanced growth path.

Now we are ready to examine the effects ofangk in tax on the balanced growth
rate. We have two balanced growth rates dependinthe level of debt-to-income

ratio z that the economy will balance. If the eamyas balanced with a low value for

debt-to-income raticz, , then it will experience low long-run growth. e economy

is balanced with a high debt-to-income ratig then it will experience high long-run

growth. Combining eq.(13a), (15b) and (17b) theabaéd-growth rate is:

Vs =V+¢-€ -7, (18)

However, the parameterized computation of the &ffea the growth rate requires
difficult algebra that cannot give us explicit resuHence, we are going to examine

this case through simulation in the next section.
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4.1.2 Fully funded pension system
Making use of eq.(4), (6) and (10) in eq.(18® derive the optimal education

expenditure:

_ AvH,

19
n(z) (19)

where 1(z) = 2Ag(1- T)—?(u .
-7

Effects on growth

Using eq.(13a) and (19) we derive the growth rate:

H.., e.0, 1+r BGP
= _y4+gp L =I1+—— |= 20
) ¢ H, o)~ (20)

Note that, in case of a fully funded social segurihere is no recursive behavior of
the optimal education expenditure and the growtth isastationary. That is economies
with fully funded social security exhibit balancepgowth forever. According to

Definition 2, the above result is expected singg stationary (eg.(13a)) and g and H
always grow at the same rate (eq.(19)). The effiéet change in the tax rate on the

growth rate is given by the following differential:

oy®"  1+r ~L+r on()
or  @-7)’n(x) @A-7)n(r)® or

The determinant term is the first differentiahgt):

@) _ opap 1Ty 2T A
P 2A¢+1_T (1+r)(1_r)2 (2A¢+(1_T)2j<0

BGP
Hence, 7{; >0 Vre[0]]. The growth-maximizing tax rate is the upper baund
T
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Conclusion 1.
Increases in the tax rate of a fully funded soaakturity benefit growth of an

unconstrained economy.m

The increasing growth rate is somewhat expesitezk it results from the increasing
in T time devoted to education eq.(13a) and educatpereliture eqg.(19). This can
be explained as follows; an increase in the tag esmthances social security benefits
but reduces after-tax income. Hence, agents angatlto increase time devoted to
education in order to increase after-tax incomenil&rly they increase education
expenditure in order to create more human capitad attaining higher social security
benefits. The increase in expenditure q reducesuress for consumption, but also
enhances human capital production thus increasituge income. Here, increasing q

leads to a positive net lifetime income.

4.2 Exogenous debt constraints

When debt constraints bind individuals havenximize their utility subject to the
budget constraint and the exogenous debt const@orhbining the utility function,
the (BC), eq.(7) and eq.(11) we take the followliagrange equation:

(@=DAH, +deq) B, Cu G2y (0AH, - q)

=In(l- In Inc
L, A-&)+Inc,, +Inc,,, +4, 1ot qt+(1+r)2 1+r  (L+71)

The FOC'’s related to the above Lagrange are:
1 (1_ T)AMt =0 (213.)

G _1—e[+ﬂLt 1+r
A-7)Age, . . _
@ ACTEB-D-u=0 D)
1A
Cl,t+l . Cl’Hl 1+ r - O (210)
Cop? 0 1)

Cotr2 (1+r)2 -
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Since the rationality constraint binds we directiptain the optimal education
expenditure:

g,=0AH, (22a)

Equation (22a) represents the dynamic path of diuncaxpenditure over time and,
given an initial condition for H, investment in edtion q is always determined by

the average human capital stock of the same period.

From (21c) and (21d) we take:
Corin = @+ r)CLt+l (22b)

With simple substitutions of (22b) in (B.C.) we ¢alan expression for; 1. Then
setting this expression in (21c) we take a simdapression fof.. Finally, setting

expression ok and eq.(22a) in (21a) we derive an expressiomnfor

bt+2
3(1+r)(1- 7)pOAH,

& =K(1)- ()

2¢9A-V+ 1+r
3PN 3gAL-7)

whereK(r) =

At this point we can distinguish the solutionslué two social security programs.

4.2.1 Unfunded pension system
Implementing eq.(5) and then eq.(4) and (10X28c) we obtain a first-order
difference equation that characterizes the optipath of the time devoted to

education.

C3+n@A-0)(K()-8) v
T z(A+n)(V+g6he)  gOA

23

26



Equation (23) shows the optimal path that sthgdime follows, which depends
negatively on its previous level. We can consider tecursive equation as either
forward or backward-looking. In fact, it is a formaooking equation since by
assumption agents maximize their utility takingitHature social security benefits
into account, which depend on their offspring’same. However, the causality
between g1 and g can be explained in the same way no matter ifatfents look in
the past or in the future since there is no unodytan our model. The negative
relation betweenq and e can be explained as follows; if the schooling tiofe
generation t+1 increases, both their future incame as a result the social security
benefits of generation t will increase. Taking timgplication into account, agents of
generation t have incentive to cut their time dedoto education since they enjoy
increased social security benefits, thus increéifstdne income. In other words, the
increased income induces agents to cut schoolmg thus increasing their lifetime
utility.

If we substitute (22a) and (23) in (4) we take equilibrium path of human capital.
Making similar substitutions, we take the optimahsumption paths.

At this point we should examine the propertiests difference equation (23) in
order to guarantee an equilibrium (steady-stat@)tisn. First, some restrictions on

the schooling time apply, which are given below:

The first restriction yields that enust lie in the rangég,é) which is explicitly given

in appendix B. In other words, out of this range eestricted to take the corner values
(0 and 1). The second restriction yields a lowaurid for the exogenous borrowing
limit 6. That is

\Y

>0=—— (24)
20A +1+7r

Dropping time indexes in equation (23) we obtaie 8teady-state level of time

devoted to education, which is:
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_— AgO[BA- )+ 1) + vz (1+n)]+D
- 27 (1+ n)(Ag6)?

(O}

(25)

where D = 9L+ r)(1—7)? + 47 (1+ n)[(1+ 1) + 2(1- 1) (A g6 + V)|

Lemma 3.
Under an unfunded pension rule and with bindinggexmus constraints, a steady
state for time devoted to education exists anchigue.

Proof. In equation (25) the discriminant D is stiycpositive for anyr € [01] . =

We have disregarded the second root of e stnisenegative and will never be
reached. In addition, it is computed th&is a decreasing function 6f This can be
explained as follows; a decline i depresses education expenditure and agents
increase time for education in order to presenar thuman capital (income) at the
initial level.

For stability of the steady state we shouldc&hé(€). In order to be lower than

one in absolute value, computations yield thatfdlewing inequality must hold:
2vl-7)+60(1+r+2A¢(1-1)) <0

Obviously this inequality does not hold fere [0,1] thus the steady state is unstable

for any values of the parameters.
| f(e)p1

However, since e is a control (non-predetermineatjable the economy always
jumps on the steady state valée Hence, the equilibrium is globally determinate
since there is a unique value e(0Og=that leads the economy to equilibrium. Any

other value of e generates trajectories that devéngm €.
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Effects on growth

Substituting equation (22a) in (15a), the growtie each period equals

H., eq, e.6AH,
=—H —yihgtt — v+t = v+ dOAe
7t+1 Ht ¢ Ht ¢ Ht ¢ t

According to Definition 2, our economy is on a lvadad growth path if e takes its
steady-state value. Note that the BGP is globalgmninate since the equilibrium of

e is globally determinate.

yPF =v+gone (26)

The balanced growth rate will move to the samectiva as the steady state of e

corresponding to changes in the tax rate.

BGP A
U yone
or or

A

The diﬁerential% is a second-degree polynomial 6f Hence the exogenous
T

borrowing limit 6 is a crucial parameter that determines how timeows to
education (thus growth rate) reacts to changeartax rate. The critical values fér

are:

g - 9@ +r)? —4v(1+n)(2Ap +1+7) J_r\/ (1+r)?[(1+r)(9+ 9r-8(1+n)Vv) -16 A¢ v(1+ n)] (27)
v 2(1+n) (1+1+2Ag)?

A

Table 1 shows how affects the differentia?E.

I

[t

& | —0 + 0 —
or

Table 1: Critical values of the debt-to-income ratio
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Conclusion 2.

If the debt-to-income rati@ lies in [0,6,) U (6, 1], whered;, are given by eq.(27),
increases in the tax rate of an unfunded pensitrerse harm long-run growth. On
the other hand, for borrowing limits that lie i(¥;,6,) increases in the tax rate

benefit growth. =

Conclusion 2 confirms theory stating that tffeciency (here not only quantitative

but also qualitative results) of a social secutdty depends crucially on the tightness

A

of the borrowing constraints. The ambiguity of #ign of ? results from two
T

opposite forces explained below. Wheris high (>¢,) education expenditure g of
generation t is also high thus offspring’s (generatt+l) income exceeds
generation’s t income. Assuming unfunded socialisgg this means that an increase
in the tax rate increases lifetime incomelence individuals have incentive to lower
time devoted to education. For lowére (¢;,6, , the opposite holds; an increase of
tax rate reduces lifetime income thus inducing &gém increase time for education.
Note that increases in time for education bearst icoterm of reduced utility and a
benefit in terms of increased income. In the calissussed above is sufficiently
high (equally e is sufficiently low) to ensure thihe benefit prevails the cost of an
increase in ® However, for very lowd (< g, ), time devoted to education is very high.
This means that for subsequent increases in eduactithe the utility cost prevails
over the income benefits due to the concavity efuhlity with respect to schooling
time. Hence, for lowd an increase in the tax rate will finally make agecut time
devoted to education.

Although results crucially depend 6n at least the model can ensure that for a
given 0 the growth rate will behave in a monotonic wayhwigéspect to the tax rate.
This means that there is no interior growth-maxingz tax rate. For
0 <[0,6,)u(6,]1] the growth-maximizing tax rate is zero, while fére (¢;,6,) it

equals to 1. The above results hold only if thegexmus constraint binds for amy

> 7Ah,, < (1+n)7Ah,,

® We discussed before that e is a decreasing fumofi6. In addition, the utility is a decreasing and
concave function of e.
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We will see in the simulation section that thisutesnay not be guaranteed since the

constraint is not always binding.

4.2.2 Fully funded pension system
Implementing eq.(6) and then eq.(4) and (10) inc2Re obtain the optimal time
devoted to education which is stationary:

_ 200A(1-17)+ (1+ 1)@ -v

vt (283)
[3-2t]poA
It is easily derived that e increases with higher
%4 _ V___ 50 (28h)

00  (3—2r)gAH?

Effects on growth

Substituting equation (22a) and (28a) in (15a) gitwevth rate each period equals

Ve = Hia _ V+¢etqt Vi 200A(1-1)+(1+n0-v _ yBeP
H, H, 3-2t

vt (29a)

which is stationary. Hence, again the economy umhdér funded social security is
always on the balanced growth path. It is triviadlyncluded that tighter borrowing

constraints (lowe#é) harm growth:

0y _ 2¢A(1-1)+(L+r) >0
00 3-2t

The above result is expected since according t@2a) and (28b), g and e move to

the same direction a8. Hence, if0 decreases, time and resources for education
decrease thus causing growth rate to fall. Thigltesnfirms De Gregorio (1996).
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The effect of a change in the tax rate on growtjiven by the differential:

oy _ o 41 =Ag)O-v
ot (3-27)?

(29Db)

Lemma 4. (Sufficient condition)

If Ag>1+r,then increasing social security contributions mmagrowth.

Proof. It is straightforward from the differentié29b). m

We already know from the unconstrained case tltandition that guaranteegé is

(1-7)A¢ >1+r." Hence, if we want to be consistent with the patemeestrictions

throughout all the cases we study, the sufficiemdaion in Lemma 4 should hold.

An alternative way would be to sétas the crucial parameter for determining the sign

0 - . .. :
of 8—7 More specifically, three formal cases arise, gireConclusion 3.
T

Conclusion 3.
Under a fully funded pension rule, the responstnefgrowth rate to changes in the
tax rate is described in the next table.

I+r <A veé % <o
or
V> L4r-Ag Vo 7 <o
ot
1+r > Ap
v oy
v < 1+r-Ag ¢9>1+r_A¢ E>O

However, the last two cases may not be realisticesiaccording to real data, the
marginal factor productivities (Ap) are much greater than 1 while the interest rate
ranges in low levels. Hence, there is strong exddethat social security tax harms

growth.

" See eq.(13a)
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4.3 Endogenous debt constraints

In an economy with endogenous debt constraimisyiduals maximize their utility
subject to the lifetime budget constraint (B.C.Jl &dne two rationality constraints (8),
(9). Thus combining the equations above with eq.(l€ obtain:

(1*T)Ah+17 % B.. Ga G
1+r @+r)? L+r (@+r)?

L, =In@-¢)+Inc,,, +Inc,,, +ﬂt[ JJr/’n[InCLM +Inc,,, —In({-7)Ah,;)-Inh,]+ u, (InC,,., —.,)

whereh,, =v-H,+¢-€-q

The FOC'’s related to the Lagrange equation are:

1 _,@-0Ad _, 44 _, (30a)

& - 1-e t 1+1 Hay h.,
1-7)Age, 78

. ——-1) -y, —=0 30b

qt. ﬂ’t( 1+ r ) ll'llt h[+l ( )
. 1 A et

Cii -4+ =0 (30c)

i Cl,t+1 1+r C1,t+1
Cori 1 A Hu | Ha _g (30d)

Corp (@+T) Coiiz Coriz

Intuitively, the case that both rationality stmaints (8), (9) bind results to zero
optimal education expenditure. If the constrain}, (@hich implies non-negative
savings, binds, it means that agents find it optieither to consume under autarky or
to borrow when middle-aged due to excessive regssurcold age. However, in both
cases they result living under autarky thus makimgavings.

St = 0= Coti2 = bt+2 (31a)

This means that creditors cannot impose anyalpetn case of default in the
second period, since the only penalty they coulel igsthe garnishment of future
savings. Hence, individuals always find it optin@ldefault and creditors will never

lend them.
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We can also verify this result using algebrd #me result is the same no matter
which social security program applies. Setting &pjin eq.(30d) we solve fax in
terms of B, ui, . Then substituting it in (30c) we take an expmsdor G +1and
then substituting it with (31a) in the (B.C.) w&ea

(1tj_+;)2 1+1+ Hay _ (1_17) Ah+1 —q (31b)
oy + Hy +r

Also substituting ¢i+1 and ¢ 2 in the binding constraint (8) with the expressiores

found above, we have:

Bp Yt _ g pyan, @10)
1+r 1+ g, + py

It is straightforward from eq.(31b) and (31c) thgt0. In this trivial case, the

economy will contract (poverty trap) since therdl Wwe no formation of new human

capital, depending only on the human capital of phevious generations. The net
growth rate will be v-1 < 0 or equally the grosewth rate:

Yian=V+eeg =v+ee -0=v<1

We are now going to examine the most intricate ¢asehich only constraint (8)
binds. Again we are going to distinguish two san$, one for each social security

program.

4.3.1 Unfunded pension system
We haveu,=0 and s>0. Also from (30c) and (30d) we take

Coroo = A+r)C,  (B29)

Substituting (31a), (30c) and (5) in (8) we take

(L)’ $+ ) o emhh,  G2)
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Similarly setting (31a), (30c) and (5) in the (B.C.

Lty _ (=0)Ahy, o @+n)rAh,

2 2
A 1+r @+r)

32c)

In order to make the system of equations moredbdetwe define a new variable as:

_ea
=S8 e
Thus R = (RO, = = (v gx) (D)
and g = %P xRy He - xhy, 6%)

e & h, eV+ex,)

Substituting eq.(33a), (33b), (33c) in (30a), (30(32b) and (32c) we obtain the
following system of equations:

L, GeoAkh, (34a)
1-g ' @+r)g(v+ex,) e (V+¢x)
A=Ad 98 _
A ( 1ot 1) — 14, h. =0 (340)
(L+r)° g+ H)” _ per @ o) (Lo i, (v g, ) (34c)
21+ ,Ult _ (1_ T)Aht+1 _ Xtht+l + (1+ n)TAht+1(\;+¢Xt+l) (34d)
p) 1+r & (V+ex) @+r)

Solving (34a) and (34b) fox andp and substituting them in (34c) and (34d) we
derive two equations in terms of &, X. Solving them for € and equating, they
yield a first-order difference equation. Then subB8hg x.1=X=x, we derive an

expression in terms of the steady state x:

AAG(L+ N[V (- V) - gX(1- 7)] + 3(1+ 1) 2 X+ 2V(L+ 1)(L+ 1 - 2A¢) - A% (L+ n)(2V - #x%) + /D
64(1+1)g? (v +X ¢)?

—A%(1+n)A-7)r (v+Xxg$) =0 (35)

Wherep = (1+1)* 2v+3x¢)2 +8A (1+ 12XV + XB) [(L+ N)1)t + ¢x) - (1+1)(1-1)]
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At this point we should note that equation (&S)a polynomial yields multiple
solutions for x (thus for ). The multiplicity ofgeilibria emerges due to the
intergenerational dynamics resulted from the natirthe unfunded pension system
as mentioned in section 4.1.1. It is known that tipligity of equilibria may also
result from non-convexities of the constraint sethe optimization problem. This
source of multiplicity is calle@ndogenous heterogené&ityThis means that certain
values of the tax rate are consistent with more th@e optimal choice of g, thus ex
ante identical agents can exhibit ex post heteraiggenFor instance, Andolfatto and
Gervais (2006) show that some levels of policyriveation can generate one low and
one high optimal level of human capital investmdititese two equilibria can equally
be selected by agents since they yield the saneé déwutility.

According to Andolfatto and Gervais (2006), reumvexities would arise if for any

level of tax rate there was a non-negative levedgifmal investment, sag(z) , that

is consistent with the act of default. The resitthat the optimal investment cannot

lie in the neighborhood ofi(z ¢uts a path through the set of feasible human aapit

investment allocations, leaving the constraintnggt-convex.
When g=0 and e>0 there is always a level of rate 7 that results to perfect
consumption smoothing for a defaulter. That is:

- ~ ~ 1
¢ (T)=c()=7 Zm

Obviously, atr = 7 and g=0 the act of non-default and default yielel tame level of
utility, thus non-default is expected. If g increasnet income (thus utility) of a
defaulter is always greater than that of a nonulefasince the non-defaulter has to
pay off the loan. Hence, at =7 for any g>0 there is incentive to default. For
7 > 7 perfect consumption smoothing can no longer benaitiafor a defaulter since
more resources are transferred to the retirement Bignce, forr > 7 and g=0 the act
of default yields lower utility than that of nonfdelt. As q increases a defaulter gains
in terms of income and future social security base$ince investment enhances not
only her own income but also average human caffitad their offspring’s income.
This is the crucial difference between a model withp-sum social security tax (like
in Andolfatto, Gervais (2006)) and a labor incorag assumed in our model. With

lump-sum tax an increase in investment g enhaneesnsd-period income thus the

8 Andolfatto, Gervais (2006) provide long discussionthis topic.
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second-period consumption and there will be a gxh ghat the defaulter achieves
perfect consumption smoothing. However, with lalmmome tax an increase in q of
generation t enhances second-period income (ammhdgeriod consumption) but
also enhances offspring’s (generation t+1) incoimes tincreasing generation’s t
social security benefits (and their third-periochsamption. The fact that both

second and third-period consumptions increase ¢ammsure perfect consumption
smoothing for a g>0. In this case, a positiye) will be desirable for a defaulter
only if second-period consumption grows at a greage than third-period

consumption such that &(z the two consumption allocations become equal. Ehat

ocP  oc?
1 > 2

. However, for very high og” exceedsc? and the act of default becomes
o9  oq

again costly. Hence, there is a neighborhood dfefig(z) that features default and

these G(z )will never be reached. On the other hand%ﬁD_g aaczD , for any g>0
q q

c’ always exceedx’ and as q increases the consumption smoothing mae
deteriorates.

Now considering non-default, as the investnteiicreases, a non-defaulter gains
in terms of future income but less than a defaudiiece she pays off the debt.

To sum up, forr >7 and g>0 the act of default may bear a cost in seafn
consumption smoothing and the act of non-defaultrd@ cost in terms of loan
repayment. There will be &(z) >0 that features default only if the utility upon
default increases/declines at a higher/lower tze the utility upon non-default. That
is:

ou® ou™?
g~ 0,

The explanation and the results whes 7 are similar to the above discussion.

° See equation (5).
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Conclusion 4.
In an economy with unfunded social security andogedous debt constraints

endogenous heterogeneity (multiple equilibria) wdt emerge iff

D D D ND
oc, < oc, and ou < ou .
oq  0q oq oG

Effects on growth

The growth rate in terms of x is:

€
Fia=vE gt =vegox

t
Thus, from Definition 2, the balanced growth raelerived when the variabletakes

its steady state value:

yBCP =v+¢e|;OIt —V+é-X (36)

t

However, the expression with x that we derive abva high-degree polynomial
that, when solved explicitly, yields complicate segsions making it hard to do
gualitative analysis. We will examine the effectstlte tax rate on the equilibrium
through numerical analysis in the next sectioneéu] we are going to show that the
results are ambiguous due to the emergence of pteukiquilibria. However, these
equilibria may arise as a result of the polynorfoain of eq.(35) and not only due to

endogenous heterogeneity.

4.3.2 Fully funded pension system
We haveu,=0 and s>0. Also from (30c) and (30d) we take

Corop = A+r1)C,, (B79)

Substituting (31a), (30c) and (6) in (8) we take

2 2
(L+1) fz-‘Fﬂn) = A’r(l-7)h?, (37
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Similarly setting (31a), (30c) and (6) in the (B.C.

21+ My _ Ah,,
A 1+r

g (37c)
Equations (30a), (30b), (37b) and (37c) are a systat contains four variables,(
i, 6, @). Solving the system we derive explicit expressitor gand g The optimal

allocation of time devoted to education is statigna

QZA¢(1—21/r(1—r))—(1+r) vt (38)
Ag(r —Jr(L-1))

On the other hand, the optimal education experalitare a function of the average

human capital:

B (1— 2\/2'(1— 7) Xr—\/r(l— 7) )AVHt
)it r-3Jr@-7) ]- Ag-4AglA-2)r -z (1-7))

(o} (38b)

As before, we should note that there is polsilaf multiple equilibria. If this is
the case, they will result from non-convexitiested constraint set. The explanation is
similar to that in the previous section. When g+0 &>0 there is always a level of
tax rater that results to perfect consumption smoothing fdefaulter. That is:

(P =(F) =T =
2471
Obviously, atr = 7 and g=0 the act of non-default and default yielel tame level of
utility, thus non-default is expected. If g increasnet income (thus utility) of a
defaulter is always greater than that of a nonulefasince the non-defaulter has to
pay off the loan. Hence, at =7 for any g>0 there is incentive to default. For
r > 7 perfect consumption smoothing can no longer benattiafor a defaulter since
more resources are transferred to the retirement Bignce, forr > 7 and g=0 the act
of default yields lower utility than that of nonfdelt. As q increases a defaulter gains
in terms of income and future social security bi#sefAs mentioned before, with

lump-sum tax an increase in investment g enhaneesnd-period income thus the
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second-period consumption and there will be a gxh ghat the defaulter achieves
perfect consumption smoothing. However, with labarome tax an increase in g
enhances second-period income thus increasing thetrsecond-period and third-
period consumption. The third-period consumptiacreases because income directly
affects social security benefits under a fully faddsystertf. The fact that both

second and third-period consumptions increase ¢ammsure perfect consumption

smoothing for a g>0. In this case, a positiye) will be desirable for a defaulter

only if second-period consumption grows at a greawe than third-period

consumption such that @(z the two consumption allocations become equal. That

is:
D D
aaca > aacé — (l-7)Ade, > (L+r)rAde,
=>7<

2+

which does not hold since by assumptiorb'fzz—lr. Hence, for any g>0
+

c’always exceedx’ and as q increases the consumption smoothing mae

deteriorates.

On the other hand, as the investment q incse@saon-defaulter gains in terms of
future income but less than a defaulter since slys pff the debt.

To sum up, forr >7 and g>0 the act of default bears a cost in terfis o
consumption smoothing and the act of non-defaustird@ cost in terms of loan
repayment. There will be &(z) >0 that features default only if the utility upon
default increases/declines at a higher/lower tze the utility upon non-default. That

is:

ou® ou™P

og, g,

o e Ade - (Lir)
h[+l Cl

The explanation and the results whes 7 are similar to the above discussion.

19 See equation (6).
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Conclusion 5.
In an economy with fully funded social security amtogenous debt constraints

endogenous heterogeneity (multiple equilibria) wdt emerge iff

D ND
ou < ou

oq g,

Effects on growth

The growth rate is stationary, that is the fullpdied social security ensures balanced

growth in every period (Definition 2):

o eq VAgl-2r-1)) - a+1)i-2/r(-7)) . 39
Tia=V+e H, _V+(1+r)(1+r—&/r(1—r))—A¢—4A¢((1—r)r—,/r(1—r))_7 vt (39)

We are going to see in the next section which ésréation between the tax rate and

the growth rate since this expression does notrgémexplicit results.
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5. Simulation

Simulation is done in order to derive more expliegults for cases that theory cannot
yield. Hence, we do not focus so much on quantgatesults but rather on qualitative
results, since we concern for the general patteah éach case generates. In section
5.1 we calibrate the model according to data fro/8.A. in order to approach each

case as much as possible.

5.1 Calibrating the model

The model’'s parameters are those that describeginduct’s technology (A), human
capital production (), the population growth rate (n), the real interase (r), the
debt-to-income ratiod) and the tax rater).

Individuals live for three periods, so we consitleait each period lasts 20 years of
adult life. Following Hubbard and Judd (1987) tlepplation grows at a rate of 1%

per annum or(L01*° —1)-100% = 22 %per period. We also assume an annual interest

rate equal to 4% ot.04* —1= 1.19per period.

The unsecured debt to disposable income ratio theer1995-1999 period for USA
was 8.4% according to Livshits et al. (2007). Sidsposable income over the same
period was 72.7% of GDP, the debt-to-income rati6.1%"*

Finally, according to the data of National Longital Survey of Youth (NLSY),
adults devote 3.1 hours per weekday on avéfage we assign a steady-state value
for time devoted to education equal to 0.13.

The other variables (w, A) are computed such that, with an unfunded $seieurity
tax t=0.09, young face binding exogenous constraintthén steady state. Table 3

contains the values of the calibrated model.

Parameter values | Target data
A=3 e=0.13

v =0.82 0 =0.061
0=24 r=1.19
n=0.22

 Andolfatto, Gervais (2008)

12 pata include individuals, ages 15 to 49, who wen@ked full time at a university or college. Data
include non-holiday weekdays and are averagest0fo8-®7.
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5.2 Unfunded social security and growth
In this section we are ready to directly compareomstrained and constrained cases

and find whether a maximum growth rate can beradthi

5.2.1 Unconstrained economy

According to section 4.1.1, two steady stateesfor z arise. Hence, there are two
balanced growth paths and we can explore theirackenistics. Substituting the
benchmark parameters in eq.(18) we take the foligwiigures that depict the

balanced growth rate as function of the social sgctax*?

30r 1
200
25f i
20F 150"
15 [
1000
10

50
osf *

I I I I
0.0 0.1 0.2 03 04

Fig.2 The unconstrained balanced growth as a function of the social security tax

(Left: low steady state 21* , right: high steady state Z;)

The two steady states generate opposite resedfarding the response of the
balanced growth rate to changes in the social ggdax rate. The growth patterns

depicted above are the same as the respectivenzatibdebt-to-income ratios. The
left figure features the low steady state (negative root of eq.17b) and confirms

studies concluding that increasing tax induces lgetmpinvest more in human capital
thus enhancing long-run growth. On the other hahe,right figure stands for the

high steady statg (positive root of eq.17b) and shows that the grovete will

decline if the tax rate increases. Two oppositedsy which determine the net lifetime

13 We must ensure the existence and non-negativitiyeo$teady state z. According to the assumptions
of Lemmas 1 and 2, steady-state values for z aridtare positive for tax rates lower tham g, (here
0.4), so we confine to this range of tax rates.

43



income, drive optimal education expenditure (thisvhen tax rate increases; the
decline in after-tax income encourages investmenéducation and the increased
social security benefits induce agents to cut etutaxpenditure. When education
expenditure q is low the former effect dominates khter and when q is high the
opposite holds.

More interestingly, the low equilibrium debtitecome ratio yields low long-run
growth while the high equilibrium ratio drives econy to a high-growth patl{. This
means that there will be “convergence clubs” ofrernies®; those which have a very
low initial level of debt-to-income ratio will expence low long-run growth while

those initially with high debt-to-income ratios blalance on a high-growth path.

5.2.2 Exogenous debt constraints
Firstly, we must ensure that the optimal chat&me devoted to education will be
non-negative. The lower bound of debt-to-incomérat(eq.24) that guarantees the
above assumption is:
6>60=0.06
In addition, the steady-state values for the tipens on education must lie between
[0,1]. Applying the calibrated parameters to eq.(25), tieady-state value for e is

proved to be in the above range for aély- @ and for anyr < ¢ 04)

max (_

According to the theoretical part, when exogenalst donstraints bind, there are two
critical values foif that determine the relation between tax rate aondtt (table 1).

We recall it below.

87 S

[k

8 | — 0 + 0 -
or

Table 1: Critical values of the debt-to-income ratio

4 We should remark that the characterizations “loavid “high” used in this section may be
misleading. They are used only for discriminating two equilibria when referring to them. In fatie
first equilibrium features from null to high grow#ind the second equilibrium features extremely high
growth.

5 The term is borrowed from Azariadis, Kaas (2004).
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The above rule with respect to the debt-to4neoratio applies only when the
exogenous constraint binds. However, not for all i@es the constraint binds. For
this reason, in order to determine the optimal ¢ghoeurve as a function of the tax
rate we should compare the constrained with theonstcained level of education
expenditure g. When there is an exogenous constianoptimal allocation will be

the one with the lowest value of q. That is:
q = min{q*,c]} (40a)
where §= 0AH..*°

We can transform the above decision rule in terfriceauxiliary variable z defined

before as the debt-to-income raﬁp:%. Dividing eq.(40a) with Akwe take:

t

z = min{z*,i} (40b)

where Z=0.

Hence, the balanced growth rate under exogenous ateistraints will be given
according to eq.(18) i;,< 2 and according to eq.(26) & ,> Z. However, sincez

is a function ofo the above comparisons give different results ftieknt values of

8. In addition, we should note th@is a stationary debt-to-income ratio thus it soal
the value of the initial debt-to-income ratio ofripe 0, z. Four cases arise with
respect t@® and they are depicted in figure 3. Figure 3 shthesdebt-to-income ratio

as a function of the social security tax rate.

> If 9<6, (fig.3(a)), initialz, <z, and the economy will balance at the low
steady statez . Comparing the constrained with the unconstraimgdve

observe that the exogenous constraint birgisz() for anyr € [0,7,,, ] Thus

max

Z prevails as the equilibrium debt-to-income ratio.

18 For consistency with the notation we denote unicaimed allocations of g and z with an asterisk (*)
and constrained allocations with a hat (*).
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> If 0e€(6,,6,)(fig.3(b), zZ <z,<z for r<7 andz,<z for r>7 . As a
result, for z < 7 the economy will balance at the high steady statsince it

is stable and forr > 7" the economy will balance at the low steady state

Hence, we take the equilibrium z will be given adoog to the following

rules:
z =min{z,2} forr <7’
z =min{z,2} forr>7'
It is obvious thatz prevails in both rules according to figure 3(b).
> If 0€(6,,6) (fig.3(c)), in the initial periodz, < z, < z, for anyr € [0,7,, ] the
economy will balance at the high steady statesince it is stable. Comparing
the constrained with the unconstrained z, we olesé¢hat the exogenous
constraint binds %>2) for anyre[0,7,,] Thus Z prevails as the
equilibrium debt-to-income ratio.
> If 6>0, (fig.3(d)), initialz, > Z, and the economy will balance at the high
steady statez, Comparing the constrained with the unconstraiagdve
observe that the exogenous constraint birgsz( for <7 and does not
bind (z<2) for z > 7. Hence, the equilibrium debt-to-income ratio viié 2

for r <7 andz forr >7.

7

94 =T max

(@ #<6
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Fig.3 The equilibrium debt-to-income ratio as a function of the social security tax
under exogenous debt constraints
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Recapitulating from all the cases above, we corliht the equilibrium debt-to-

income ratio equals:

N

for6 <6, andVvr
for60>6, andr <7

z, for0>6,andr>7

Taking the above results and table 1 into accometcan derive the pattern of the
balanced growth rate. We discriminate two casesrdatg to the table 1:
> For 6<6, and 6>6,, the equilibrium growth rate will always be a
decreasing function of the tax rate. The growth-mézing tax rate is zero.
> For 6 e (6,,0,) the equilibrium growth rate will be increasing fox 7 and

decreasing function of the tax rate for-7. That is growth will have an

inverted-U shape and there is an interior maximuowth atz = 7.

According to the calibrated parameters thd fiese arises and maximum growth
will be attained aé=1 andz = Q At this point maximum growth equals 6.07.
Under binding exogenous constraints and for idewange of values for the

parameters, it is computed that

0y 5"
06

This means that economies with undeveloped finamoaxkets (low6) experience

>0

low long-run growth while financial deepening (higjrelates to higher growth.

These results support those of De Gregorio §L9%ho shows that increasing
borrowing constraints harm growth. However, we $ttianake two remarks; first, De
Gregorio’s results come from a general equilibriirtemework and secondly that we
include both time and resources as inputs in theamuproduction process. The latter
means that an increaseirencourages agents to borrow more thus boostingahum
capital formation and growth. De Gregorio assumaly dime as an input and
concludes that time for education increases inaesp to increases th In contrast,
in our model the response of optimal time devote@ducation to increases fnis

ambiguous.
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5.2.3 Endogenous debt constraints
Applying the benchmark parameters to eq.(35demve three steady-state values

for the auxiliary variable x. Debt-to-income raisatrivially derived from eq.(33a) as:

. S
“TAH,  Ae

Hence, there are three steady states for Zhaed discrete balanced growth paths
as functions of the tax rate which are depictedignre 4. Figure 4(a) features
economies with very low initial financial developnte(low initial debt-to-income
ratio) thus low equilibrium ratio. In other wordseditors cannot sufficiently ensure
the repayment of loans and they provide suboptileatl of credit. Figures 4(c)
features economies starting with very high debtitmme ratio thus converging to a
high equilibrium level and experiencing high longyrgrowth. This means that credit
markets are well-developed to provide greater amaidincredit. Economies with
intermediate initial debt-to-income ratios may cerge to any of the three cases
depending on the stability of the equilibtfa.However, in general we conclude that
economies initially with missing financial marketgperience low long-run growth
forever whereas economies with well-developed fire@lnmarkets will balance at
high growth. In other words, there is a strong fasirelation between financial
deepening and long-run growth. The result that urmhelogenous debt constraints
there are “convergence clubs” of economies wasallyitdrawn by Azariadis and
Kaas (2004).

Furthermore, social security harms growth foormmies that balance at high

growth (equilibria z, and Z,). This result is expected from the nature of the

rationality constraints; as tax rate increases eosdcial security benefits thus
inducing agents to default easier since consumggianothing improves. The fact
that agents default easier for higher tax ratesesabnstraints bind more tightly and
the debt-to-income ratio falls. In contrast, in momies balanced at the low steady
state, debt-to-income ratio (and growth) has a hehgped pattern in response to the
tax rate. This pattern seems to be distorted frdmtwationality constraints dictate
due to implications of the unfunded pension systenfact, it can be viewed as U-
shaped pattern starting from tax rate about 0.4 emding to 1 thus confirming

" The difference equation of z was implicitly dexdvas it is a complicate expression. Thus we cannot
examine the stability of equilibria.
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rationality constraints theory. We explain in detais approximately U pattern in the

section of the fully funded scheme.

Debt-to-income ratio (z) Balanced-growth rate

(a) Low equilibrium 21

14r
0.151 12r
101
0.101 08
06
0.051 04r

02

(b) Medium equilibrium  Z,

ab 20+
3 15
2 10
1 5r
‘
02 04 06 08 10 02 04 06 08 10

>

(c) High equilibrium  Z,

80
30f
25} 60
20F
40F
15F
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s
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02 04 06 08 10 02 04 06 08 10

Fig.4 Debt-to-income rations and balanced-growth rates
under binding endogenous debt constraints
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However, as noted before constraints do nat fon any level of the tax rate. Thus
when there are constraints the optimal allocatidhb& the one with the lowest value
for education expenditure q (or equally z). We asahis task in order to derive the
growth-maximizing regime.

Applying the benchmark parameters to the ogtialcations for z and e we

obtain three discrete steady-state values for zeari,, and &,,,. Six cases arise

depending on the initial value of z since there @we unconstrained and three
endogenously constrained steady states for z. @ptonstrained z will be given by
the following rule:
;=min{;*,2j} i=12
j=123

Table 2 recapitulates the results from comparingpostrained and constrained z and
determining the optimal level of debt-to-income ioat(or equally education
expenditure). Examining for different initial vakiéor z we conclude that one of the
cases above will never be reached so we excludgages 1, 3 and 5 will certainly
arise. Unfortunately, we cannot ensure what happétts cases 2 and 4 since the
difference equation of z is not tractable and dumsallow to examine the stability of

the constrained equilibriaz, , , .

Case 1 r€[0,7) Z,>2 | z=1%
(z,,2) 7 €[7,7,) 72,<2 | z=2
TG[TZ’Tmax] Z;>21 Zt:21
Case 2 ]
* A Z—E[O’Tmax] Z;_<22 Zt:Z.L
(21.2)
Case 3 * o5
. 7€ [0, 7,01 2224 z=2
(z,,2)
Case 4 ) R
. 7€ (0,7, z2,>2, | 2=2,
(22.2)
Case 5 7€[0,7,) 72,>2 | z=2
(Z2) | relrarn] | z,<2 | =2,

Table 2: Optimal z under endogenous debt constraints
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The five cases of the growth rate as a functiotheftax rate are depicted in figure 5.
Instead ofy which is the notation for growth, we purposely dienthe curves with
their respective z in order to make the match betwtble 2 and figure 5 more
obvious.

300
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! ; , i Lo . , \ \
01 02 Tp 03 T2 04 =Tmax 00 0.1 02 03 0Fmax
(a) Casel (b) Case 2
N 50F
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_4_’/ Z2
| , S S S SR
0.0 0.1 02 03 0.4 0.1 02 03 04
Tmax Tmax
(c) Case 3 (d) Case 4
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100~

50

T3 Tmax

(e) Caseb

Fig.5 The balanced-growth rate under endogenous debt constraints
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According to figure 5(ajase 1 results to an inverted-U growth curve consistifig o

the unconstrained curve for tax rates[z;,7,) and the constrained curve for tax rates

7€[0,7;) andr €[z,,7,,, ] The growth rate is increasing for tax rates lotant,

and decreasing for higher tax rates. Hence, thee tkean interior growth-maximizing
tax rate equal to, (kink point).
Case 2, depicted in figure 5(b), generates the unconstchilow level of debt-to-

income ratioz , which means that endogenous constraints do ndtfbr anyr<tmax.

In other words, the unconstrained g is always lothan the constrained q which
means that agents will always choose to borrowgpegmal unconstrained level.
Hence, the balanced growth rate is monotonicallyeiasing in the social security tax.
The growth-maximizing tax rate is the upper limitx.

Case 3 in figure 5(c) yields a pattern in which the coasted low-level allocation
Z prevails over the unconstrained high-level allamatz, for anyt< tmax. The long-
run growth rate follows an inverted-U route accogdio the constrained growth curve
and there is an interior growth-maximizing tax rate

Case 4 generates the constrained intermediate steady atdbr which increasing

social security contributions harm growth. Henoagtrun growth is a monotonically
decreasing function of the social security taxufeg5(d)) and the growth-maximizing
tax rate is zero.

Case 5, described in figure 5(e), results to a crookesve&u Up tor= 13 the curve is
identical to the constrained growth curve corresiog to the high debt-to-income

ratio z,. For higher tax rates the curve becomes identiictiie unconstrained growth

curve corresponding to the high debt-to-incomeorafi Hence, long-run growth is a

decreasing function of the tax rate and the grawétximizing tax rate equals to zero.

Table 3 shows the minimum and maximum growth rge®erated by each case using
the calibrated parameters.

Case 1 0 1=0) 1.37 £¢=0.33)

Case 2 1 %0) 2.5 ¢=0.4)

Case 3 0 1=0) 1.45 ¢=0.28)

Case 4 2.691£0.4) w (t=0)

Case 5 3.211£0.4) w (t=0)
Table 3
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According to figure 5 we observe that for ecomes balanced at high debt-to-
income ratio (equally growth), i.e. cases 4 ansglogjal security harms growth. On the
other hand, economies balanced at the low levdebt-to-income ratio (thus growth)

benefit from a social security tax.

Comparing exogenous with endogenous constraints model under the specific
parameterization we observe thexogenous constraintsan generate a long-run
growth rate 6.07 as the best scenario wéreth andt = 0. However, this case thét
andt take corner values is a very special and ratheealistic case. On the other
hand, underndogenous constraing wide and feasible range of the tax rate can
guarantee high long-run growth rates for economidh initial well-developed
financial markets (cases 4 and 5).

In general, we observe thexogenous constraintsan generate a decreasing or
inverted-U growth curve depending on the exogendabt-to-income ratiob.
Similarly, endogenous constraintgield an increasing, decreasing or inverted-U
growth curve depending on the initial value of debincome ratio z. If case 2 does
not emerge, obviously both constraints setups sighat too high social security
contributions harm growth.

More interesting results are derived from thenparison between economies with
perfect financial markets and debt-constrained ecoes. As discussed before the
growth-maximizing tax rate for unconstrained ecorgmis zero ottmax depending on
the “convergence club” that an economy is placed.l&w-growth economies amax
tax rate is appropriate while for high-growth econes social security harms growth.
On the other hand, in debt-constrained economeesaor an interior level of tax rate
turns out to be the most appropriate consideriogvtr.

In addition, improvements in financial marké@tggher6) result to higher long-run
growth when there are exogenous debt constraintailaly, with endogenous
constraints, a financial reform that would lead perfect credit markets would
enhance growth (comparison between figures 2 and@$ result confirms previous
studies that find a monotonically increasing relatbetween financial development
and long-run growtf® In contrast, De la Croix and Michel (2007) condui a

hump-shaped pattern.

18 Aghion, Howitt, Mayer-Foulkes (2005)
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5.3 Fully funded social security and growth

5.3.1 Unconstrained economy
Applying the benchmark parameters to eq.(20jake the growth rate as a

function of the social security tax, which is depatin figure 6.

L
0.6

Fig.6 The unconstrained balanced-growth rate as

a function of the social security tax

We observe that, with fully funded social securibgreasing contributions (tax rate)
benefit long-run growth? This result was expected from the theoretical ymis
(section 4.1.2).

5.3.2 Exogenous debt constraints

Conclusion 3 in section 4.2.2 gives a quiteacleiew of how long-run growth
reacts to changes in the tax rate. Under this patenmation the sufficient condition
of Lemma 4 is satisfied, hence the constrained trorate will certainly be a
decreasing function of the social security tax.

However, as noted before, when there are aingtrthey do not necessarily bind.
As a consequence, we are not ex ante certain @mbéhnavior of the equilibrium
growth rate. More precisely, for some tax ratesdbmestraint may not bind and the
growth rate will be an increasing function of the trate. For other tax rates the

constraint will bind and the growth rate will hamegative slope. Hence, we have to

9 An unconstrained balanced-growth rate existsa®rate up to amay (here 0.52). Hence, in our
analysis we are going to confine to this rangearfrates.
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integrate the unconstrained and the constraineatraurves in a diagram and
determine the optimal route of the growth ratehastax changes.

The optimal allocation will be the one with thewest value for education
expenditure g (or equally debt-to-income ratio z):

z = min{z*,i}

From eq.(19) the unconstrained expenditure is:
«  AVvH, R %
n(r) n(r)

From eq.(22a) the constrained expenditure is:

G =0AH,=> 2 =06

Obviously,8 is a crucial parameter since it affects the gatli¢ results regarding the
route of the growth rate. Put it differently,determines the intersection point of the

constrained and unconstrained curve. There areases:

> If <0 (here 0.08),Z < z' for any tax rate and the exogenous constraint will
always bind. Hence, the growth rate has a decrgdsahavior as tax rate
increases (figure 7(a)) and the maximum growth istattained for tax rate

equal to zero.

> If 0>6, for low tax rates the constraint will not binddafor high rates the
constraint becomes binding. Thus the balanced droourve is initially
increasing and then decreasing in tax (figure 7(b)}his case there is a kink

point which yields the maximum growth rate.

The growth-maximizing tax rate will be eitheera or interior z € [0, 7,

max ]
depending oM. Furthermore, financial deepening (highgresults to higher long run
growth according to figure 7. This result is exgecfrom the theoretical part since
time and resources devoted to education increae6ii However, a®) increases
above 0.08 the tightness of borrowing constrainsdot affect long-run growth for

some tax rates since the optimal growth curve estidal to the unconstrained curve

20 see section 4.2.2.
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which is irrelevant t@. It is easily concluded that maximum growth inamstrained
economy will always be lower than that of an unt@ised economy (compare

figures 6 and 7).

Debt-to-income ratio (z) Balanced-growth rate
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Fig.7 Debt-to-income ratio and balanced-growth rate as functions

of the social security tax under exogenous constraints

According to the calibrated model, maximum growdkercan potentially reach 5.1.
This is the case whetiv1l and tax rate equals to the interior kink poit90(figure
7(b)). On the other hand, growth cannot be lowanth.4 which is the case wheér0
andt=0.52.
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5.3.3 Endogenous debt constraints

The pattern that debt-to-income (and growth)ofes is consistent with what
rationality constraints dictate. In order to undensl it better in figure 8(a) we present
the debt-to-income ratio as a function of the tate rfor the whole range af We
observe that the pattern of debt-to-income ratigeisponse to tax approaches a U
shape. For low tax rates(.2) consumption smoothing is bad under autarkgofse-
period consumption exceeds third-period consumptibas inducing agents not to
default. Similarly for very high tax rates consurmptsmoothing is bad under autarky
(third-period consumption exceeds second-periodgwmption) thus again inducing
agents not to default. Hence, for low and high lewd the tax rate an effective
financial market can exist providing high levelsooédit. However, for intermediate
levels of the tax rate consumption smoothing istiretly good under autarky and
agents have strong incentive to default. The |atigke creditors restrict the supply of
loans. For the above reasons, low and high tas fasture high debt-to-income ratios
while intermediate tax rates feature very low d®biincome ratios thus generating a
U-shaped pattern. Long-run growth in figure 8(d)di@s a similar pattern to the debt-

to-income ratio.
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Fig.8 (a) Debt-to-income ratio and (b) balanced growth rate

10F

as functions of social security tax

From eq.(38b)

_ % _ [i-2/r =) fr - r@=1)) v
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Applying the benchmark parametes,> 2 Vv (similar to fig.9(a)). Hence, the

endogenous constraint binds for everyand the growth rate is given by the
constrained growth curve eq.(39) which is depictedfigure 8(b). The growth-

maximizing tax rate is 0.24 where growth maximunuag to 1.4. However, the
benchmark parameters restrict us to a specialaasdor this reason we are going to
consider any case may arise. The unconstrainedcanstrained z may have four

different positions presented in figure 9.
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Fig.9 Debt-to-income ratios as functions

of the social security tax under endogenous constraints

According to the above cases, growth may hawem@otonically increasing pattern,
an inverted-U pattern or the shape of the congdaigrowth curve (fig.8(b))
depending on the position af (i.e. the ending point of z* curve). This meanatth
maximum growth can be attained at either(low peak) ortmax Furthermore, a
financial reform that would lead to perfect finasdcmarkets would enhance growth

(comparison between figures 6 and 8(b)).
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The comparison between the unconstrained and the constrained cases under
fully funded system is now straightforward. Incriegssocial security contributions
benefit growth when young individuals are unconsed while they harm growth
when there are binding exogenous debt constrdtimially, with binding endogenous
constraints, very high and low tax rates benefiwgh since credit markets operate
effectively but intermediate levels of tax raterhagrowth (according to the U shape).

Furthermore, the growth-maximizing regime farumconstrained economy is a tax
rate equal to thema IN an economy with exogenous debt constraintsgimmam

growth is attained at zero or an interiere [O,7 tgx rate depending on the

max
financial development. Higher degree of financiakpgening requires greater social
security contributions. For endogenously constineconomies the growth-
maximizing tax rate is eithef (low peak) orimax but not zero. In other words, under
endogenous constraints the introduction of sodciugty always benefits growth
while this is not the case when there are exogeoonstraints.

According to the calibrated model, the growthxmmizing regime for an
unconstrained economy is a tax rate equal to Gds2an exogenously constrained
economy the tax rate equals to 0.49 and for endngdy constrained economy
1=0.24. That is, targeting high long-run growth, g&onous constraints setup requires
a higher degree of government intervention. Howewaore active intervention is
sometimes unattractive regarding welfare implicgaiqHubbard, Judd (1987)). In
addition, it is computed that with exogenous casts long-run growth ranges from
0.4 to 5.1, while with endogenous constraints ghovanges from 0 to 1.4. Hence,
endogenous constraints, though more realistic gpdoariate to model constraints
when there is a government policy, generate moresa&wative results than
exogenous constraints regarding economy’s growtenpal. Table 4 recapitulates
the minimum and maximum values of the growth ratdew a fully funded pension

system using the benchmark parameters.

Minimum growth Maximum growth
No constraints 11€0) o (t=0.52)
Exogenous debt constraints 04-(.52,06=0) 5.1 ¢=0.49,0=1)
Endogenous debt constraints Q) 1.4 ¢=0.24)
Table 4
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5.4 Comparison between social security programs

An additional task is to directly compare thweotsocial security schemes and
examine their relative efficiency on the long-runwth.

Let us take first theinconstrained economy. As noted before, the unfunded
(PAYG) program vyields two equilibria, one charaited by low debt-to-income ratio
and low growth and the other characterized by ldght-to-income ratio and high
growth. On the other hand, the fully funded prognasults to a unique equilibrium
featuring low growth. This means thae intergenerational dynamics of the unfunded
pension system will generate two convergence gradipsconomies depending on
their initial debt-to-income capital while the alo®e of intergenerational links in a
fully funded system will lead to the long-run caogemce of all economies.
Furthermore, an unfunded social security tax alwassefit growth while unfunded
social security may benefit or harm growth depegdin the initial situation of an
economy; economies with low initial debt benefdrfr unfunded social security while
economies initially with high debt-to-income ratiase harmed. Thus for economies
with large amount of credit (high z), the choice growth regime is crucially
depended on the social security scheme and sheutdrefully chosen.

If there areexogenous debt constraints, both social security programs expect
either a decreasing or an inverted U-shaped respafrthie equilibrium growth rate to
changes in the tax. Specifically, economies withhyi developed financial markets
will have an interior growth-maximizing tax rate Meéhfinancially under-developed
(highly constrained) economies will experience maxin growth at zero tax.

Finally, endogenous constraints combined with unfunded public pensions
generate a monotonically increasing, decreasingnerted U-shaped growth rate
depending on the initial financial development nfexonomy. For highly developed
economies a zero tax is appropriate while for wuteloped economies an interior
tax is the best regime. On the other hand, thg fulhded pension system generates
an increasing, inverted-U or an approximately |d.@{b)) growth pattern. This means
that social security always benefits growth impgséither an interior otnax tax rate
no matter the degree of the initial financial depehent. Obviously, similar to
unconstrained economies, the choice of social ggcprogram should be more
careful for highly financially developed economisifice the two programs vyield

different growth regimes.
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6. Conclusion

In this thesis we examine the effects of sosgmurity on long-run growth in debt-
constrained economies.

Assumingunfunded social securitymultiple equilibria (convergence groups of
economies) emerge due to the intergenerationalnigsaarisen from the nature of
the unfunded system. An unconstrained economy witlanded social security has
two equilibria, one featuring low growth and onerywdigh growth. Economies
balanced at the low growth benefit from the intrcithn of social security while for
economies with high equilibrium growth social setyuharms growth. When there
are binding exogenous debt constraints the effeaisially depend on financial
deepening (debt-to-income ratio); high financiavelepment requires high social
security contributions while economies with undexeloped financial markets may
get harmed from social security. Endogenous canssraesult to multiple equilibria
thus not giving a clear view of tax effects on gtlewHowever, it is certain that,
targeting maximum growth with endogenous constsaimtitial financial deepening
relates negatively to the social security burden.

Assumingdully funded pension systene derive more explicit results. Specifically,
in an unconstrained economy increasing social ggotwntributions always benefit
growth, while with binding exogenous constraintsigbsecurity contributions benefit
growth up to a point depending on the degree @nfomal deepening (debt-to-income
ratio). If debt constraints become endogenousy filhded social security always
benefits growth.

Finally, employing any constraint setup ancialosecurity scheme, financial
deepening benefits long-run growth.

The scope of this thesis is confined to padgilibrium effects assuming a small
open economy with constant interest rate. Lettmgrest rate to be endogenously
determined by the equilibrium conditions in theedsanarket, implications of social
security on growth become more complicate. De @xCand Michel (2007) study the
effects of debt constraints on growth in a generlilibrium framework using the
interest rate as the key variable. Similarly, an@alg the general equilibrium effects of
a social security policy may yield different resuitom those drawn in this thesis thus

giving rise to future research.
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Appendix A

% Proof of Lemma 2.

Firstly, it is straightforward that if the bracket
(2-7)(A+r-Ag(1-1)) +vr(l+n)

is negative, the positive root of z

;- (A- 1)1+ - Ag(1-1)) + v+ n)|++D
2 A+n)A+r1)7

is undoubtedly positive.

The negative root of z will also be positive if
— (1-7)[(1-1)(A+r-Ag(1-1)) + vi(l+n)|> /D ==
= (1-7)%(@- 1)1+ r-Ap(l-1)) +vi@+n)f > D

Making some algebraic operations we conclude tdat@wing inequality:
@A+n)@+r)?A-7)>ve[@d+r)A-7)+vz(1+n)|>0

which always holds true. Hence, the negative rbatltas positive value.m

«  Stability analysis of the difference equation (17a)

One way of checking for stability would be compgtithe differential f'(z )

However, it yields an expression with many paransedgthout an explicit result. For
this reason, we do stability analysis approachieggraph of eq.(17a).

The function z1=f(z;) is continuousin R" since the first differential

B(r) B(r)z-C(r) 1+r
v+ﬂ2t (v+1+rztj2 e

1-t

f'(z)=

is well-defined for anyz € R™.

2L Since both sides of the inequality are positivenfina’s assumption) we can square them.
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The function z1=f(z;) is monotonically increasing in R™ iff f'(z)>0 VzeR".

Making some algebraic operations in the above iaktyuwe conclude to the
following expression:

vB(r)+ 2 c(r) > 0

1-1

which always holds true since®(C() > O.
The graph intersects the vertical axis at the point

f(O):—¥<O

The graph is ahyperbole with the following asymptotes:

. : 1-7
lim f(z)=-w zlLrPoof(Z‘)_EB(T)>O

The function z.=f(z;) is concave in R" iff f"(z)<0 VzeR". Making some
algebraic operations in the above inequality weckade to the following expression:

ZH—r(B(r)V+ﬂC(T)j >0
1-t 1-t

which always holds true since®(C() > 0. [

Appendix B

)- (1+n)V°r
POA
3(1+r(@-7)+vzr(1+n)

3A+r)1-7)K(r
e

e[+120:e[S

31+ r)(1-7)K () —(1+ ¢ZA}\/(1+ n)

Q+1S1:>q2

Il
ID

3+ r)(1-7) + (pA+ v)(L+ )z
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