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Abstract

Slot machines, also known as fruit machines, are the most popular gambling games in casinos.

They are either electronic or electro-mechanical devices that consist of a number of reels that

spin independently and a screen with a number of rows. Each reel contains several symbols in

specific arrangements and quantities. This work presents the proccess of design and analysis of

complex slot machine games. Additionally, a Variable Neighborhood Search (VNS) approach

is presented for solving the Return-To-Player (RTP) optimization problem. A large number of

software companies in the gaming industry seeks to solve the RTP optimization problem, in order

to develop modern virtual casino gambling machines. By using a VNS framework which guides

two local search operators we show how to control the distribution of the symbols in the reels

in order to achieve the desired RTP. In this manuscript, optimization refers only to base game,

the core of slot machine games, and not in bonus games, since a bonus game is triggered once

two, three or more specific symbols occur in the gaming monitor. Although, other researchers

have tried to solve the RTP problem in the past, this is the first time that a VNS methodology

is proposed for this problem in the literature with good computational results.

Keywords: Variable Neighborhood Search, Metaheuristics, VND, Game Design,

RTP, Optimization and Slot Machine
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CHAPTER 1

Introduction

1.1 The history of slot machines

Figure 1.1.1: Evolution of slot machines from 19th century

Charles August Fey, a Bavarian immigrant in the United States, was the inventor of the first

slot machine, which can be traced back to 19th Century. The first machine, it is believed, was

created between 1887-1895, because there is no concise detail regarding the date he created it.

Charles Fey invented a machine that would allow automatic payouts, so he created a simple

automatic mechanism with 3 spinning reels machine with 5 different symbols.

The exact symbols were Diamonds, Hearts, Diamonds, Spades, Horseshoes and a Liberty

Bell.The name of this game was ‘Liberty Bell’, because the highest payout was awarded for

3-bell symbols. This slot machine gained huge popularity and it was copied by many slot

machine manufacturers. In 1902, slot machines have been officially banned but Liberty Bell

continued to be manufactured. Instead of the symbols that have been written before, another

slot machine called ‘Trade simulator, replaced them with fruit (Cherry, Melon) and prizes were
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paid out in chewing gum and sweets of the corresponding flavor. The payment of food prizes

was a commonly used technique to avoid laws against gambling in a number of states, and for

this reason a number of gumball and other vending machines were regarded with mistrust by

the courts.In 1907, Herbert Mills produced a slot machine called the ‘Operator Bell’. It could

be found, by 1908, in most tobacconists, bowling alleys, shops and salons. BAR symbol was

introduced for the first time, at that time.

After 60 years of purely-mechanical slot machines, a new electro-mechanical machine was

created for the first time. In 1964, Bally developed the first fully electromechanical machine

called ’Money Honey’.It was electromechanical, because the game was still started by pulling the

lever.Money Honey was the first slot machine with a bottomless hopper, which let it has a payout

of up to 500 coins. In 1976 was developed the first true video slot in Kearney Mesa, California

by the Las Vegas based company Fortune Coin. This slot machine used a modified 19” Sony

Trinitron color receiver for the display and logic boards for all slot machine functions.In 1978,

Fortune Coin was acquired by IGT.The first video slot machine with a ‘second screen’ bonus

round was ‘Reel Em’.It was developed and released by WMS Industried Inc. The bonus game

was triggered and a completely different screen was displayed. During bonus game, additionally

payouts could be won. Slots became increasingly popular at casinos and at this time with the

rise of computer cultural anyone can play either at a case-bound machine in a bar or a physical

casino, or at home, virtually, through an online casino in front of a computer. The 19th century

was the ‘Age of Hardware’ and from 20th and after is the ‘Age of Software’.

1.2 General description of a simple 5-reel slot machine game

A simple slot machine game, basically, consists of a number of reels that spin independently.

Every reel contains several symbols in specific arrangements and quantities. These variables

are based on the machine producer’s design.Slot machines which are mechanical or electro-

mechanical have cylinders as spinning reels which hold the symbols that are printed on a strip.For

the electronic machines or computer slot games, virtual reels are being used.Each reel has a

number of positions at which it can stop and this number is called stops and each stop has a

symbol of that reel associated. The stops are being showed on the display of slot machine while

they are spinning and when they stop, an (m×n) slot window is being created. The dimensions

of the display depends on creators design. The display of the slot machine shows, also, game

rules, coin values, line bet, payout schedule and more options as we can see below at the Figure

1.2.2. The player inserts cash or a paper ticket with a barcode in ‘ticket-in, ticket-out’ machine.

When the player presses the button, if slot machine has the minimum amount of bet, the reels

start spinning. After that, the reels produce the outcome of the game, which consists of all

2



symbols that remained visible through the window on the display.

The mechanical slot machines ensures the randomness of the outcome of the spin but in a

virtual slot machine, a PRNG(pseudorandom number generator) is used. The player wins if

a certain pre-defined combinations of symbols occur on one or more marked paylines. These

are group of lines that usually have a geometrical configuration. They are collinear or broken,

of various shapes and size for any game in part. Each winning combination is clearly defined

and has a certain payout, noted in the displayed payout schedule. When a winning combination

occurs on paylines, the player is paid the unit credit inserted multiplied by the payout rate of the

combinations that occured on each payline.In subsection, below, will be explained every word

that is related to slot machines.

The gambling industry is one of the most profitable industries globally. With more than

US$ 450 billion dollars estimated value in 2020 and with a projected value of more than US$

640 billion by 2027, the gambling market is definetely one of the largest and most profitable in

the world (1). It is also worth mentioning that these figures are only related to the regulated

markets, as the grey and black markets contribute with hundreds of billions of dollars to the

total market value. There are hundreds of companies of different types of services that compose

the gambling industry: from casinos and software developers to casino game developers and

payment solutions. The growth of remote gaming, with online and mobile gambling market size

is expected to grow by more than 10% by 2027, ensuring that the gambling industry will become

even more profitable in the years to come. Hundreds of thousands of dollars are spent every year

from several companies in order to participate in exhibitions around the world, with the most

famous and attractive being held in Las Vegas, Paris, London, South Africa and Singapore.

A list of the most well-known conferences and trade shows with a Gaming, Sports Betting,

and Affiliate theme may be found online (2), e.g., Paris Games Week, iGB Live!, ICE Totally

Gaming, etc.

1.3 Slots and mathematics

Ever since, the histories of mathematics and gambling have been intertwined. In the last

decade, mathematics has been taken more and more seriously into account in gambling, as being

the essence that governs the games of chance and the only rigorous tool providing information

on optimal play, where possible. The mathematical models that are applied on slot machines,

theoretically, belong to mathematical domains such as Combinatorics, Topology, Probability

Theory and Statistics. Clever gamblers use mathematics to look for the smallest advantages,

and casinos use sophisticated mathematical tools to devise new ways of drawing in players. A

patent granted to the Norwegian scientist Inge Telnaes in 1984 reworked the gambling business.
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Figure 1.2.2: A (5×3) slot machine called Arabian Dream

Prior to Telnaes’ invention, slot machines were essentially mechanical devices.

Besides being difficult to tune and maintain, mechanical slot machines suffered from an

essential problem. A machine with 3 reels, with 12 symbols on each, with one of those 12

symbols a cherry. The likelihood of getting three cherries, and winning the jackpot is 1 in 1728.

If the casino wants to make money, the jackpot payout should be, say 1,700$ on a 1$ bet. If a

fourth reel is added, a jackpot of about 20,000$ will occur. People do not like machines with

more reels they intuitively, and rightfully, feel that extra reels diminish their chance of winning.

Another possibility is to put more symbols on each reel. But the astronomical jackpots you see

in casinos these days would then need actually monumental machines. Inge Telnaes proposed

a simple solution: Let a random number generator a computer chip determine the combination

of symbols that appear when the reels stop.In different words, use a chip to control where the

reels stop on a spin, but create the illusion that the wheels stopped on their own. The history

of gambling is also intertwined with that of a less reputable group tricksters and swindlers. In

the long run, the only sure way to make money by gambling is to create the illusion that your

opponent can win, while keeping the odds firmly on your side. That offers people who apprehend

maths an awfully solid advantage.

1.3.1 The dictionary of slot machine games

We will explain below every key-word that is displayed on the game and every player should

know. As an example game is presented ‘Arabian Dream‘ a game designed and developed by

ZeusPlay (3).

• Paytable: A table that will show what a payline can win you.
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Figure 1.3.3: The Paytable (Part 1)

Figure 1.3.4: The Paytable (Part 2)

• Spin/Play: Button or lever that spin the reels.

• Reels: A slot machine consists of them and they show the symbols and when the level or

the button is pressed, they spin.

• Coins: The amount of money the player bets.

• Coin Value/Bet: The value of the coin that the player bets.

• Line Bet: The amount of money that you want to wager per payline.

• Max Bet: A game has 15 paylines and the maximum linebet is 0.01$, so the max bet

will be (15 × 0.01$ = 0.15$).

5



Figure 1.3.5: The Paytable (Part 2)

• Paylines: The line in which a payout will be awarded based on the winning combination.A

payline, also known as betting line or winning line, is a combination of symbols that results

in a win, on a slot machine. Original slot machines only had one payline, and that would

be won if three matching symbols created a horizontal line. When it comes to paylines, you

can see how much your payline will win by looking at a paytable. Nowadays, paylines aren’t

just horizontal, and can be in a huge number of shapes, from zigzag to trapezium. At this

time, in the majority of slot machine games, the common number of betting lines is 20-30

paylines per game. When the game developers want to build a slot machine, their first

thought is to build a game with different paylines and different geometrical configurations,

bonuses, free spins and multipliers. Some slot machines let the player choose how many

paylines want to play and as the number of paylines grows, the bet grows too. In the

majority of the slot machines, the player has the privilege to play with all paylines of the

game and no extra bet is required.The paylines that don’t require extra bet are known as

fixed.

Figure 1.3.6: The paylines of the game
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• Win/Display Box: Box that shows how much a player wins.

Figure 1.3.7: Winning 2 Camels

• Bonus Game: Bonus games and features can make playing slots more enjoyable, and

can give the chance to the player to win a whopping jackpot. The different types of bonus

games and features in slot machines are(4):

1. Free spins: Player receives a number of free spins at your current stake where you

keep any winnings and can’t lose any money during the bonus.

Figure 1.3.8: Bonus Game : Free Spins

2. Re-spins: The player is rewarded with an extra spin at his/her current stake for

free, often with symbols held in place.
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Figure 1.3.9: Bonus Game : Re-Spins

3. Pick X out of Y: It is called a picking bonus, this let the player to play an interactive

mini-game and win instant prizes by picking from random themed selections. The

X of Y bonus in slots is commonly known as the bonus game on the second screen.

The screen with the reels on it is replaced by the second screen, and the bonus game

starts. Such a bonus game will follow the color scheme or theme with symbols of the

main game and it usually have a name that is connected to the main theme. During

the X of Y bonus game, the player has to do something specific, for instance, he may

need to pick out one of many objects, some of which carry a prize and some which

act as traps and cause the bonus game to end immediately. In some slots, the bonus

game on the second screen has several levels, each of which must be completed before

a player can advance to the next one. There are many good things about the bonus

game on the second screen, it offers a player another chance to win rewards, apart

from the main game. Also, it acts as a break from the main game and refreshes the

player to enter the fray anew on the main screen.These bonuses come in a wide variety

and it can be fun to explore the various interesting options offered in different slot

machine games.Such bonus games are usually more technically advanced and exciting

than the regular on reel bonus features and they are generally more rewarding and

involve much more of a player’s interest and attention.

4. Find N Matching Items: Player collects some items in this bonus game. When

the player collects the necessary number of one of the items, he/she wins prizes like

free-spins, respin, multipliers or a winning prize.
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Figure 1.3.10: Bonus Game:Find N Matching Items - The Game

Figure 1.3.11: Bonus Game:Find N Matching Items - Prizes

5. Instant Win: Player wins an instant cash prize.

6. Added/Extra wilds: New or extra wild symbols may be added to the reels to

perform more winning combinations.

7. Pathway game: Progress through a series of mini-games and win bigger prizes as

players goes along. It can often be part of a progressive jackpot game.

8. Double Up: The slot machine game ‘FA-FA Twins‘ is made by BETSOFT(5). The

player clicks the side of the coin that thinks will appear and flip. If he chooses

correctly, his prize will be doubled.
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Figure 1.3.12: Fa-Fa Twins : Double UP

The probability of occuring the correct side and not, is not always equally possible.

Sometimes the probability of occuring the correct side can be 35% and the wrong

one 65%, but sometimes can be 50% each depends, it depends on developer’s or

company’s preferences.

1.4 Symbol types

Except for the simple symbols, the reels of a slot machine game may consists of 2 other

types. The first is ‘Scatter‘ and the second one is ‘Wild‘.

1.4.1 Scatter

Scatter is a special symbol that the majority of slot machine games consists of and they do

not have to appear on a payline to grant a win. These symbols , usually, appear anywhere on

any of the reels for the player to win. In addition, the wild symbols (that will be discussed

in next subsection) very rarely substitute scatter symbols. Rules governing scatters differ in

different games, so it is important to check the paytable before playing. This way, the player

will be able to know what is aiming for. It is common to search out 3 or more scatter symbols

showing on the reels. The scatter symbols can multiply all the wins combined.
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Figure 1.4.13: Scatter symbol

In many games, if you get 3 scatters on the screen, you trigger a feature game of that slot.

The features vary from free spins to bonus games. Some of the noted slots like Infinium, use a

combination of scatter symbols to launch 15 free spins with win multiplier (×3). The scatter

is an additional feature in the majority of the 5-reel slots however isn’t thus common among

the 3-reel slot machines. Scatter can also feature in progressive jackpot games, slots containing

bonus games, 7-reel games and any other kind of slot that a player can think of.

1.4.2 Wild

In slots, the wild symbol it’s the joker in deck of cards. It’s a special symbol that can be

used with any symbol on the reels in order to create winning combinations. That’s why the wild

symbol has the power to substitute for all other symbols on the reels and in doing so, complete

winning paylines that otherwise wouldn’t result in a win. Usually, the only exception to this

rule is that the wild can’t replace scatter symbols, usually, free spin or other bonus symbols. If

there is a ‘K‘ symbol on reels 1 and 2 and wild on reel 3 and 4, this will create the combination

of ‘K-K-K-K-Q‘ (from ‘K-K-W-W-Q‘). The wild symbols, in some slots, carry no individual

value of its own, so they are not included in paytable. In this case, the wild symbol substitutes

the symbol from previous reel in same line. The slot machine games that are presented in ??,

1.4.15 and 1.4.16 are designed and developed by ZeusPlay (3).
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Figure 1.4.14: Wild symbol

Wild Not-In-Paytable

In case of having a scatter symbol in next reel of the same line and the reels before have only

wild symbols like ‘W-W-W-Scatter-A‘, they substitute the symbol that has the max payment

in paytable of that n-combination of wilds(in this case if A is the most valuable symbol then,

the combination becomes A-A-A-Scatter-A).If there are 5 wild symbols in the same line, the

proccess that is being followed is as well as in previous case (e.g the ‘W-W-W-W-W‘ becomes

‘A-A-A-A-A‘).

Wild In-Paytable

The majority of slot games that have wild symbols, they come with prizes all of their own.In

order to be understood how they work when they are included in paytable, the cases of what

they substitute will be presented below.

• Simple substitute: The combination of ‘A-W-A-K-Q‘ becomes ‘A-A-A-K-Q‘.

• Substitute the most valued symbol: If the combination W-W-W-A-K occurs, the

game will compare the prizes of 3 wild and 4 A’s, that they will be extracted from paytable.

If 3-wild combination wins more than 4-A’s, then they line will not change and three wild

symbols will be payed. If 4-A’s wins more that 3-wilds, the line will change to ‘A-A-A-A-K‘

and four aces will be payed.

There are different types of slot wild symbols that they can be or not in paytable.Some of them

are presented and explained below:

• Regular Wild: They are included in almost every slot, and they simply substitute for

the regular symbols to increase the number of wins.They will be often found as the highest

paying symbol.

• Reel Specific Wild: In some slots the wilds are only on certain reels.This means that is
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not possible to create wins with wilds alone.Common configurations include wilds on reels

2, 3 and 4 or on reels 1, 4 and 5.

Figure 1.4.15: 40 Flaming Lines

Figure 1.4.16: Paytable of 40 Flaming Lines

• Stacked Wild: Many slots have symbols which come in long strips on the reels, this

means the entire reel (usually 3 or 4 symbols) can be covered in the same symbol. When

wilds are stacked, you can end up with 1 or more reels of them and create a lot of wins.

Some games combine reel specific wilds with stacked symbols. If a game has stacked wilds

on all reels, it is possible to have the entire grid wild at the same time (for maximum

payouts on every line).

• Expanding Wild: The wild symnol expands to cover all the rows of a specific reel of the

window game.Also, it may be possible to get wilds on all of the reels. More rarely, wilds

will expand sideways.
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Figure 1.4.17: Exotic Cats

• Shifting Wild: The more complex the slots become, the more behaviours the wilds are

take on. Moving wilds include bonus games where a different reel is wild each time and

others where the wilds move on their own, usually sideways though sometimes from top

to bottom.

• Sticky Wilds: During bonus games you will often get wilds which stick to the reels after

they land. As you go through a free spins game, you will collect more and more wilds

which means that your last few spins can win you a very large amounts of credits. Other

games have sticky wilds whose reel is predetermined.For example the entire left reel can

stay wild throughout the bonus.

Figure 1.4.18: Wild Spartans

• Random Wild: In some slots, a PRNG determines where the wild symbols will take

place in window.It can be used for the base game and bonus either.
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1.5 Mathematics and Slots

In the last decade, mathematics has been taken more and more seriously into account in

gambling, as being the essence that governs the games of chance and the only rigorous tool

providing information on optimal play, where possible. The mathematical models that are

applied on slot machines, theoretically, belong to mathematical domains such as Combinatorics,

Topology, Probability Theory and Statistics. Clever gamblers use mathematics to look for the

smallest advantages, and casinos use sophisticated mathematical tools to devise new ways of

drawing in players. A patent granted to the Norwegian scientist Inge Telnaes in 1984 reworked

the gambling business.Prior to Telnaes’ invention, slot machines were essentially mechanical

devices. Besides being difficult to tune and maintain, mechanical slot machines suffered from

an essential problem.A machine with 3 reels, with 12 symbols on each, with one of those 12

symbols a cherry. The likelihood of getting three cherries, and winning the jackpot is 1 in 1728.

If the casino wants to make money, the jackpot payout should be, say 1,700$ on a 1$ bet.If we

add a fourth reel it will get us to a jackpot of about 20,000$.People do not like machines with

more reels they intuitively, and rightfully, feel that extra reels diminish their chance of winning.

Another possibility is to put more symbols on each reel.But the astronomical jackpots you see

in casinos these days would then need actually monumental machines.Inge Telnaes proposed a

simple solution: Let a random number generator a computer chip determine the combination

of symbols that appear when the reels stop.In different words, use a chip to control where the

reels stop on a spin, but create the illusion that the wheels stopped on their own.The history

of gambling is also intertwined with that of a less reputable group tricksters and swindlers. In

the long run, the only sure way to make money by gambling is to create the illusion that your

opponent can win, while keeping the odds firmly on your side.That offers people who apprehend

maths an awfully solid advantage.
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CHAPTER 2

Mathematics and Slots

2.1 The Statistical Approach

The method that is presented below, is based on result from probability theory. If N is

the number of spins of a reel, k the number of distinct symbols that is the recorded number of

symbols in the N spins and (n1=n2= ..... =nk) are the recorded numbers of occurrence of the

symbols S1,S2,...,Sk respectively, according to the theory, the approximations for probability are

shown P below:

for each i from 1 to k,

ni

N
≃ P (Si) =

mi

s
(1)

To understand for what are we talking about, some examples are being solved below in order

to see how the probabilities are estimated.

Example. In a slot machine of k=13 symbols on a reel, we recorded the following frequencies

after N=15,000 spins (ni refers to symbol Si) n1 = 2435, n2 = 720, n3 = 740, n4 = 680, n5 =

820, n6 = 1200, n7 = 1400, n8 = 600, n9 = 1405, n10 = 300, n11 = 1800, n12 = 2050, n13 = 850

occurrences. The probability of each symbol occurence is calculated below. The sum of all

probabilities usually are approximately 1 and not equal due to the totally random generated

symbols:

k
∑

i=1

P (Si) ≈ 1 (2)

P (S1) =
n1

N
= 2435

15,000 = 0.1623

P (S2) =
n2

N
= 720

15,000 = 0.048
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P (S3) =
n3

N
= 740

15,000 = 0.0493

P (S4) =
n4

N
= 680

15,000 = 0.0453

P (S5) =
n5

N
= 820

15,000 = 0.0546

P (S6) =
n6

N
= 1200

15,000 = 0.08

P (S7) =
n7

N
= 1400

15,000 = 0.0933

P (S8) =
n8

N
= 600

15,000 = 0.04

P (S9) =
n9

N
= 1405

15,000 = 0.0936

P (S10) =
n10

N
= 300

15,000 = 0.02

P (S11) =
n11

N
= 1800

15,000 = 0.12

P (S12) =
n12

N
= 2050

15,000 = 0.1366

P (S13) =
n13

N
= 850

15,000 = 0.0566

In order to obtain good approximations of the ratios, a large enough number of spins N

should be used. In example, a pseudo-random number generator(PRNG) has been used in order

to generate the random occurences of the symbols. In order to obtain good and exact approxi-

mations via PRNG, the N must be greater(or equal) than 10 million, N ≥ 10, 000, 000.

2.2 The Combinatorial Approach

2.2.1 Hits, Hit Rate and Hit Frequency

The analysis of mathematics of a slot machine game starts by calculating all possible winning

combinations of 2, 3, ..., n-pair of symboli (where symboli is not special), they called hits, where

i=1, 2, 3, ..., k is the number of distinct symbols. All slot machine games, usually, hold a big

number of symbols on each reel. Firstly, the sum of the number of symbols per reel-column (Sj)

is calculated and then stored in a matrix S.
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Sj =
n
∑

i=1

tij (3)

where j=1, 2, 3, ..., n

S =
[

s1 s2 s3 ... sn
]

Figure 2.2.1: The matrix S

Cycle (CL) represents the number of all possible combinations that can occur in game and

the formula is:

CL =
n
∏

j=1

Sj (4)

• i: Current row in matrix

• j: Current column in matrix

• m: The number of rows in matrix

• n: The number of columns in matrix

• tij : A symbol element in row i and column j

In order to create dynamic formulas that fit on every slot machine game without taking

account the number of reels and no wild included in game, three general equations have been

extracted (experimentally). All results are stored in an m×n matrix called H. In an array, called

T, the number of each symbol per reel is stored. The number of symboli in reel j is stored in

T[i][j] etc.

T =





















t11 t12 ... t1n
t21 t12 ... t2n
t31 t32 ... t3n
. . . .

. . . .

. . . .

tm1 tm2 ... tmn





















Figure 2.2.2: The 2D matrix T

If (n = c):

Hic =

c
∏

j=1

tij (5)
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If (c < n < 2 + c):

Hic =
c
∏

j=1

tij × (Sm − tim) (6)

If (n ≥ 2 + c):

Hic =

c
∏

j=1

tij × (Sm − tim)×
n
∏

p

Sp (7)

If there is a wild symbol in game and it substitutes the current symbol that the formulas are

being used, then the above formulas 5, 6 and 7 are going to be (only when wild symbols are on

the middle reels and the rule is ’left to right’ or ’right to left’ e.g. if the game consists of 5 reels

and the rule is ’left to right’, then the first reel must not contains wild symbols):

If (n = c):

Hic =

c
∏

j=1

(tij + tkj) (8)

If (c < n < 2 + c):

Hic =

c
∏

j=1

(tij + tkj)× (Sm − tim − tkm) (9)

If (n ≥ 2 + c):

Hic =
c
∏

j=1

(tij + tkj)× (Sm − tim − tkm)×
n
∏

p

Sp (10)

The probability of occurring the winning combination of c-symbol is calculated with the

equation below

PHic
=

Hic

CL
(11)

For the equations above:

• i : Index in row i

• c : Combination of doublet, triplet, quadruple, five, ..., last column e.g. if c=2 then we

are looking for a doublet

• n: The number of columns in matrix
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• m : c+1

• p : m+1

• tic: A symbol element in row i and a combination of c in a row

• k : Index of wild

In order to calculate the hits of scatter symbols, all the possible combinations of k -scatter

symbols on an n-reel slot machine game must be calculated with the formula below.

For each n= 1, 2, 3, ..., k pair of scatter symbols,

Cm
n =

(

m

n

)

=
m!

n!(m− n)!
(12)

Hit rate shows how many games a player need to play on average to win a particular prize.

Hit frequency is the odds that the machine will hit a payout on any given spin. It is calculated

by the total winning combination divided by the total possible combinations. The higher the

percentage the more frequently the machine will hit a winning combination. Hit rate of the

game can be calculated with several different ways:

HR =
CL

Hits
(13)

HF =
100%

HR
(14)

For specific combinations, the equations that can be used for a specific symbol-i and combi-

nation of c are given below:

HRij =
CL

Hitsij
(15)

HFic =
100%

HRic

(16)

In order to understand how the above formulas work, two examples with simple-symbol and

scatter-symbol hits and hit frequency will be presented and analyzed.

Example 1. On a 5-reel slot machine game, will be counted the hits and the probabilities

of occurring 3, 4 or 5 simple symbols on a (3×5) window. The reels do not need to have a

specific arrangement of the symbols on each of them and there is no special symbol (e.g. wild).

In the majority of games, the arrangement of the scatter symbols is much more essential and
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major issue and this is because the behavior of scatter help to shape RTP (it will be analyzed

in Chapter 3 in subsection 3.2.1).

R =



























































10 A K 10 10
A K Q K J

Q 10 10 J K

K 10 10 10 10
A J K Q 10
J Q 10 J Q

K 10 J 10 10
10 Q Q Q J

J J J Q J

10 J K J J

J 10 J 10 10
10 10 Q A J

Q J A 10 A

10 J 10 10
Q Q J

J J Q



























































Figure 2.2.3: The reels of a slot machine

In order to calculate the hits of the game, the T and the S matrix must be constructed and

the cycle (CL) must be calculated. First row refers to ‘10‘ symbol, the second to ‘J‘, the third

one to ‘Q‘, the fourth to ‘K‘ and the last one to ‘A‘.

T =













5 5 3 6 6
4 5 3 4 6
3 2 3 4 2
2 1 3 1 1
2 1 1 1 1













Figure 2.2.4: The matrix T

S =
[

16 14 13 16 16
]

Figure 2.2.5: The matrix S

CL =
n
∏

j=1

Sj =
5
∏

j=1

Sj = 16× 14× 13× 16× 16 = 745,472

The number of instances of occurring double or triplet of the symbol A can be extracted by

using the equations 5, 6 and 7:

• Double of A’s: Condition of equation 7 is satisfied n ≥ 2+c ⇒ 5 ≥ 2+3 ⇒ 5 ≥ 5 which
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is true and i=5 because ‘A‘ symbol is on the last index (5th) of T matrix.

Hic =

c
∏

j=1

tij × (Sm − tim)×
n
∏

p

Sp ⇒ H52 =

2
∏

j=1

t5j × (S3 − t53)×
5
∏

p=4

Sp

= 2× 1× (13− 1)× 16× 16⇒ H52 = 6,144

winning combinations that the player wins the instance of double A’s (number of symbols

A in Reel1 × number of symbols ‘A‘ in Reel2 × X in Reel3 times number of all symbols

in Reel4 × number of all symbols in Reel5). Also, hit frequency and hit rate of this

combination can be calculated.

HRij =
CL

Hij

⇒ HR52 =
CL

H52
=

745, 472

6, 144
⇒ HR52 = 121.33

This result informs that, statistically, every 121 spins a Double of A’s occurs.

HFic =
100%

HRic

⇒ HF52 =
100%

HR52
=

100%

121.33
⇒ HF52 = 0.82%

The probability of occurring a Double of A’s is

PHic
=

Hic

CL
⇒ PH52

=
H52

CL
=

6, 144

745, 472
⇒ PH52

= 0.82%

• Triplet of A’s: Condition of equation 7 is satisfied n ≥ 2+c ⇒ 5 ≥ 2+3 ⇒ 5 ≥ 5 which

is true and i=5 because ‘A‘ symbol is on the last index (5th) of T matrix. Hit frequency

and hit rate of this combination can be calculated.

Hic =

c
∏

j=1

tij × (Sm − tim)×
n
∏

p

Sp ⇒ H53 =

3
∏

j=1

t5j × (S4 − t54)×
5
∏

p=5

Sp

= 2× 1× 1× (16 − 1)× 16⇒ H53 = 480

winning combinations that the player wins the instance of triplet A’s (number of symbols

‘A‘ in Reel1 × number of symbols ‘A‘ in Reel2 × number of symbols ‘A‘ in Reel3 × X in

Reel4 × number of all symbols in Reel5).

HRij =
CL

Hij

⇒ HR53 =
CL

H53
=

745, 472

480
⇒ HR53 = 1,553.067

This result informs that, statistically, every 1,553 spins a Triplet of A’s occurs.

HFic =
100%

HRic

⇒ HF53 =
100%

HR53
=

100%

1, 553.067
⇒ HF53 = 0.064%
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The probability of occurring a Triplet of A’s is

PHic
=

Hic

CL
⇒ PH53

=
H53

CL
=

480

745, 472
⇒ PH53

= 0.06%

• Four of A’s: Condition of equation 7 is satisfied c < n < 2+c ⇒ 4 < 5 < 2 + 4 ⇒

4 < 5 < 6 which is true and i=5 because ‘A‘ symbol is on the last (5th) index of T

matrix. Hit frequency and hit rate of this combination can be calculated.

Hic =
c
∏

j=1

tij × (Sm − tim)⇒ H54 =
4
∏

j=1

t5j × (S5 − t55)

= 2× 1× 1× 1× (16− 1)⇒ H54 = 30

winning combinations that the player wins the instance of triplets A’s (number of symbols

‘A‘ in Reel1 × number of symbols ‘A‘ in Reel2 × number of symbols ‘A‘ in Reel3 × number

of all symbols in Reel4 × X in Reel5).

HRij =
CL

Hij

⇒ HR54 =
CL

H54
=

745, 472

30
⇒ HR54 = 24,849.07

This result informs that, statistically, every 24,849 spins a Four of A’s occurs.

HFic =
100%

HRic

⇒ HF54 =
100%

HR54
=

100%

24, 849.07
⇒ HF54 = 0.004%

The probability of occurring a Quadraple of A’s is

PHic
=

Hic

CL
⇒ PH54

=
H54

CL
=

30

745, 472
⇒ PH54

= 0.004%

• Five of A’s: Condition of equation 5 is satisfied, so n=c=5 and i=5 because ‘A‘ symbol

is on the last (5th) index of T matrix.

Hic =

c
∏

j=1

tij ⇒ H55 =

5
∏

j=1

t5j = 2× 1× 1× 1× 1⇒ H55 = 2

winning combinations that the player wins the instance of five A’s (number of symbols ‘A‘

in Reel1 × number of symbols ‘A‘ in Reel2 × number of symbols ‘A‘ in Reel3 × number

of symbols ‘A‘ in Reel4 × number of symbols ‘A‘ in Reel5), where X is the number of any

of the symbols that are not A’s. Hit frequency and hit rate of this combination can be
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calculated.

HRij =
CL

Hij

⇒ HR55 =
CL

H55
=

745, 472

2
⇒ HR55 = 372,736

This result informs that, statistically, every 121 spins a Double of A’s occurs.

HFic =
100%

HRic

⇒ HF55 =
100%

HR55
=

100%

372, 736
⇒ HF55 = 0.00027%

The probability of occurring a Five of A’s is

PHic
=

Hic

CL
⇒ PH55

=
H55

CL
=

2

745, 472
⇒ PH55

= 0.0002%

A random instance of a 3× 5 window is captured from the previous set of reels, which consists

of simple symbols, left to right rule and 3 paylines

W =





10 10 10 10 10
A J J 10 J

Q Q Q Q K





Figure 2.2.6: A 3× 5 window from the slot machine game

P =













0 3 12 24 60
0 0 15 30 90
0 0 15 30 90
0 0 30 90 300
0 0 60 180 600













Figure 2.2.7: Paytable for the game

Each row represents a symbol and each column the combination of that symbol (one-double-

triplet-quadruple-pentas). The first row has the payments of 10‘s, the second of J‘s symbol, the

third one of Q‘s, the fourth one of K‘s and the last one of A‘s if a combination of 3’s, 4’s or 5’s

occur for each one. It can be noticed that there are two payments in specific instance, a pentas

of 10‘s which awards the player with the prize of 60 coins and a quadruple of Q‘s with the

prize of 30 coins.

Now, if a wild symbol is added in game then, the equations 8, 9 and 10will be used to

calculate the hits instead of 5, 6 and 7. It must be noted that the wild symbols will be placed

in reels 2, 3, 4 and 5, they will substitute all symbols in paytable and it will not be in it. All

matrices will be renamed with their previous name plus a tone.
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R’ =



























































10 A K 10 10
A K Q K J

Q 10 10 Wild K

K 10 10 10 10
A J K Q 10
J Q 10 J Q

K 10 J 10 10
10 Wild Q Q J

J J J Q J

10 J K J J

J 10 J 10 10
10 10 Q A J

Q J A 10 A

10 J Wild 10 10
Q Q Q J

J J Q



























































Figure 2.2.8: The new reels of the slot machine

T’ =

















5 5 3 6 6
4 5 3 3 6
3 2 3 4 2
2 1 3 1 1
2 1 1 1 1
0 1 1 1 0

















Figure 2.2.9: The new matrix T’

S’ =
[

16 15 14 16 16
]

Figure 2.2.10: The new matrix S’

CL′ =
n
∏

j=1

S′
j =

5
∏

j=1

S′
j = 16 × 15 × 14 × 16× 16 = 860,160

The number of instances of occurring double or triplet of the symbol A can be extracted by

using the equations 5, 6 and 7:

• Double of A’s: Condition of equation 7 is satisfied n ≥ 2+c ⇒ 5 ≥ 2+3 ⇒ 5 ≥ 5 which

is true and i=5 and k=6 because ‘A‘ symbol is on (5th) index and ‘Wild‘ is on the last

(6th) of T matrix.

H ′
ic =

c
∏

j=1

(t′ij+t′kj)×(S
′
m−t

′
im−t

′
km)×

n
∏

p

S′
p ⇒ H ′

52 =

2
∏

j=1

(t′5j+t′6j)×(S
′
3−t

′
53−t

′
63)×

5
∏

p=4

S′
p
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= (2 + 0)× (1 + 1)× (13− 1− 1)× 16× 16 = 2× 2× 11× 16× 16⇒ H ′
52 = 11,264

winning combinations that the player wins the instance of double A’s ((number of symbols

A +number of symbols ‘Wild‘)in Reel1 × (number of symbols ‘A‘ in Reel2 +number of

symbols ‘Wild‘) in Reel2 × X in Reel3 times number of all symbols in Reel4 × number

of all symbols in Reel5). Also, hit frequency and hit rate of this combination can be

calculated.

HR′
ij =

CL′

H ′
ij

⇒ HR′
52 =

CL′

H ′
52

=
860, 160

11, 264
⇒ HR′

52 = 76.36

This result informs that, statistically, every 76 spins a Double of A’s occurs.

HF ′
ic =

100%

HR′
ic

⇒ HF ′
52 =

100%

HR′
52

=
100%

76.36
⇒ HF ′

52 = 1.309%

• Triplet of A’s: Condition of equation 7 is satisfied n ≥ 2+c ⇒ 5 ≥ 2+3 ⇒ 5 ≥ 5 which

is true and i=5 because ‘A‘ symbol is on (5th) index and WIld is on the last (6th) of T

matrix. Hit frequency and hit rate of this combination can be calculated.

H ′
ic =

c
∏

j=1

(t′ij + t′kj)× (S′
m − t′im − t′km)×

n
∏

p

S′
p ⇒ H ′

53 =

3
∏

j=1

(t′5j + t′6j)

×(S′
4 − t′54 − t′64)×

5
∏

p=5

S′
p = (2 + 0)× (1 + 1)× (1 + 1)× (16− 1− 1)× 16 =

= 2× 2× 2× 14× 16⇒ H ′
53 = 1,792

winning combinations that the player wins the instance of triplet A’s ((number of symbols

A +number of symbols WIld) in Reel1 × (number of symbols A +number of symbols

WIld) in Reel2 × (number of symbols A +number of symbols WIld) in Reel3 × X in Reel4

× number of all symbols in Reel5).

HR′
ij =

CL′

H ′
ij

⇒ HR′
53 =

CL′

H ′
53

=
860, 160

1, 792
⇒ HR′

53 = 480

This result informs that, statistically, every 480 spins a Triplet of A’s occurs.

HF ′
ic =

100%

HR′
ic

⇒ HF ′
53 =

100%

HR′
53

=
100%

480
⇒ HF ′

53 = 0.208%

• Four of A’s: Condition of equation 6 is satisfied c < n < 2+c ⇒ 4 < 5 < 2 + 4 ⇒

4 < 5 < 6 which is true and i=5 because ‘A‘ symbol is on (5th) index and WIld is on the
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last (6th) of T matrix. Hit frequency and hit rate of this combination can be calculated.

H ′
ic =

c
∏

j=1

(t′ij + t′kj)× (S′
m − t′im − t′kj)⇒ H ′

54 =

4
∏

j=1

(t′5j + t′6j)× (S′
5 − t′55 − t′65) =

= (2 + 0)× (1 + 1)× (1 + 1)× (1 + 1)× (16− 1− 0) = 2× 2× 2× 2× 15⇒

⇒ H ′
54 = 240

winning combinations that the player wins the instance of triplets A’s ((number of symbols

A +number of symbols WIld) in Reel1 × (number of symbols A +number of symbols

WIld) in Reel2 × (number of symbols A +number of symbols WIld) in Reel3 × (number

of symbols A +number of symbols WIld) Reel4 × X in Reel5).

HR′
ij =

CL′

H ′
ij

⇒ HR′
54 =

CL′

H54
=

860, 160

240
⇒ HR′

54 = 3,584

This result informs that, statistically, every 3,584 spins a Four of A’s occurs.

HF ′
ic =

100%

HR′
ic

⇒ HF ′
54 =

100%

HR′
54

=
100%

3, 584
⇒ HF ′

54 = 0.028%

• Five of A’s: Condition of equation 5 is satisfied, so n=c=5 and i=5 because ‘A‘ symbol

is on (5th) index and WIld is on the last (6th) of T matrix. Hit frequency and hit rate of

this combination can be calculated.

H ′
ic =

c
∏

j=1

(t′ij+t′kj)⇒ H ′
55 =

5
∏

j=1

(t′5j+t′6j) = (2+0)×(1+1)×(1+1)×(1+1)×(1+0) =

= 2× 2× 2× 2× 1⇒ H ′
54 = 16

winning combinations that the player wins the instance of five A’s ((number of symbols

A +number of symbols WIld) in Reel1 × (number of symbols A +number of symbols

WIld) in Reel2 × (number of symbols A +number of symbols WIld) in Reel3 × (number

of symbols A +number of symbols WIld) in Reel4 × (number of symbols A +number of

symbols WIld) in Reel5), where X is the number of any of the symbols that are not A’s.

Hit frequency and hit rate of this combination can be calculated.

HR′
ij =

CL′

H ′
ij

⇒ HR′
55 =

CL′

H ′
55

=
860, 160

16
⇒ HR′

55 = 53,760
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This result informs that, statistically, every 121 spins a Double of A’s occurs.

HF ′
ic =

100%

HR′
ic

⇒ HF ′
55 =

100%

HR′
55

=
100%

53, 760
⇒ HF ′

55 = 0.002%

A random instance of a 3× 5 window is captured from the new previous set of reels, which

consists of simple symbols, left to right rule and 3 paylines

W’ =





K 10 K 10 10
10 Wild 10 K 10
J J J Wild Q





Figure 2.2.11: A 3× 5 window from the new slot machine game

There are two payments in specific instance, a triplet of 10‘s which awards the player with

the prize of 12 coins and a quadruple of J‘s with the prize of 30 coins.
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Example 2. On a 5-reel slot machine game, will be counted the hits and the probabilities

of occurring 3, 4, 5 or 6 scatter symbols on a (3×5) window. The reels do not need to have a

specific arrangement of the symbols on each of them and there is no wild symbol. The scatter

symbol is symbolized with ‘Scatter‘ in this example. Also, a random instance of a 3× 5 window

is captured from the current set of reels, which consists of simple and scatter symbols, left to

right rule and 3 paylines.

R =



































































K 10 10 10 10
S A K 10 10
A 10 Q K J

Q K 10 J K

A J K Q S

J Q S J Q

K S J 10 S

10 Q Q Q J

S J J Q J

10 J 10 J J

J 10 J S 10
10 K S A J

Q J A 10 A

10 J J J J

Q 10 10 10 J

10 J 10 10
Q Q J

J J Q



































































Figure 2.2.12: The reels of a slot machine

W =





S Q S Q S

A S J Q Q

Q Q Q J S





Figure 2.2.13: A 3× 5 window from the slot machine game

In order to calculate the hits of the game, the T and the S matrix must be constructed and

the cycle (CL) must be calculated. First row refers to ‘10‘ symbol, the second to ‘J‘, the third

one to ‘Q‘, the fourth to ‘K‘, the fifth one to ‘A‘ and the last to ‘Scatter‘.
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T =

















5 4 4 6 4
3 6 4 5 8
4 2 2 4 2
2 2 2 1 1
2 1 1 1 1
2 1 2 1 2

















Figure 2.2.14: The matrix T

S =
[

18 16 15 18 18
]

Figure 2.2.15: The matrix S

P =

















0 3 12 24 60
0 0 15 30 90
0 0 15 30 90
0 0 30 90 300
0 0 60 180 600
0 0 100 300 2400

















Figure 2.2.16: Paytable for the game

CL =
n
∏

j=1

Sj =
5
∏

j=1

Sj = 18× 16× 15× 18× 18 = 1,399,680

All the possible winning combinations (hits) of n scatter symbols on an m reels slot machine

game, is given from the formula below. In current example k=1, 2, 3, 4, 5, n=5 and the number

of rows m=3, of the window instance that the player will play on it, and the hits (Hc) are

calculated for each n that the prize of the paytable is greater than 0. The X in combinations

below means any symbol except for scatter.

Cn
k =

(

n

k

)

=
n!

k!(n − k)!
(17)

5 Scatter

Cn
k = n!

k!(n−k)! ⇒ C5
5 = 5!

5!(5−5)! 1 possible combination(s)

• SSSSS

H51 = (2× 3)× (1× 3)× (2× 3)× (1× 3)× (2× 3) = 6× 3× 6× 6× 3 = 1, 944

Prob51 =
H51

CL
=

1, 944

1, 399, 680
= 0.14%
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The probability (P(H5j)) where j=1, 2, ..., 5 of occurring a 5-scatter winning combination is

approximately 0.1% and there are 1,944 winning combinations-hits of them (H5j).

4 Scatter

Cn
k = n!

k!(n−k)! ⇒ C5
4 = 5!

4!(5−4)! = 5 combination(s)

• SSSSX

H41 = (2× 3)× (1× 3)× (2× 3)× (1× 3)× (18− 2× 3) = 6× 3× 6× 3× 12 = 3, 888

Prob41 =
H41

CL
=

3, 888

1, 399, 680
= 0.28%

• SSSXS

H42 = (2× 3)× (1× 3)× (2× 3)× (18− 1× 3)× (2× 3) = 6× 3× 6× 15× 6 = 9, 720

Prob42 =
H42

CL
=

9, 720

1, 399, 680
= 0.69%

• SSXSS

H43 = (2× 3)× (1× 3)× (15− 2× 3)× (1× 3)× (2× 3) = 6× 3× 9× 3× 6 = 2, 916

Prob43 =
H43

CL
=

2, 916

1, 399, 680
= 0.21%

• SXSSS

H44 = (2× 3)× (16− 1× 3)× (2× 3)× (1× 3)× (2× 3) = 6× 13× 6× 3× 6 = 8, 424

Prob44 =
H44

CL
=

8, 424

1, 399, 680
= 0.6%

• XSSSS

H45 = (18− 2× 3)× (1× 3)× (2× 3)× (1× 3)× (2× 3) = 12× 3× 6× 3× 6 = 3, 888

Prob45 =
H44

CL
=

3, 888

1, 399, 680
= 0.28%

The probability (P(TH4j)) where j=1, 2, ..., 5 of occurring a 5-scatter winning combination

is approximately 2% and there are 28,836 winning combinations-hits of them (TH4j).

TH4j=
5
∑

j=1
H4j = 2, 916 + 3, 888 + 3, 888 + 8, 424 + 9, 720 = 28,836
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P(TH4j)=
TH4j

Cycle
= 28,836

1,399,680 = 2.06%

3 Scatter

Cm
n = C5

3 =
(5
3

)

= 5!
3!(5−3)! = 10 combination(s)

• SSSXX

H31 = (2×3)×(1×3)×(2×3)×(18−1×3)×(18−2×3) = 6×3×6×15×12 = 19, 440

Prob31 =
H31

CL
=

19, 440

1, 399, 680
= 0.28%

• SSXSX

H32 = (2×3)× (1×3)× (15−2×3)× (1×3)× (18−2×3) = 6×3×9×3×12 = 5, 832

Prob32 =
H32

CL
=

5, 832

1, 399, 680
= 0.417%

• SXSSX

H33 = (2×3)×(16−1×3)×(2×3)×(1×3)×(18−2×3) = 6×13×6×3×12 = 16, 848

Prob33 =
H33

CL
=

16, 848

1, 399, 680
= 1.2%

• XSSSX

H34 = (18−2×3)×(1×3)×(2×3)×(1×3)×(18−2×3) = 12×3×6×3×12 = 7, 776

Prob34 =
H34

CL
=

7, 776

1, 399, 680
= 0.55%

• SSXXS:

H35 = (2×3)×(1×3)×(15−2×3)×(18−1×3)×(2×3) = 6×3×9×15×6 = 14, 580

Prob35 =
H35

CL
=

14, 580

1, 399, 680
= 1.04%

• SXSXS

H36 = (2×3)×(16−1×3)×(2×3)×(18−1×3)×(2×3) = 6×13×6×15×6 = 42, 120
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Prob36 =
H36

CL
=

42, 120

1, 399, 680
= 3%

• XSSXS

H37 = (18−2×3)×(1×3)×(2×3)×(18−1×3)×(2×3) = 12×3×6×15×6 = 19, 440

Prob37 =
H37

CL
=

19, 440

1, 399, 680
= 1.39%

• SXXSS

H38 = (2×3)×(16−1×3)×(15−2×3)×(1×3)×(2×3) = 6×13×9×3×6 = 12, 636

Prob38 =
H38

CL
=

12, 636

1, 399, 680
= 0.9%

• XSXSS

H39 = (18−2×3)× (1×3)× (15−2×3)× (1×3)× (2×3) = 12×3×9×3×6 = 5, 832

Prob39 =
H39

CL
=

5, 832

1, 399, 680
= 0.42%

• XXSSS

H3−10 = (18−2×3)×(16−1×3)×(2×3)×(1×3)×(2×3) = 12×13×6×3×6 = 16, 848

Prob3−10 =
H3−10

CL
=

16, 848

1, 399, 680
= 1.2%

The probability (P(TH3j)) where j=1, 2, ..., 5 of occurring a 5-scatter winning combination

is approximately 11.5% and there are 161,452 winning combinations-hits of them (TH3j).

TH3j=
5
∑

j=1
H3j = 19, 440 + 5, 832 + 16, 848 + 7, 776

+14, 680 + 42, 120 + 19, 440 + 12, 636 + 5, 832 + 16, 848 = 161,452

P(TH3j)=
TH3j

Cycle
= 161,452

1,399,680 = 11.53%

Noticing the Figure 2.2.11, there are two payments, a triplet of Q‘s which awards the player

with the prize of 15 coins and the second one is a
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2.3 The Programming Approach

In order to understand how the algorithms of simple, scatter and wild symbols work and

how the prize is calculated to be awarded to the player when the rules of the game are

• The rule is left to right

• Wild is not in paytable

• There are wild symbols only in 2, 3 and 4 reels (W3)

• The line bet is 1

• The number of paylines is 3, so the total bet = line bet×paylines = 1×3 = 3

two (2) algorithms and examples will be presented. The above matrices will be used in order

to analyze the functionality of the algorithms. The 2.3.17, 2.3.19 matrix will be used for

Algorithm 1, and 2.3.18 for Algorithm 2. The P, the L matrices and the Map(K, V) are the

same for all W matrices.

W1 =





10 10 10 Q K

A J Q Q Q

K K Q J S





Figure 2.3.17: A 3× 5 window from a random set of reels of a slot machine game

W2 =





10 S 10 Q K

S J Q S Q

K S Q J S





Figure 2.3.18: A 3× 5 window from a random set of reels of a slot machine game

W3 =





10 Q 10 Q K

A Wild A Wild Q

K 10 Q J A





Figure 2.3.19: A 3× 5 window from a random set of reels of a slot machine game

P =

















0 2 4 16 128
0 4 32 128 256
0 4 32 128 256
0 4 32 128 256
0 8 64 256 1024
0 2 32 256 2048

















Figure 2.3.20: The paytable of the random game
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L =





0 0 0 0 0
1 1 1 1 1
2 2 2 2 2





Figure 2.3.21: The paylines of the random game

Each row i of P matrix refers to the payments of n symbols for ‘10‘, the second for ‘J‘, the

third one for ‘Q‘, the fourth for ‘K‘ and the last one for the ‘A‘. In scatter algorithm the C

matrix holds the number of scatter symbols on each column. The n number refers to the j -index

of the P matrix. In order to understand how that works, a data structure called ‘map‘ which

has as key the name of the symbol (type char) and as value the i -index (type int) of the symbol

in P matrix.

Map(K, V)

Key Value

10 0
J 1
Q 2
K 3
A 4
S 5

Table 2.1: Correspondence map between symbol and index M(K,V)
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Algorithm 1 Payment for winning combinations (including wild symbol)

Data: W,P,L,Map, linebet

Result: coins

aPair ← 0
index← −1
coins← 0
m← length(W )
n← length(W [0])
saveWildCoordinates()
for i=0 to length(L) do

if W [L[i][j]][j] 6= ‘Scatter‘ then
aPair ← 0
for j=0 to n do

if W [L[i][j]][j] = W [L[i][j + 1][j + 1] or W [L[i][j + 1][j + 1] = ‘Wild‘ then
W [L[i][j + 1][j + 1]←W [L[i][j][j]
aPair ← aPair + 1

else
break

end

end
index←Map.getKey(W [L[i][0]][0])
coins← coins+ P [index][aPair] × linebet

retrieveWildSymbols()
end

Algorithm execution for W1

i j aPair index coins

- - 0 -1 0
0 0 1 -1 0
0 1 2 -1 0
0 2 2 0 4
1 0 0 4 0
2 0 1 4 0
2 1 1 3 4

Table 2.2: Trace table

The output (coins) of the algorithm for a triplet of 10‘s is 4 coins.
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Algorithm execution for W3

i j isPair aPair index coins

- - false 0 -1 0
0 0 false 0 -1 0
1 0 true 1 -1 0
1 1 true 2 -1 0
1 2 true 3 -1 0
1 3 false 3 4 256
2 0 false 0 3 4

Table 2.3: Trace table

The output (coins) of the algorithm for a quadrauple of A‘s is 256 coins.
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Algorithm 2 Payment for winning combinations (scatter symbols)

Data: W,P,L,Map, totalbet

Result: coins

m← length(W )
n← length(W [0])
times← 1
coins← 0
C[0...n]← 0
aPair ← 0
foreach i to n do

foreach j to m do
if W [i][j] = ‘Scatter‘ then

C[i]← C[i] + 1
end

end
if C[i] > 0 then

times← times× C[i]
aPair ← aPair + 1

end

end
index←Map.getKey(′Scatter′)
coins← P [index][aPair] × totalbet× times

Algorithm execution

i j C[i] times aPair coins

- - - 1 0 0
0 0 0 1 0 0
0 1 1 1 0 0
0 2 1 1 1 0
1 0 1 1 1 0
1 1 1 1 1 0
1 2 2 2 2 0
2 0 0 2 2 0
2 1 0 2 2 0
2 2 0 2 2 0
3 0 0 2 2 0
3 1 1 2 2 0
3 2 1 2 3 0
4 0 0 2 3 0
4 1 0 2 3 0
4 2 1 2 4 1,536

Table 2.4: Trace table

The output (coins) of the algorithm for 2-quadraple of S‘ is 12,288 coins.
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CHAPTER 3

Optimization

3.1 Variable Neighborhood Search (VNS)

Variable neighborhood search (VNS) is a metaheuristic, or framework for building heuristics,

aimed at solving combinatorial and global optimization problems. Its basic idea is systematic

change of a neighborhood combined with a local search. It is a metaheuristic that exploits

systematically the idea of neighborhood change, both in descent to local minima and in escape

from the valleys which contain them. VNS relies heavily upon the following facts (6):

• Fact 1: A local minimum with respect to one neighborhood structure is not necessarily

so for another

• Fact 2: A global minimum is a local minimum with respect to all possible neighborhood

structures

• Fact 3: For many problems local minima with respect to one or several neighborhoods

are relatively close to each other.

Since its inception, VNS has undergone many developments and been applied in numerous

fields (7). A deterministic optimization problem may be formulated as

min{f(x)|x ∈ X,X ⊆ S} (1)

where S, X, x and f denote respectively the solution space and feasible set, a feasible solution

and a real valued objective function, respectively. If S is a finite but large set, a combinatorial

optimization problem is defined. If S=Rn, it‘s about continuous optimization. A solution x∗∈

S is optimal if an exact algorithm for problem 1, if one exists, finds an optimal solution x∗,

together with the proof of its optimality, or shows that there is no feasible solution, i.e. S=0.

f(x∗) ≤ f(x),∀x ∈ S (2)
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In practice, the time to do should be finite. If one deals with a continuous function one must

admit a degree of tolerance i.e. stop when a feasible solution x∗ has been found such that

f(x∗) ≤ f(x) + ε,∀x ∈ Sor (3)

f(x∗)− f(x)

f(x∗)
≤ ε,∀x ∈ S (4)

for some small positive ε.

In operations research and some other fields, there are many practical instances of prob-

lems like 1, that cannot be found an exact solution in reasonable time, because they are too

large. In complexity theory (8) there are thousands of problems that they are nondeterministic

polynomial-time hard (NP-hard). That means there is no algorithm with a number of steps

polynomial in the size of the instances, is known, for solving any of them and that finding one

would entail obtaining one for each and all of them. If a problem admits a polynomial algorithm,

the power of this polynomial may be so large that realistic size instances cannot be solved in

reasonable time in the worst case and sometimes also in the average case or most of the time.

The solution for this is the Heuristics, which find quickly an approximate solution or sometimes

an optimal solution but without proof of its optimality. Some of the heuristics have a worst-case

guarantee that is the solution xh obtained satisfies

f(xh)− f(x)

f(xh)
≤ ε,∀x ∈ X (5)

for some ε which is rarely small. The ε is usually much larger than the error observed

in practice and may be a bad guide in selecting a heuristic. Also, heuristics address another

problem called local optima in order to avoid excessive computing. A local optimum xL of 1 is

such that

f(xL) ≤ f(x),∀x ∈ N(xL) ∩X (6)

where N(xL) denotes a neighborhood of xL. If there are many local minima, the range of

values they span may be large. The globally optimum value f(x∗) may differ substantially from

the average value of a local minimum, even from the best such value among many, obtained by

some simple heuristic such as multistart. There are, many ways to get out of a local optima and

more precisely, the valleys which contain them (6). A local search heuristic starts by choosing an

initial solution x, finding a direction of descent from x, withing a neighborhood N(x) and moving

to the minimum of f(x) with N(x) along that direction. If there is no direction of descent, the

heuristic stops, otherwise it is iterated. The steepest descent direction, usually, referred to as

best improvement. If we assume that there is an initial solution x, all these set of rules can be

summarized in Algorithm 3 above
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Algorithm 3 BestImprovement

Function BestImprovement(x):
repeat

x′ ← x;
x← arg miny∈N(x)f(y)

until f(x) ≥ f(x′)
return x

A neighborhood structure N(x) is defined for all x∈X. In discrete optimization problems,

usually, consists of all vectors obtained from x with some simple modifications, like completing

one or two components of a 0-1 vector. At each step, the neighborhood N(x) of x is explored

completely. This may be time-consuming, so an alternative method is to use the first descent

heuristic. The vectors xi∈ N(x) are then enumerated systematically and a move is made as soon

as a descent direction is found. All these are summarized in Algorithm 4.

Algorithm 4 FirstImprovement

Function FirstImprovement(x):
repeat

x′ ← x;
i← 0;
repeat

i← i+ 1
x← arg min{f(x), f(xi)}, xi ∈ N(x)

until f(x) ≤ f(xi) or i = |N(x)|

until f(x) ≥ f(x′)
return x

3.1.1 Basic Schemes

A finite set of preselected neighborhood structures can be denoted with Nk, (k=1, ..., kmax)

and with Nk(x) the set of solutions in the k -th neighborhood of x. the notation N ′
k will be

used, k=1, ..., k'max, when local descent is being described. The neighborhoods Nk or N ′
k may

be induced from one ore more metric functions introduced into as solution space S. An optimal

solution xopt (or global minimum) is a feasible solution where a minimum of 1is reached. The

x'∈ X is called a local minimum of (1) with respect to Nk, if there is no solution x∈Nk(x') ⊆

f(x) < f(x').
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Algorithm 5 NeighborhoodChange

Function NeighborhoodChange(x, x′, k):
if f(x′) ≥ f(x) then

x′ ← x;
k ← 1 ⊲ Make a move

end
else

k ← k + 1 ⊲ Next neighborhood
end

In order to solve 1 by using several neighborhoods, facts 3.1 can be used in three different

ways: (i) deterministic (ii) stochastic (iii) both deterministic and stochastic. In Algorithm 5 is

given the steps of the neighborhood change function. The Function 5 compares the new value

f(x') with the incumbent value f(x) obtained in the neighborhood k in line 1. The k is returned

to its initial value and the new incumbent is updated if an improvement is obtained. Otherwise,

the next neighborhood is considered.

3.1.2 Shaking procedure

In order to resolve local minima traps, the shaking procedure must be used withing a VNS

heuristic. If N = {N1 , ..., Nkmax
} is a set of operators such that each operator Nk, 1 ≤ k ≤ kmax

maps a given solution x to a predefined neighborhood structure Nk(x).

Algorithm 6 Shake

Function Shake(x, k,N):
choosex′ ∈ Nk(x) at random

return x'

The order of operators in set N defines the order of examining neighborhood structures of

a given solution x. The shaking procedure consists in selecting a random solution from the k -th

neighborhood structure Nkx.

3.1.3 Variable Neighborhood Descent

The Variable neighborhood descent (VND) method is obtained if the change of neighborhoods

is performed in a deterministic way. Its steps are presented in a Algortihm 7. It is assumed that

an initial solution x is given.
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Algorithm 7 VND

Function VND(x, k′max):
repeat

k ← 1;
repeat

x← arg miny∈Nk(x)f(x) ⊲ Find the best neighbor in Nk(x)
NeighborhoodChange(x, x′, k) ⊲ Change neighborhood

until k = k′max

until no improvement is obtained

Most of the local search heuristics use in their descents one or two neighborhoods (k’max≤2).

The final solution should be a local minimum with respect to all k’max neighborhoods and the

chances of reaching a global minimum solution are larger when using VND than with a single

neighborhood structure.

3.1.4 Basic Variable Neighborhood Search

The basic VNS method (9) combines deterministic and stochastic changes of neighborhood.

In Algorithm 8, the steps are given.

Algorithm 8 VNS

Function VNS(x, kmax, tmax):
repeat

k ← 1;
repeat

x′ ← Shake(x, k) ⊲ Shaking
x′′ ← FirstImprovement(x′) ⊲ Local search
NeighborhoodChange(x, x′ ′, k) ⊲ Change neighborhood

until k = kmax

t← CpuT ime()
until t > tmax

3.1.5 General Variable Neighborhood Search

The General Variable Neighborhood Search (GVNS) is formed if the local search step (VNS

algorithm) is replaced by VND. By using the general VNS (VNS/VND), some of the most

successful applications were (10), (11), (12), (13), (14), (15) and (16).
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Figure 3.1.1: General Variable Neighborhood Search (GVNS)

In Algorithm 9 are presented the steps of the General Variable Neighborhood Search (GVNS).

Algorithm 9 GVNS

Function GVNS(x, k′max, tmax):
repeat

k ← 1;
repeat

x′ ← Shake(x, k)
x′′ ← FirstImprovement(x′, k′max)
NeighborhoodChange(x, x′ ′, k)

until k = kmax

t← CpuT ime()
until t > tmax

3.2 RTP Optimization

3.2.1 Definition of Return To Player (RTP)

Return-To-Player (RTP) is one of the two most important parameters for a player to choose

if he is going to play the game but it is also the main gambling game parameter which is under

government regulation (17). It is the win as percentage of the bet and is the phrase that casinos

and casino game makers use to describe the long term theoretical expected payback percentage

from all wagers on a slot machine, video poker machine, or Video Lottery Terminal (VLT).

RTP =
Coins Out

Coins In
× 100% (7)
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or

RTP =
Total Prize

Cycle× Paylines
× 100% (8)

If a slot machine player is going to play a hundred rounds at 1$ on a slot game with a

theoretical slot RTP of 93%, all other things being equal, he would expect to get a return of 93$

in wins from his staked 100$. A player wins back most of his wager. The remaining 7% of his bet,

in this game, is the house edge, the money that casino earns off each bet. The RTP is calculated

over millions spins.This process that RTP is calculated, called Monte Carlo simulation.Monte

Carlo simulation is a computerized mathematical technique that help people account for risk in

quantitative analysis and decision making.The technique is being used by professionals in such

widely disparate fields as finance, project management, energy, manufacturing, engineering,

research and development and transportation. Monte Carlo simulation furnishes alternative

maker with a variety of attainable outcomes and therefore the possibilities they’ll occur for any

choice of action.The technique was initial utilized by scientists acting on the atom bomb.It was

named for Monte Carlo, the Monaco resort city known for its casinos. Since its introduction in

war II, Monte Carlo simulation has been accustomed model a variety of physical and conceptual

systems.Monte Carlo is an approach to relate hypothetical slot machine gambling behavior to

the statistical characteristics of the slot machines themselves. The formula for the computation

of the RTP and also some necessary notations can be found with the Formula 7 or 8

• Total Prize: The amount of money that a window instance wins

• Cycle: How many times the reels spined in a Monte Carlo simulation

• Paylines: The number of lines that the game has enabled

• Coins In: Total amount of coins bet

• Coins Out: Total amount of coins won

In this thesis, Monte Carlo simulation with 100,000 and 1,000,000 separate runs will be used

for the RTP calculations. In simulations, formula 8 is used, where the cycle represents the

number of runs. In addition, there is another type of simulation called “full cycle”. This latter

type of simulation is used in the design phase (i.e., mathematical) of a slot machine game. It

is an exhaustive cycle through all possible stop positions. The full cycle simulation allows an

exact match to the calculations in the spreadsheet, but is not capable of calculating coinciding

statistics across a series of feature games.These statistical characteristics-spins are the results

of a pseudorandom number generator ((18)).The spins include your own as well as the spins by

other players at online casinos.That means, that a player will not win back 96$ each time he
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spins the reels a hundred times. You will win back your money, eventually, but the RTP makes

no claim as to when exactly your winning spins will take place.

There are two types of simulation are Monte Carlo and Full Cycle. The Full Cycle simulation

is used for the designing part (e.g. mathematical and developing) of a slot machine game. It

is an exhaustive cycle through all possible stop positions.The full cycle simulation allows an

exact match to the calculations in the spreadsheet, but is not capable of calculating coinciding

statistics across a series of feature games.Monte Carlo simulation is typically using a random

sampling of the possible outcomes. So it calculates coinciding wins across series of base/feature

games, but does not provide a perfectly accurate result. Following, in Section 3.4, we discuss

similar approaches for the RTP optimization problem, focusing on recent research work and the

methods they utilize. Next, we introduce our methodology in Section 3.5. Section 3.6 presents

the results of our methods on several games. Finally, we draw our conclusions and provide some

research directns for future work in Section 4.2.

3.2.2 Volatility

Volatile in slot machine games, refers to the level of risk involved in the game. Volatility is

used to describe how often and how much a player can expect to win during his playing sessions.

Some games can present long dry spells with occasional big wins. Also, these games can often

feature a large number of big wins in a short period of time, which are known as high-volatility

slots. On the other hand, there are the low-volatility slots, where a player can score winning

paylines frequently, but not large amount of credits. There are 5 main types of volatility:

• Low: The lower the volatility is, the lower risk takes the player in game. The payments

are smaller but a lot more frequent. That’s not to say that large wins are not possible on

these games but it’s not on the same scale as the wins on high volatility games. A game

that has Low volatility with 94% RTP is Arabian Dream (19) developed by Zeusplay.

Figure 3.2.2: Arabian Dream
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• Medium-Low: A Medium-Low volatility game with 93% RTP is Super Hot (20) devel-

oped by Zeusplay.

Figure 3.2.3: Super Hot

• Medium: The games that are characterized by an average level of risk and they are

popular to players-gamblers as it is a happy compromise between high and low volatility

games. These games, with medium volatility, are perfect for those who do not want to risk

too much of their bankroll but still are looking for big wins. A game that has Medium

volatility with 94% RTP is Wild Charger (21) developed by Zeusplay.

Figure 3.2.4: Wild Charger

• Medium-High:A Medium-High volatility game with 94% RTP is Super Hot (22) devel-

oped by Zeusplay.
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Figure 3.2.5: Trojan Horse

• High: Higher volatility equates to higher risk.This means that slots rarely give the winning

combinations, but massive payouts.These slots are preferred by people who have patience

and a large enough bankroll to continue spinning without any big wins. A game that has

High volatility with 94% RTP is Dice Tronic (21) developed by Zeusplay.

Figure 3.2.6: Dice Tronic

In order to calculate the volatility, standard deviation must be found. Standard deviation

(23) is a widely used measurement of variability or diversity used in statistics and probability

theory.
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Figure 3.2.7: Normal distribution

It shows how much variation or dispersion there is from the average (mean or expected

value). A low standard deviation indicates that the data points tend to be very close to the

mean, whereas high standard deviation indicates that the data is spread out over a large range of

values.A normal distribution is a very important statistical data distribution pattern occurring

in many natural phenomena. Random variation conforms to a particular probability distribution

known as the normal distribution, which is the most commonly observed probability distribution.

Fifty percent of the distribution lies to the left of the mean and fifty percent lies to the right of

the mean ((24)).The equation of Standard Deviation is given below ((23)):

σ =

√

√

√

√

n
∑

i=1

pi (xi − x̄)2 (9)

pi: the probability of each prize in base and feature game

(xi− x̄): difference between that prizes credit value and the mean credit win of the entire series

of base/feature games.

The Equation 13 can be transformed in order to be applied on slot machine games to:

σ =

√

√

√

√

n
∑

i=1

Probi (xi −RTP )2 (10)

The formula of precise probability is given from:

Probi =
Hitsi

cycle
(11)
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The formula of precise payment is given from:

xi =
Paymenti

NumberOfPaylines
(12)

After calculating standard deviation, volatility index based on a 90%, 95% and 99% confidence

interval each:

V olatility = 1.64× σ (13)

V olatility = 1.96× σ (14)

V olatility = 2.58× σ (15)

There are three ways to determine the variation of slot machines:

• Study the payout rates of each particular slot. This information is publicly available as

well as the game rules.

• Play the game!Developers of online gaming machines allow gamblers to play free demo

games, so the user can see the frequency and amount of payments and decide whether it

suits him or not.

• Look for various reviews and forums on the Internet.Gamblers usually share their experi-

ence together with the information on volatility on some forums.

3.3 Bonus Games

3.3.1 Free Games

A very common game feature is free spins, where the player plays them with no bet. There

are two cases that can be considered. First, the case where free games do not retrigger additional

free games and the second one that do. These free spins contribute in total RTP.If the AV GB

is the average win of the base game, AV GF is the average win of the free game and the free

games are being triggered m1 times with probability of pr1 per spin. The average number of

free games with no retrigger is given from the formula:

AV G = m1pr1 (16)
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The FINAL average win is then:

FAV G = AV GB +AV G×AV GF = AV GB +m1pr1 ×AV GF (17)

The total RTP is:

RTP =
FAV G

bet
× 100 =

AV GB +m1pr1 ×AV GF

bet
× 100 (18)

The average number of free games that the free game can retrigger m2 games with probability

pr2, is given from the formula:

AV G = m1pr1

∞
∑

i=1

(m2pr2)
i = m1pr1(

1

1−m2pr2
) (19)

So, the final RTP for the base and feature game with retrigger is:

RTP =
AV GB +m1pr1 ×AV GF × ( 1

1−m2pr2
)

bet
× 100 (20)

As an example can be mentioned a game called Mystere du Prince whose feature game can

retrigger when 3, 4 or 5 scatter symbols appear on the (3×5) window screen.

3.4 Related Work

Although the RTP optimization problem is one of the most important parts of the slot ma-

chine game design, there are not many scientific articles that present a heuristic or metaheuristic

approach to solve this problem. Only three papers have been published that present a meta-

heuristic approach to solve the RTP optimization problem and are briefly presented in Table

3.1.

Reference Approach Simulation Special Runs Games
symbols tested

This VNS Monte Carlo Yes 100,000 & 1,000,000 3
work 3
(17) GA(s) Monte Carlo No 100,000 or 1,000,000 1
(18) DE Monte Carlo No 1,000,000 1
(25) DDE and GA(s) Full Cycle Yes All possible 1

Table 3.1: Key literature contributions on RTP optimization

Balabanov et al. (17) presented a solution for the slot machine RTP optimization problem,

where the symbols distribution of the base game is being controlled and, also, some other
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features like free spins frequency or bonus game frequency. The fitness function in this work,

was the absolute difference between the desired RTP and the obtained RTP. For Monte-Carlo

simulations 1,000,000 or 100,000 separate runs were used in order to calculate the obtained RTP .

They used Genetic Algorithms (GAs), with a randomized initial population and appropriate

crossover and mutation operators. The target RTP of the example that the authors presented

was 99%, starting from 91%. So, the algorithm increase the RTP in a small range in case the

game already exists (a quality starting RTP ). However, in most cases, the mathematicians of

slot games usually try to develop a new slot machine game (from scratch) that has initial reels

with randomized symbol distribution and the RTP might be equal, e.g., to 630% (big random

value). So, it is not an trivial task for such algorithms to handle the case of large reductions and

the huge difference between the target RTP and the initial RTP . The decrease of the RTP in

slot machine game is the most hard problem for the mathematicians, since they have to solve

the RTP optimization problem with hand adjustments and this usually requires a long time.

Furthermore, the algorithm’s behavior in case where special symbols appear in reels (e.g., wild,

scatter) is also unknown.

The same authors in (18) also proposed a Differential Evolution (DE) algorithm since the

problem of optimal symbols distribution on the reels is discrete and its convergence was found

to be faster than GAs. Additionally, they also used Monte-Carlo simulations with 1,000,000

separate runs over ten trials for better accuracy in base game. Their model of slot machine

game contained only simple symbols and not scatter, wild or bonus games (scatter are symbols

that pay everywhere on the screen and substitute all other symbols). The authors proposed a

multicriteria optimization approach as future work, for the symbol frequencies, the free spins

frequency, the game volatility, and the bonus game frequency.

Keremedchiev et al. (25) proposed a Genetic Algorithm methodology for the RTP optimiza-

tion problem, in bonus and free games frequency as parallel computing evolutionary optimiza-

tion. The fitness function of base game that was used, was computed with Full Cycle method

instead of Monte-Carlo simulations. In current algorithm the model of slot machine game does

contain as features bonus game, simple symbols that pay on each payline, scatter symbols, wild

and bonus symbols that trigger the bonus game. This experiment, as it refers in it, showed that

the use of Genetic Algorithm with exact numerical calculation of RTP as fitness function, was

very efficient and improved the slot game parameters by better adjustment of RTP , bonus game,

and free games frequency. Finally, the biggest drawback was that, the exact RTP computation

was time consuming and slowed down the optimization process. The authors also proposed a

Discrete Differential Evolution (DDE) implementation as a further research.
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3.5 Research Methodology

Variable Neighborhood Search (VNS) constitutes a metaheuristic solution method which is

systematically changing a neighborhood structure. VNS was initially proposed by Mladenović

and Hansen (26), (6). Nowadays, a large number of successful VNS applications have been re-

ported in a wide range of areas (27), (28), (29), (30),(31). In this work, a Variable Neighborhood

Descent heuristic (VND) schema was applied in base game’s RTP and takes all symbols into

account. The VND metaheuristic features a strong local search phase (intensification) utilizing a

number of different neighborhood structures but lacks a diversification phase (shaking method)

as compared to other VNS variants. The VND variant has been applied in several research

works in the literature (32), (33)

The proposed solution method is analytically described in the following subsections and an

overview is depicted in the following Figure 3.5.8:

Figure 3.5.8: Solution process

3.5.1 Solution Representation

A slot machine consists of n reels where the symbols are represented by a string and are

equally distributed. The solution representation is a two-dimensional array with the distribution

of the symbols on each reel. For example, in case of a five-reel (number of columns) slot machine
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game with 48 symbols per reel (number of rows), the solution array (denoted as “Reels”) would

have dimension 48× 5.

Three input of the proposed algorithm are: i) the maximum number of iterations as a termi-

nation criterion (also a maximum CPU solution time can be used), ii) the target (desired) RTP of

the user (RTPdes), and iii) the allowed deviation denoted (R) from the target RTP. Usually, the

computation of the precise RTP is quite difficult and due to this reason, game developers are sat-

isfied if the RTP belongs in a specific range. Hence, if RTPcurr ∈
[

RTPdes −R, RTPdes +R

]

then, the algorithm stops. Assume for example that, if we are given R = 0.03, RTPdes = 0.83,

and RTPcurr = 0.80, then the algorithm stops. An extra feature of the algorithm is that, it

allows the user to declare a minimum number of each symbol per reel. Thus, a fourth input of

the proposed algorithm is an additional two-dimensional array containing the minimum Number

Of Symbols per Reel and is denoted as “minNSR”. The number of columns of this array is equal

to the number of reels while its number of rows is equal to the number of distinct symbols.

Thus, minNSR(i, j) denotes the minimum required number of occurrences of the i symbol in

the j-reel.

3.5.2 Neighborhood Structures

The proposed VND methodology utilizes two neighborhood structures denoted as “RMS”

and “RMC”. Both these local search operators aim to reduce the RTP as follows:

• RMS : Initially, the symbols are sorted in ascending order based on their corresponding

payments. The Replace Maximum Symbol (RMS) local search operator replaces the

symboli with the biggest payment by the symboli−1 that has the next biggest payment

in paytable. The players of a slot machine game may win a monetary award in case a

combination of at least two identical symbols occur in the paylines. The symbol that

has the biggest payment in these combinations is considered the most expensive symbol.

However, the replacement by the RMS operator is permitted only after checking the input

array minNSR (minimum number of symbols per reel requested by the game developer),

otherwise the next most expensive symboli−1 is considered for potential replacement.

• RMC : The RTP increases when the placement of the symbols in the reels leads to

minimum winning combinations of symbols (i.e., combinations of two identical symbols

only) with a high frequency. The Replace Minimum Combination (RMC) local search

operator replaces a symboli which participates in a minimum winning combination with

a symbolj that does not participate in such winning combinations (e.g., it participates in

winning combinations of three or more identical symbols). Such symbols may participate

in combinations with a little larger payment but the frequency of their combinations is
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much lower.

3.5.3 VND Metaheuristic Algorithm

The VND solution approach is depicted in Algorithm ??. Also, Monte-Carlo simulation (

RunSimulation() ) is used for the calculation of the current RTPcurr with 100,000 or 1,000,000

separate runs. The two neighborhood structures RMS and RMC are also denoted as N1 and

N2, respectively. Moreover, the number of different neighborhood structures is denoted as lmax

and in this work it is equal to two.

Algorithm 10 VND

Input : RTPdes, iterationmax, R,minNSR,Reels, lmax

Output: Reels

Reelcurr ← 1

RTPcurr ← RunSimulation()

Difference← RTPcurr −RTPdes

repeat
l← 1

repeat
Select Reels′ ∈ Nl(x) such that RTP (Reels′) < RTP (Reels)

RTPcurr ←RunSimulation()

NeighborhoodChange(Reels,Reels′, l)

Reelcurr ← (Reelcurr + 1)mod(n)
until l = lmax

until stopping criterion

The proposed VND is initialized with a randomized initial symbol distribution per reel (the

list of distinct symbols is given by the game developer) and terminates once a maximum number

of iterations is performed rather than not finding an improvement. This is due to the fact that,

in each iteration a Monte-Carlo simulation might return an approximate value of the RTP and

not the exact RTP that would resulted after a (time consuming) full cycle RTP computation.

Thus, in some cases although the two local search operators don’t make any improvement, a

better RTP value can be calculated by the Monte-Carlo simulations. Moreover, each time the

neighborhood is changed the search is performed in a different (next) reel. Thus, the VND starts

the optimization using the first reel (Reelcurr = 1) and afterward sequentially applies the local

search operators in each one of the n reels.
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3.5.4 Illustrative examples

Without loss of generality, let’s assume a hypothetical slot machine game with n reels, each

one of them containing 12 equally distributed symbols. The symbols are represented as string

variables in an array (R) and the paytable is stored as integer values in another array (P ).

P =















0 2 4 16 64

0 0 8 32 128

0 0 8 32 128

0 0 16 64 512















Following, an example of the minNSR array is presented, where for simplicity we show

only one of the columns corresponding only to the first reel. Each index represents how many of

sym0i symbols should remain in current reel and not get replaced by other, e.g., minNSR[2] = 3

means that sym02 cannot occur less than three times in the first reel. This way, it will not be

possible to replace sym02 with sym03.

minNSRT =
[

2 3 1 1
]

The RMC operator changes the symbols of the first reel as follows:






























































sym01

sym02

sym02

sym02

sym01

sym01

sym03

sym02

sym01

sym03

sym01

sym04

sym04































































⇒































































sym02

sym02

sym02

sym02

sym01

sym01

sym03

sym02

sym01

sym03

sym01

sym04

sym04































































The i-row of the pay-table contains the payments of each symbol sym0i (arrays start from

one) for combinations of one, two, three, four, and five respectively, e.g., sym03’s payment takes

place in third row of paytable P [3]. The RMC local search operator replaces sym01 with sym02.

If the RMS operator was applied then sym04, i.e., the most expensive symbol according

to paytable (combination of five pays 512), will be replaced by sym03 which is the next most
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expensive, but cheaper than this symbol. So, in the first reel sym04 will be replaced by sym03

as follows:






























































sym01

sym02

sym02

sym02

sym01

sym01

sym03

sym02

sym01

sym03

sym01

sym04

sym04































































⇒































































sym01

sym02

sym02

sym02

sym01

sym01

sym03

sym02

sym01

sym03

sym01

sym04

sym03































































3.6 Experimental Results

All the computational experiments have been done using a Dell Inspiron 5558 laptop with

an Intel Core i5-5200U at 2.20 GHz, 8 GB DDR3 RAM at 1600 MHz, and running Microsoft

Windows 10 Professional 64-bit. The experiments have been done using three commercial slot

machine games developed by the Zeusplay (https://zeusplay.com) casino game developer

company.

• Le Mystere Du Prince (34), a five-reel slot machine game with wild and scatter as

special symbols,

• Amun’s Book (35), a five-reel slot machine game that holds one special symbol called

book and acts as a wild and scatter,

• Wild Charger (21), a five-reel slot machine game that holds one wild and acts as ex-

panding and sticky at the same time (symbol that developed by Zeusplay).

All the above games have ten paylines (winning lines) and they are all paid from left to right.

The smaller winning is two monetary units for a combination of two symbols for each game.

The details (e.g., paytable, symbols) of the first slot machine game are presented below:
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P =

























































0 2 5 25 100

0 0 5 25 100

0 0 5 25 100

0 0 5 25 100

0 0 10 50 125

0 0 15 75 250

0 0 15 75 250

0 0 20 100 400

0 2 25 125 750

0 2 25 125 750

0 20 50 200 5000

0 10 250 2500 9000

























































In this game special symbols wild and scatter are included. The distinct symbols of the game

are:

S =































































sym01

sym02

sym03

sym04

sym05

sym06

sym07

sym08

sym09

sym10

sym11

scatter

wild































































Each S[i] refers to payments of P [i] element for one, two, three, four, and five combinations

of this symbol. The only differences with the other two games, in base game, are the paytable

and the number of distinct symbols. Amun’s Book and Wild Charger consists of ten and eight

symbols, respectively. The minNSR array for these two games has been set the same like Le

Mystere Du Prince’s.
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minNSR =















1 1 1 1 1

.. .. .. .. ..

.. .. .. .. ..

1 1 1 1 1















According to the above minNSR table , at least one symbol on each reel must exist. In the

tables below, all the necessary info about the optimization are presented, such as the number

of separate runs with Monte-Carlo simulation, the target RTP , the initial RTP and the RTP

that was finally obtained. The allowed deviation for the RTP (R variable) was set equal to

3% for the first game, meaning that if 77% ≤ RTPcurr ≤ 83%, then the algorithm terminates

since a good solution was found. The output is a set of reels with the modified symbols and the

best RTP that has been found. For the second game and the third game, the R value was set

equal to 2% and 1%, respectively. These three games are presented in order to show that the

algorithm can indeed optimize games with either large or small difference between the initial

RTP and the target RTP . The RTP of the first game was decreased from 715% to 80%, while

the RTP of the second game was decreased from 57% to 40%, and the RTP of the third game

was decreased from 107% to 53%, approximately. The results per game are presented in Tables

3.2, 3.3, and 3.4, respectively.

Runs RTP Initial RTP Target RTP Obtained

100,000 718.374% 77-83% 82.025%
1,000,000 712.661% 77-83% 78,996%

Table 3.2: Le Mystere Du Prince

Runs RTP Initial RTP Target RTP Obtained

100,000 56.105% 38-42% 41.277%
1,000,000 57.226% 38-42% 38.758%

Table 3.3: Wild Charger

Runs RTP Initial RTP Target RTP Obtained

100,000 111.005% 52-54% 52.015%
1,000,000 104.852% 52-54% 52.803%

Table 3.4: Amun’s Book

The required solution time and number of iterations are presented in Table 3.5.
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Game Simulation Runs Time (secs) Iterations

Le Mystere Du Prince 100,000 353 2456
Le Mystere Du Prince 1,000,000 786 501

Wild Charger 100,000 2 2062
Wild Charger 1,000,000 15 350
Amun’s Book 100,000 35 110
Amun’s Book 1,000,000 223 149

Table 3.5: Results for the three games

The RTP reduction through the whole process of optimization for each iteration of each

game, is presented in the following Figures 2-7. It can be noticed that, Monte-Carlo simulation

with 1,000,000 separate runs is more precise and need less iterations to find one acceptable

solution rather than the version with 100,000 separate runs. That happens since the larger the

sample (runs) is the more exact the results will be. A larger sample always leads to more reliable

results.

Also, it can be noticed that Amun’s Book RTP needs 110 iterations to finish for 100,000

runs and 149 iterations for 1,000,000. The difference with the other two games that makes these

big changes in RTP is due to the fact that, the wild symbol is also a scatter, so once the wild

symbol is modified to another simple symbol, the RTP rapidly decreases.

0 500 1000 1500 2000 2500
Iteration

100

200

300

400

500

600

700

RT
P 

%

RTP %

Figure 3.6.9: Le Mystere Du Prince: 100,000
runs
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Figure 3.6.10: Le Mystere Du Prince:
1,000,000 runs
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Figure 3.6.11: Amun’s Book: 100,000 runs
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Figure 3.6.12: Amun’s Book: 1,000,000 runs
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Figure 3.6.13: Wild Charger: 100,000 runs
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Figure 3.6.14: Wild Charger: 1,000,000 runs
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Creating an exciting, as well as attractive slot game, consists of a variety of elements, de-

pending on the target group. There are several types of players, some of which prefer to risk

on a game that might not return much when in base game, but they have a bonus feature that

is more likely to return big wins. In order to create such games, a combination of acceptable

paytables, hitrates, and bonus feature triggering frequency must be taken in consideration. The

most common logic is to have a risky base game, with a low RTP but with recurring small wins,

so that the player does not immediately lose his/her money, which triggers a bonus feature more

frequently and gives the player the confidence that he is able to win big prizes.
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CHAPTER 4

Design, Analysis and Optimization of a slot machine

game

4.1 The mathematical approach

The table below will help to calculate the hits of the symbols and probabilities, in order to

find the RTP and Volatility of the game.

Wild Sevens

- A B C D E F
1 Symbol Reel 1 Reel 2 Reel 3 Reel 4 Reel 5

2 sym01 20 15 20 15 20
3 sym02 15 18 18 18 20
4 sym03 12 12 12 12 12
5 sym04 10 10 10 10 10
6 sym05 9 9 9 9 9
7 sym06 6 6 6 8 6
8 scatter 2 1 2 1 2
9 wild 0 1 1 1 1

10 Total 74 72 78 74 80

Table 4.1: The reelstrips of the game

The calculations have been done in Microsoft Office Excel and the summary will be presented

after the calculations.
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Figure 4.1.1: The Table 4.1 in Microsoft Office Excel

The hits of sym01

• 2 sym01: (B2+B9)× (C2+C9)×(D10-D2-D9)×E10×F10 = 107,980,800

• 3 sym01: (B2+B9)× (C2+C9)×(D2+D9)×(E10-E2-E9)×F10 = 31,180,800

• 4 sym01: (B2+B9)× (C2+C9)×(D2+D9)×(E2+E9)×(F10-F2-F9) = 6,343,680

• 5 sym01: (B2+B9)× (C2+C9)×(D2+D9)×(E2+E9)×(F2+F9) = 2,257,920

The hits of sym02

• 2 sym02: (B3+B9)×(C3+C9)×(D10-D3-D9)×E10×F10 = 99,544,800

• 3 sym02: (B3+B9)×(C3+C9)×(D3+D9)×(E10-E3-E9)×F10 = 23,826,000

• 4 sym02: (B3+B9)×(C3+C9)×(D3+D9)×(E3+E9)×(F10-F3-F9) = 6,070,215

• 5 sym02: (B3+B9)×(C3+C9)×(D3+D9)×(E3+E9)×(F3+F9) = 2,160,585

The hits of sym02

• 2 sym02: (B3+B9)×(C3+C9)×(D10-D3-D9)×E10×F10 = 99,544,800

• 3 sym02: (B3+B9)×(C3+C9)×(D3+D9)×(E10-E3-E9)×F10 = 23,826,000

• 4 sym02: (B3+B9)×(C3+C9)×(D3+D9)×(E3+E9)×(F10-F3-F9) = 6,070,215

• 5 sym02: (B3+B9)×(C3+C9)×(D3+D9)×(E3+E9)×(F3+F9) = 2,160,585

The hits of sym03

• 3 sym03: (B4+B9)×(C4+C9)×(D4+D9)×(E10-E4-E9)×F10 = 9,896,640

• 4 sym03: (B4+B9)×(C4+C9)×(D4+D9)×(E4+E9)×(F10-F4-F9) = 1,766,388
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• 5 sym03: (B4+B9)×(C4+C9)×(D4+D9)×(E4+E9)×(F4+F9) = 342,732

The hits of sym04

• 3 sym04: (B5+B9)×(C5+C9)×(D5+D9)×(E10-E5-E9)×F10 = 6,098,400

• 4 sym04: (B5+B9)×(C5+C9)×(D5+D9)×(E5+E9)×(F10-F5-F9) = 918,390

• 5 sym04: (B5+B9)×(C5+C9)×(D5+D9)×(E5+E9)×(F5+F9) = 146,410

The hits of sym05

• 3 sym05: (B6+B9)×(C6+C9)×(D6+D9)×(E10-E6-E9)×F10 = 4,608,000

• 4 sym05: (B6+B9)×(C6+C9)×(D6+D9)×(E6+E9)×(F10-F6-F9) = 630,000

• 5 sym05: (B6+B9)×(C6+C9)×(D6+D9)×(E6+E9)×(F6+F9) = 90,000

The hits of sym06

• 3 sym06: (B7+B9)×(C7+C9)×(D7+D9)×(E10-E7-E9)×F10 = 1,528,800

• 4 sym06: (B7+B9)×(C7+C9)×(D7+D9)×(E7+E9)×(F10-F7-F9) = 193,158

• 5 sym06: (B7+B9)×(C7+C9)×(D7+D9)×(E7+E9)×(F7+F9) = 18,522

The hits of scatter The number 3 is the number of rows. In screen rule, the scatter symbols

are multiplied with the number of rows to count the hits (as it refers in 2.2.1) and that is because

they are not counted in line rule (with paylines).

• 2 scatter: 79,447,752

– B8×3×C8×3×(D10-D8×3)×(E10-E8×3)×(F10-F8×3) = 6,809,184

– B8×3×(C10-C8×3)×D8×3×(E10-E8×3)×(F10-F8×3) = 13,050,936

– B8×3×(C10-C8×3)×(D10-D8×3)×E8×3×(F10-F8×3) = 6,617,376

– B8×3×(C10-C8×3)×(D10-D8×3)×(E10-E8×3)×F8×3 = 12,698,208

– (B10-B8×3)×C8×3×D8×3×(E10-E8×3)×(F10-F8×3) = 6,430,896

– (B10-B8×3)×C8×3×(D10-D8×3)×E8×3×(F10-F8×3) = 3,260,736

– (B10-B8×3)×C8×3×(D10-D8×3)×(E10-E8×3)×F8×3 = 6,257,088

– (B10-B8×3)×(C10-C8×3)×D8×3×E8×3×(F10-F8×3) = 6,249,744

– (B10-B8×3)×(C10-C8×3)×D8×3×(E10-E8×3)×F8×3 = 11,992,752

– (B10-B8×3)×(C10-C8×3)×(D10-D8×3)×E8×3×F8×3 = 6,080,832
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• 3 scatter: 5,117,688

– B8×3×C8×3×D8×3×(E10-E8×3)×(F10-F8×3) = 567,432

– B8×3×C8×3×(D10-D8×3)×E8×3×(F10-F8×3) = 287,712

– B8×3×(C10-C8×3)×D8×3×E8×3×(F10-F8×3) = 551,448

– (B10-B8×3)×C8×3×D8×3×E8×3×(F10-F8×3) = 271,728

– B8×3×C8×3×(D10-D8×3)×(E10-E8×3)×F8×3 = 552,096

– B8×3×(C10-C8×3)×D8×3×(E10-E8×3)×F8×3 = 1,058,184

– (B10-B8×3)×C8×3×D8×3×(E10-E8×3)×F8×3 = 521,424

– B8×3×(C10-C8×3)×(D10-D8×3)×E8×3×F8×3 = 536,544

– (B10-B8×3)×C8×3×(D10-D8×3)×E8×3×F8×3 = 264,384

– (B10-B8×3)×(C10-C8×3)×D8×3×E8×3×F8×3 = 506,736

• 4 scatter: 160,056

– B8×3×C8×3×D8×3×E8×3×(F10-F8×3) = 23,976

– B8×3×C8×3×D8×3×(E10-E8×3)×F8×3 = 46,008

– B8×3×C8×3×(D10-D8×3)×E8×3×F8×3 = 23,328

– B8×3×(C10-C8×3)×D8×3×E8×3×F8×3 = 44,712

– (B10-B8×3)×C8×3×D8×3×E8×3×F8×3 = 22,032

• 5 scatter: 1,944

– B8×3×C8×3×D8×3×E8×3×F8×3 = 1,944

After the calculation of hits, probabilities and other parameters can, easily, be calculated.

In above screenshots, the summary of the game is presented.
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Figure 4.1.2: The summary of the game in Microsoft Office Excel (1)

Figure 4.1.3: The summary of the game in Microsoft Office Excel (2)
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Figure 4.1.4: The summary of the game in Microsoft Office Excel

It can be noticed that RTP = 95.28% or 0.9528, so that means, statistically, if a player bets

1 coin and plays for 10000 spins, that means 10000 credits in total. The game will return to him

9528 credits. In addition, volatility = 13.1 means that there is a medium volatility game. The

hitrate = 6.3 variable means that every 6 spins, statistically, a payment is occured.

4.1.1 The programming approach : Monte Carlo simulation

The simulation that is about to be used is Monte Carlo, which that the game will run 10

million random simulations. In previous subsection, the Full Cycle (mathematical approach)

method has been used in order to extract the exact RTP, Volatility and Hitrate. Monte Carlo

is an approach to relate hypothetical slot machine gambling behavior to the statistical charac-

teristics of the slot machines themselves. The source code of the game that has been analyzed

(developed in Java) is open and the Java implementation can be found in Github (36). Also,

another implementation in Python can be found in Github (37) of a slot machine game which

name is ‘Rolling Bars‘ and the source code can be found in 4.2 as screenshots. It, also, contains

only simple symbols and a scatter symbol as special. Its mathematical analysis in Microsoft

Excel can be found in this repository. The behavior of the game ‘Wild Sevens‘ will be examined

for 10 million runs for 10 times and the results and diagrams will be written and presented

below. All the computational experiments for Monte Carlo simulations have been done using

a MacBook Pro (Retina, 15-inch, Late 2013) with a 2.0GHz quad-core Intel Core i7 processor

(Turbo Boost up to 3.2GHz) with 6MB shared L3 cache, 8GB DDR3L RAM at 1600MHz and

running macOS Big Sur (11.0.1 version).
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Wild Sevens : 10,000,000 Monte Carlo simulations

Trial RTP Volatility Hitrate Time

1st 0.9531 3.302 1.77 5 seconds
2nd 0.9506 3.292 1.77 6 seconds
3rd 0.9504 3.293 1.77 6 seconds
4th 0.9512 3.297 1.77 6 seconds
5th 0.9561 3.308 1.77 5 seconds
6th 0.9506 3.292 1.77 5 seconds
7th 0.9522 3.302 1.77 6 seconds
8th 0.9531 3.301 1.77 6 seconds
9th 0.9514 3.300 1.77 5 seconds
10th 0.9539 3.304 1.77 5 seconds

Average 0.9522 3.299 1.77 5.5 sec(s)

Table 4.2: Monte Carlo : 10 simulations

The difference is very small because in Monte Carlo has been chosen as number of spins 10

million. If 100,00 or 1 million spins were chosen, the RTP would had not been so precise.The

more paylines are added in the game, the less Volatility and Hitrate occurs and that’s because

more paylines means more prizes.Conclusion for Volatility and Hitrate for each case: The details

for each simulation (e.g. hits, hitrate ) are in Appendices. In below screenshots is presented

the source code that is uploaded in Github repository (36) for ‘Wild Sevens‘. The IDE that has

been used is Eclipse IDE and the programming language is Java.
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Figure 4.1.5: The declarations of the slot window

In above source code, the variables that have been mentioned in Section 2.3 are declared

and the constructor of the object ‘Slot Window‘ (SlotWindow.java) is initialized by creating

this in Main.java class file and calling it (as it can be noticed in figure below). The 2D-

array W is initialized which holds the symbols of the random stops, the RS which holds all

the random stops that have extracted from the reels that the slot machine (Slotmachine.java)

object contains. The 2D-matrix P, also, is initialized which represents the paytable of the game

and the L array that holds all the payline of the game. In addition, the necessary variables are

passed through the constructor of SlotWindow object to initialize the matrices and the variables

that have been declared. The arraylist coords holds all the coordinates of the wild symbols on

each window instance that is randomly generated in order to use the methods saveCoordinates()

and retrieveWildSymbols() that have been already mentioned in 1 and 2 algorithms.
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Figure 4.1.6: The saveWildCoordinates() method

Figure 4.1.7: The retriveWildsymbols() method

In saveWildCoordinates() method, the program checks if there is a wild symbol on each pair

of indices (i, j ) in slot window instance and then it creates a new Coordinates object (Coordi-

nates.java) that holds the indices that the wil symbol takes hold. After that, the program stores

the reference of the wild symbol object to wild variable that has been declared in the beginning

of the code dec. After the prize occured on a payline, the program should replace the symbols

that the wild substituted in the window instance and that’s what the retrieveWildSymbols()

method does. It iterates through all the objects that are type of Coordinates and are stored in

an arraylist type of Coordinates and it sets in the specific (i, j ) element of the window instance

(W ) with the reference of wild symbol.

Figure 4.1.8: The retriveWildsymbols() method

The method getIndex() refers to the lines of code, in Algorithm 1, where the P matrix gets

the index of the symbol on the 1st reel from Map and it becomes the i index of it. The j index

is the aPair variable.
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Figure 4.1.9: The main class

In Main class the user has 3 options, the first one is to play 1 game (spin), the second

is to give as input the number of simulations for Monte Carlo that he wants and extract the

RTP of the game. The third one is to exit the program. The three (3) constants that have

been declared are used in order to extract the right prize for the player or to substract the

bet from the total available coins of the player. In main method the slot machine object is

created (SlotMachine.java), after this the parser object (Parser.java) is called in order to get

the input from a .csv file which holds all the distinct symbols in the first line and the reels of

the slot machine game in next lines. After the slot machine, parser, symbol (Symbol.java) and
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reel (Reel.java) objects creation, the program asks from user (input) the mode that he wants

in order to do the right proccess and extract the desired output.

Figure 4.1.10: The method for line rule prize

In Figure 4.1.1 is the Java implementation of the Algorithm 1 in 2.3 Section.

Figure 4.1.11: The method for screen rule prize

In Figure 4.1.1 is the Java implementation of the Algorithm 2 in 2.3 Section. In order

to achieve the main goal of the process, which is the RTP optimization, a commercial soft-

ware for slot machine game development will be used, called ‘SlotWizard‘ (38). This work has

been funded by the company ZeusPlay ((3)) which is a subsidiary company of ELICON SMPC

((38))(Research Committee of the University of Macedonia). Also, based on our signed contract,

the source code of our implemented methodology, belongs to ZeusPlay. Thus, the nature of the

data is commercial and ZeusPlay has their rights. This is the sole reason why source code of

RTP Optimization cannot be released. The input that the software accepts is a .sw file and the

form is
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Figure 4.1.12: The slot wizard file form

The main goal of RTP Optimization was to minimize the RTP of Wild Sevens game from 95%

to 85%, 72% and . The optimal solution was found by running 10,000,000, 1,000,000 and 100,000

Monte Carlo simulations for RTP Calculation, in 5 iterations in about 142 seconds (2 min(s) and

22 sec(s)). The computational experiments for RTP Calculation and RTP Optimization have

been done using a MacBook Pro (Retina, 15-inch, Late 2013) with a 2.0GHz quad-core Intel

Core i7 processor (Turbo Boost up to 3.2GHz) with 6MB shared L3 cache, 8GB DDR3L RAM

at 1600MHz and running macOS Big Sur (11.0.1 version). The RTP decreament is presented in

figure below
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Runs RTP Initial RTP Target Acceptable Range RTP Obtained Iterations Time (s)

100,000 94.20% 80% 2% 81.4% 6 30
1,000,000 95.97% 80% 2% 81.35% 6 24
10,000,000 95.46% 80% 2% 81.70% 16 407

Table 4.3: Le Mystere Du Prince
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Figure 4.1.13: RTP Optimization : 10,000,000 runs
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Figure 4.1.14: RTP Optimization : 1,000,000 runs

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Trial

82

84

86

88

90

92

94

De
cr

ea
se

 R
at

e 
(%

)

Decrease Rate (%)

Figure 4.1.15: RTP Optimization : 100,000 runs
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4.2 Conclusions and Future Work

The experiments showed that, the use of VNS was very efficient in developing slot games

from scratch, where the symbol distribution is not uniform. As shown in the Figures of the

previous Section, the required number of iterations of the proposed method depends on the

initial difference between the initial and target RTP . Also, in cases where a symbol contains

two types of special symbols (e.g., such as in the second game where the “scatter” symbol is also

a “wild” symbol) a large RTP decrease can be achieved by converting this symbol to another.

As the complexity of games increases, the required solution time increases too and this fact

shows the need for speeding up the whole process. As future research, an implementation of much

more complex games RTP can be proposed using parallel CPU and GPU computing techniques

to decrease the computational time for finding an acceptable (RTP ) solution. Furthermore, the

proposed algorithm is a single-criterion approach for the RTP optimization. Another research

idea is to develop a multi-criteria method for optimizing RTP , volatility, and hit-rate (i.e., how

frequently a player is expected to stop on a winning combination).
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